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EXISTENCE AND UNIQUENESS INTEGRAL EQUATIONS
IN C*-ALGEBRA-VALUED S,-METRIC SPACES BY SOME
COUPLED FIXED POINT THEOREMS

Seyede Samira Razavi and Hashem Parvaneh Masiha

ABSTRACT. We study some coupled fixed point theorems in C*-algebra-valued
Sp-metric spaces. As applications, existence and uniqueness results for one
type of integral equation

z(t) = / (K1(t,s) + Ka(t, 9))(f(s,z(s)) + g(s,z(s)))ds + h(t), teFE
E

where E is the Lebesque measurable set and m(E) < 400, and under some
other conditions are given.

1. Introduction

Metric spaces have very wide applications in mathematics and applied sciences.
Therefore, many authors have tried to introduce the generalizations of metric spaces
in many ways. In 1989, Gahler [2l[3], introduced the notion of 2-metric spaces and
Dhage [1] introduced the notion of D-metric spaces. They proved some results
related to 2-metric and D-metric spaces. After this Mustafa and Sims [5] proved
that most of the results of Dhage’s D-metric spaces are not valid. So, they intro-
duced the new concept of generalized metric space called G-metric space. Now,
recently Sedghi et al [9] have introduced the notion of S-metric spaces as the gener-
alization of G-metric and D*-metric spaces. They proved some fixed point results
in S-metric spaces. Some results have been obtained in [9[10] by Sedghi et al.
The authors in [13] motivated the study of Sp-metric spaces as generalization of
the b-metric space and presented some fixed point results under various natures
of contractions in complete Sy-metric spaces. For more results in Sp-metric spaces
see [7,[8I1]T2/[14]. In [4], Ma and Jiang introduced the concept of C*-algebra-
valued b-metric spaces. In [6] the authors introduced C*-algebra-valued Sp-metric
space and studied some fixed point results for maps defined in this space.
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In the present paper, we prove some coupled fixed point results in C*-algebra-
valued Sp-metric space and then we apply some results to study of one type of
existence and uniquness Integral equation.

2. Basic definitions

For the reader’s convenience, we recall the following definitions and notations
which will be needed in the sequel. We start by some facts about C*-algebra.
Suppose that A is an unital C*-algebra with the unit I. Set Ay, = {a € A:a = a*}.
We say a € A is a positive element and denote it by a > 04 if a = a* and
o(a) C [0,400), where 04 is the zero element in A and o(a) is the spectrum of a.

There is a natural partial ordering on Ay, given by a < b if and only if b—a > 0.4.
From now on, we will denote A4 and A’ for the set {a € A:a > 04} and the set
{a € A:ab=ba, forallb e A}, respectively.

Now we give some known lemmas which are used to prove our main results.

LEMMA 2.1. Suppose that A is a unital C*-algebra with unit 14.
(1) For any x € Ay, we have v < 14 if and only if ||z| < 1.
(2) If a € Ay with |ja|| < &, then 14 — a is invertible and ||a(14 — a)~!|| < 1.
(3) Suppose that a,b € A with a,b > 04 and ab = ba, then ab > 04.
(4) Leta € A, if b,c € A withb > ¢ > 04, and 14 —a € A, is an invertible
operator, then (14 —a)~'b > (14 —a)~te.
(5) If 04 <a<b, then lal] < 0].
LEMMA 2.2. Suppose that A is a unital C*-algebra with unit 1 4.
(1) If {bn}129 € A and lim,, 4 o0 by, = 04, then for any a € A,
lim, 400 a*bpa =04.
(2) Ifa,be Ay and c € A/, then a < b deduces ca < cb, where A, = AL NA'.
(3) Ifa,be Ay, thena+be A..

The authors in [6] introduced the following notion:
DEFINITION 2.1. Let X be a nonempty set and b € A’ such that b > 14. Let
the mapping Sp: X x X x X — A satisfies:

(1) Sp(z,y,2) =04 for all z,y,2 € X;

(2) Sp(z,y,2) =0if and only if x =y = z;

(3) Sp(x,y,z) < b[Sp(x,x,a)+ Sp(y,y,a) + Sp(z, z,a)] for all z,y,z,a € X,
then S, is said to be C*-algebra-valued Sp-metric on X and (X, .4, Sp) is said to be
a C*-algebra-valued Sp-metric space.

DEFINITION 2.2. A C*-algebra-valued Sp-metric Sy is said to be symmetric if
Sb('rv:cvy) = Sb(yvyaz) for all T,y € X.

For the sake of transparency, we list the basic properties of C*-algebra-valued
Sp-metric spaces:

DEFINITION 2.3. Let (X, .A,S,) be a C*-algebra-valued Sp-metric space and
{z,} be a sequence in X:
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(1) If ||Sp(@n, Tn, )| = 0, (n — +o00) then it is said that {x,} converges to z,
and we denote it by lim,, 4. 2, = .

(2) If for any p € N, [|Se(Tntp, Tntp, Tn)|| = 0, (n — 400), then {x,} is called
a Cauchy sequence in X.

(3) If every Cauchy sequence is convergent in X, then (X,A4,S;) is called a
complete C*-algebra-valued Sp-metric space.

The following examples show that a C*-algebra-valued Sp-metric space is not
necessarily a C*-algebra-valued S-metric space.

EXAMPLE 2.1. Let X = R and A = M>(R) be all 2 x 2-matrices with the
usual operations of addition, scalar multiplication and matrix multiplication. It is

clear that ||A] = (Zijzl laij[?) "2 defines a norm on A where A = (ai;) € A.

*: A — A defines an involution on A where A* = A. Then A is a C*-algebra. For
A = (a;;) and B = (b;;) in A, a partial order on A can be given as follows:
A< B ifandonly if (a;; —b;;) <0 forall i,5=1,2
Let (X,d) be a b-metric space with b > 1 and Sp: X x X x X — M3(R) be
defined by
_ld(=x, 2) + d(y, 2) 0
Sb(,y,2) = [ 0 d(x, z) +d(y, 2)
then it is a C*-algebra-valued Sp-metric space for all z,y,z € X. So (X, A, Sy) is
a C*-algebra-valued Sp-metric space.

EXAMPLE 2.2. Let X = R and A = M3(R) and (X, d) be a metric space. Let

the function Sp: X x X x X — A be defined as:
_ ((d(z,y) + d(y, 2) + d(z, 2)) 0

Sl 2) = [ 0 (d(,y) +dy. 2) + d(z, 2))?
where p > 1 and z,y,2 € X. For A = (a,;;) and B = (b;;) in A, a partial order on
A can be given by A < B if and only if (a;; —b;;) <0 forall ¢,5 =1,2 It can
be shown that (X, A, S}) is an C*-algebra-valued Sp-metric with b = 23(P=1) but
(X, A, Sp) is not necessarily a C*-algebra-valued S-metric.

DEFINITION 2.4. Let (X, A,Sy) be a C*-algebra-valued Sp-metric space and
{zn} be a sequence in X:

(1) If || Sp(xn, Tn, z)|| = 0, (n — +00) then it is said that {z,} converges to z,
and we denote it by lim,, 4. 2, = 2.

(2) If for any p € N, ||Se(2ntp, Tntp, Tn)|| = 0, (n — 400), then {x,} is called
a Cauchy sequence in X.

(3) If every Cauchy sequence is convergent in X, then (X,A,Sy) is called a
complete C*-algebra-valued S,-metric space.

Some concepts of this space are listed in the next definition:

DEFINITION 2.5. Let (X, .A,Sy) and (X3, A1, S, ) be C*-algebra-valued Sp-
metric spaces, and let f: (X, A,Sy) — (X1,.A1,Sp,) be a function, then f is said
to be continuous at a point € X if and only if for every sequence {z,} in X,
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Sp(zp, Tpn,x) = 04, (n — +00) implies Sy, (f(zn), f(zn), f(x)) = 04, (n — +00).
A function f is continuous at X if and only if it is continuous at all x € X.

LEMMA 2.3. Let (X, A, Sy) be a symmetric C*-algebra-valued Sp-metric space
and {x,} be a sequence in X. If {x,} converges to x and y, respectively, then

T =1y.
Consider the coupled fixed point definition.
DEFINITION 2.6. Let (X, .A4,S) be a C*-algebra-valued Sp-metric space. An

element (x,y) € X x X is said to be a coupled fixed point of the mapping F': X x X
— X if F(z,y) =« and F(y,z) = y.

3. Main results

By using the above results, we are now ready to prove some of our main theo-
rems.

THEOREM 3.1. Let (X, A, Sy) be a complete C*-algebra-valued S,-metric space.
Suppose that the mapping F: X x X — X satisfies the condition

(3.1) Sp(F(2,y), F(2,y), F(u,v)) < a*Sp(x, x,u)a + a”Sy(y, y,v)a,
for every x,y,u,v € X where a € A with |la| < 1/v/2. Then F has a unique
coupled fized point. Moreover, F' has a unique fixed point in X .

PROOF. Let zg,yo be two arbitrary points in X. Set x1 = F(xo,yo) and
y1 = F(yo,x0). Continuing this process, we obtain two sequences {z,} and {y,}
in X such that 2,41 = F(2n,yn) and yny1 = F(yn,zyn). From @I, we get
Sb(xnv T,y Z'n+1) = Sb(F(xnfla ynfl), F(xnfla ynfl), F(xnv yn))
g a*Sb(znflv Tn—1, zn)a + a*Sb(ynfla Yn—1, yn)a
< a’*(sb(‘rn—la Tn—1, xn) + Sb(yn—la Yn—1, yn))a

Similarly,

Sb(ynaynvyn+1) = Sb(F(ynfl,$n71>,F(yn71,$n71),F(yn,ZL'n)>
< a"Sy(Yn—1,Yn—1,Yn)a + a* Sp(Tpn_1,Tn_1,2n)a
< a"(Sp(Yn—1,Yn—1,Yn) + Sp(Tn—1,Tn—1,2n))a.

Let 8, = Sp(zn, Tny Tnt1) + So(Yns Yn, Ynt1), and now from the above ralations, we
have
On = Sb(xnaxnawn-i-l) + Sb(ynaynayn-'rl)
< a*(Sp(Tn—1,Tn-1,%n) + So(Yn—1,Yn—1,Yn))a
+a"Sp(Yn—1,Yn—1,Yn)a + a*Sp(Tn—1,Tn—1, Tn)a
(\/§G>*(Sb(znflv Ty—1,Tn) + Sp(Yn—1, Yn—1, yn))(\@@
(vV2a)*6,—-1(/2a).

<
<
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Due to the following property: (if b,¢ € A, then b < ¢ implies a*ba < a*ca), we
can obtain for any n € N,

04 < 6 < (V2a)"0,-1(V2a) < -+ < ((V20)")"60(V2a)"
If 6o = 04, then from 2 of Definition [Z1] we know that (zg,yo) is a coupled fixed
point of the mapping F. Now, letting 04 < dp, we can obtain for n € N and any
peN,
Sb(xn-ﬁ—pv $n+p7xn) < b[Sb(xn-men-ﬁ-w $n+p—1) + Sb(xn-ﬁ-wxn-ﬁ-pv $n+p—1)
+ Sp(@n, Tn, Tntp-1)]
< 265 (Tn+ps Tntp, Tntp—1) + bSo(Tn, Tn, Tnp-1)
< QbSb(xn-ﬁ-w Tn+p, $n+p—1) + QbQSb(xn-ﬁ-p—lv $n+p—17xn+p—2)
+ b° St (Tntp—2, Tntp—2,Tn)
< 2685 (Tntps Trtps Tntp—1) + 262G (Tt p—1, Tntp—1, Tntp—2)
+ QbSSb(xn-ﬁ-p—?v Tntp—2, Tntp—3) ++ + 20° Sy (Tns1, Tnt1, Tn)

Similarly,
Sb(Yntps Yntps Yn) < 2685 (Yntps Yntps Yntp—1) + 26> Sy (Yntp—1, Yntp—1, Yntp—2)
+ 26> Sy (Yntp—2, Yntp—2, Yntp—3) + -+ + 267 Sy (Ynt1, Ynt1, Yn)-
Therefore,

Sb(anrp, Tn+p, Tp) + Sb (yner; Yn+p, Yn) < 2b5n+p71 + 2b25n+p72 + - 42076,
n+p—1

<2 3 RV (Vo)
k=n

and then
n+p—1

196(Zn+p, Tntp, Tn) + So(Yntp, Yntp, Yn)|| < 2 Z ||b||n+p_k|l\/§a”2k60
k=n

+oo
<2 Bl E V246
k=n

1] 2
=2 1v2a]|*" 6
L= o=l v2al|?

Since ||a|| < %, we have

[l

V2al||*"6y — 0,
I TTETN A A

”Sb(anrp, Tn+p, xn) + Sb(yner; Yn+p, yn)” <2

which together with

Sb (szrpv Tn4p, zn) < Sb (anrp; Tn4p, xn) + Sb (yner; Yn+p, yn)v
<

Sh (ynerv Yn+p, yn) Sb(l'ner, Tn4p, zn) + 5 (ynerv Yn+p, yn)
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yields that {x,} and {y,} are Cauchy sequence in X, so there exist z,y € X such
that limy, 100 2, = z and limy, 400 yn = y. Now we prove that F(z,y) = x and
F(y,z) = y. For that we have

So(F(x,y), F(z,y), )

[So(F(z,y), F(z,y), nt1) + So(F(z,y), F(2,y), Tni1) + So(@, T, Tny1)]
28 (F (2, ), F(2,Y), Tnt1) + So(Tnt1, Tnt1, T)]

25y (F(2,y), F(2,y), F(#n,yn)) + So(Tn+1, Tns1, 2)]

[2a*Sy(z, x, xn)a + 20" Sp (Y, Y, Yn)a + Sp(Tnt1, Tny1, T))

[

INCINCIN NN
- - > o o

2a Sb(xn; Tp,T )a + 2a Sb(yna Yn, y)a + Sb(xn-i-la Tn+1, -T)]

Taking the limit as n — 400 in the above relation, we get Sy(F(z,y), F(z,y),x) =
04 and hence F(z,y) = x. Similarly, F(y,x) = y. Therefore, (z,y) is a coupled
fixed point of F.

Now if (2,y') is another coupled fixed point of F, then

Sp(@,@,2") = Sy(F(2,y), F(z,y), F(2',y") < a”Sp(x,2,2")a+ a" Sy (y, y,4')a,
So(y,y,y') = Su(F(y, 2), Fy,2), F(y',2")) < a*Se(y,y, 9y )a + a"Sy(z, 2, 2")a,
and hence
Se(, 2, 2') + Sy, y,y') < (V2a)*(So(x, 2,27) + So(y, y,y'))(V2a),
which further induces that
1Sy (2, 2, 2") + Sy, v, 4| < V20l [[So(, 2, 2") + Sy, v, ).

Since ||v/2al| < 1, then ||Sy(z,z,2") + Sy(y,y,y')|| = 0. Hence we get (z',y') =
(x,y), which means the coupled fixed point is unique.

In order to show that F' has a unique fixed point, we only have to show that
x = y. Notice that

Se(@,2,y) = So(F(z,y), F(z,y), F(y,2)) < a”Sp(x,2,y)a + a”"Sp(y,y, z)a
and then
18y (. 2, )l < Nlall*[1Sb(, 2 )] + llall*l1Se(y, y, @)l < 2llal®]|Sy(@, 2, y)lI.
It follows from the fact that ||a| < % that ||Sy(z, z,y)|| = 0, thus = y. O

THEOREM 3.2. Let (X, A, Sp) be a complete C*-algebra-valued S,-metric space.
Suppose the mapping F: X x X — X satisfies the following condition
(3.2) Sy(F(z,y), F(z,y), F(u,v)) < a15y(F(z,y), F(z,y),z) + a2Ss (F(u,v), F(u,v), u),

For every x,y,u,v € X where ay,az € A’ with (||a1|| + |laz|)||b|| < 1. Then F has
a unique coupled fixed point. Moreover, F' has a unique fized point in X.

PROOF. Since ay,az € A’_, then we have

ale(F(x,y),F(x,y),z) +a2Sb(F(uﬂv)ﬂF(uﬂv)ﬂu)
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is a positive element. Choose xo,y0 € X. Set 41 = F(zn,yn) and yp41 =
F(yn,xn) for n=0,1,.... Applying (3:2)), we have
Sp(Tny Tns Tpt1) = So(F(@n-1,Yn-1), F(@n-1,Yn-1), F(Tn, yn))
< a1Sy(F(Tn-1,Yn-1), F(Tn—1,Yn—1) Tn-1)
+ a2 Sp(F(Xn, Yn)s F(Tn, Yn), Tn)

< a1Sp(Tn, Tn, Tno1) + a2Sp(Tnt1, Trt1, Tn)

< a15y(Tn, Tny Tp—1) + 025 (Tn, Ty Trg1)-
So (14 — a2)Sp(Tn, Tn, Tny1) < a1S6(Tn, Tn, Tn—1). Since a1, az € A', with |ja1|| +
llaz]] < ”—117” < 1, we have 14 — ag is invertible and (14 — az)"'a; € A/,. Hence

Sp(Tny Tny 1) < (14 — a2) " ta1Sy(zn, Tn, vn_1). Inductively, for all n € N, we
have

(33) Sb(xn; Tn, :En-l-l)v < knéOa

where k = (14 — a2) ta; and dg = Sp(w1, 21, 70). Since |[a1||||b] + |laz| < (|la]| +
[laz|D]IB|l < 1, we have

1DK|l = [[(1a = a2) " asd]| < [|(1a = a2) ™ |[llax ] [1B]
+oo
: [laa 1[0
= ¢ b|=+—""—7 < L.
> Nl sl = 7= <

and ||k|| < ||bk|| < 1 by Lemma ZTI(5).
Let m,n € N with m > n by using Definition 21, B.2)), 33), we have
Sp(Tn, oy Tm) < Sp(Tny Ty Tg1) + Sp(Tny Ty Trt1) + So(Tomy T Tng1)
< 2bSp(XTny Ty g1 ) + [20Sy (Tp1, Tg1, Tng2)
+ bSp(Tnt2, Tnt2, Tm)]
< 208y(Tp, Ty Tpg1) + 26% Sy (Tnt1s Trs1, Tnaz2)
+ 2% Sy (Tnt 2, Trt2, Tnis) + b3Sy (Tni3, Tnis, Tm)
< 2bSp(Tny Ty Tpg1) + ZbQSb(an, Tnt1, Tnta)
+ 2% Sy (Trg2, Tnto, Tnis) + -+ 0™ T Sy (@1, T 1, Tn)
< 2bk"80 + 26%K™ 50 + 263K 250 + ..
2B 25 4 g
m—n—1
2 ) VR S 0T R

i=1

m—n—1

1om-n—1
2 |2

=2 3 (BT kbR 4 |60k b
=1

m—n—1 L i
<2 ) 007k bE

i=1

m—n—1

2La+ 1802k 0™ P14
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m—n—1

<20doll D lI(bk)?

i=1

21+ (1ol 1 (bk)

m—n—1

S G 1 S 17 POy 1127 i 5
i=1

[[oF (™"

n— IIb/fII m—n—1)| ||
= 2] [| ]|~ — ok La + [0l [b&[™ ="Kl 1.4

2||Sol[llbk |l
1 — [|bk||
=04 (myn— +00)

101"~ L+ 0o 1A 1K1 14

Hence {z,,} is a Cauchy sequence. Similarly, we can prove that {y,, } is also a Cauchy
sequence. Since (X, A,Sp) is complete, there are z,y € X such that z, — =z
and y, — y as n — +oo. In the following, we will show that F(z,y) = x and

F(y,z) =vy. FromB:'}l we get
So(F(x,y), F(z,y),z) < bSy(F(z,y), F(2,y), tni1) + Sp(F(2,y), F(2,y), Tns1)
+ Sp(z, x, 2py1))
= 2bSp(Tnt1, Tnt1, F(2,y)) + 0Sp(Tnt1, Tnt1, )
=208y (F (%0, Yn), F(Tn, Yn), F (2, y)) + 0Sp(Tns1, Tnt1, )
< 2bay Sp(F(zn, yn), F (Tn, Yn)s Tn)
+ 2basSy(F(x,y), F(z,y),2) + bSp(Tnt1, Tni1, T)
= 2ba15p(Tn+1, Tnt1, Tn) + 20a2Sy(F(z,y), F(z,y)x)
+ bSp(Tnt1, Tny1,x),
which implies that
Sy(F(z,y), F(z,y),z) < (14 — 2baz) 2ba1Sy(Tn i1, Tri1, Tn)
+ (14— 2ba2)712ba15b($n+1, Tpt1, ).

Then Sp(F(z,y), F(x,y),z) = 04 or equivalently F(x,y) = x. Similarly, one can
obtain F(y,xz) = y. Now if (2/,y') is another coupled fixed point of F, then
according to B2 we obtain

04 < Sb(l' x! .T) Sb(F(:c',y'),F(OU',y')’F(ZC»y))
< a1Sy(F(2',y'), F(2',y'),2") + a2Sy(F(x,y), F(x,y), ) = 04.

Then Sy(a’,2',2) = 04, which implies that 2’ = x. s Similarly, we obtain that
y' =y. That is, (x,y) is the unique coupled fixed point of F. In the following we
will show the uniqueness of fixed points of F. From (B.2]), we can obtain

Sp(z, 2, y) = Sp(F(2,y), F(z,y), F(y,z))
< a1S(F(z,y), F(z,y), ) + a2Se(F(y, x), F(y, x), y)
= a1 (x, z,x) + a2 (y,y,y) = 04,
which yields that x = y. O
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It is worth noting that when the contractive elements in Theorem [3.2] are equal,
we have the following corollary.

COROLLARY 3.1. Let (X, A,Sy) be a complete C *-algebra-valued Sy,-metric
space. Suppose the mapping F: X x X — X satisfies the following condition

for every x,y,u,v € X where a € A, with ||al|||b]| < 3. Then F has a unique fized
point in X.

THEOREM 3.3. Let (X, A, Sy) be a complete C*-algebra-valued S,-metric space.
Suppose the mapping F: X x X — X satisfies the following condition

(34) Sy(F(z,y), F(z,y), F(u,v)) < a15,(F(z,y), F(z,y),u) + a2Sp(F(u,v), F(u,v), ),
For every z,y,u,v € X where ay,as € A, with |la1 + ao||||b]| < 3. Then F has a
unique coupled fized point. Moreover, F has a unique fized point in X.
PROOF. From ay,as € A/, and Lemma [Z2(3), we see that
a1Sy(F(x,y), F(z,y),u) + a8y (F(u,v), F(u,v),z) € A}
Choose zg,y0 € X. Set xpy1 = F(@n,yn) and ypt1 = F(yn,zn) for n =0,1,....
Applying (B4), we have
Sp(@n, Ty Tr1) = Sp(F(@n-1,Yn—1), F(Xn-1,Yn—1), F(Tn,yn))
< a1Sp(F(Tn-1,Yn-1), F(Tn—1,Yn-1),%n)
+ a2Sp(F(@n, Yn), F(Tn, Yn), Tn-1)
= a25’b($n+1,$n+1,$n—1)
< a2b[Sp(Tnt1, Tnt1, Tn) + So(Tnt1, Tnt1, Tn)
+ Sp(Tn—1,Tn—1,%n)]
= 2a2bSp(Tn, Ty Tnnt1) + a2bSp(Tp, Th), Tn—1),
which implies that
(3.5) (14 — 2a2b)Sp(Xn, T, Tnt1) < a20Sy(Tn, Ty Tn—1)
Because of the symmetry in (3.4,
So(Tn+1, Tt 1, Tn) = Sp(F (@0, Yn), F(Tn, Yn)s F(Tn—1,Yn-1))
< a1Sy(F(Zny Yn), F(@n, Yn), 1)
+ a2Sp(F(#n-1,Yn-1), F(Zn-1,Yn-1), 2n)
= alsb(szrl;szrhxnfl)
< a1b[Sp(Tny1, Ty 1, Tn) + Sp(Tnt1, Tnt1, Tn)
+ Sp(Tn—1,Tn—1,n)]
= 2a10Sp(Tnt1, Tnt1, Tn) + a1bSp (T, Tny Tn—1),
that is

(3.6) (1a —2a1b)Sp(Tnt1, Tnt1, Tn) < a1bSp(Tny Ty Tre1)
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Now, from (31) and B0) we obtain

b
@Sb(xnwfﬂ; znfl)-

N

(37) (1A - (al + a?)b)Sb(znyxnyanrl) X

Since a1, az2,b € A, we have (a1 + az2)b € A/, and W € A’,. Moreover, from
the condition |la; + asl|||b|| < 1, we get

a1+ ao)b 1 1
|t Ly, anfol < & andf(ar + aa)bl] < flas + s < 1

which implies that (14 — @)71 € AL and (14 — (a1 +az)b)~* € A/ with

_1 (a1 +a2)b
2

by Lemma 21(2). By B) we have Sp(Tn+1, Tnt1,Tn) < tSp(Tn, Tn, Tn_1), where

t = (1a — (a1 + ag)b) 1122 with ||| < [|¢b]| < 1 by @B). Inductively, for all

n € N, we have

(3-8) (14 = (a1 + a2)d) <1

(39) Sb(zn+1, .Tn+1, ZL'n) g tnSb(JSl,Scl,SCo) = tn50,

where 09 = Sp(x1,21,20). Let m,n € N with m > n, by using Definition 2] and
relations (B:8)-(B.9), we have
S (s Ty T ) < B[Sp(Tny Ty Trt1) + So(Tny Ty Trt1) + So(Tomy Ty Tt1))
= 2bSy(Zn, Ty Tnt1) + So(Tm, Ty Trt1)
< 2bSp (X, Ty Tig1) + [20Sy (Tp1, Tg1, Tnp2)
+ bSp(Tnt2, Tnt2, Tm)]
< 208y(Tp, Ty Tpg1) + 26% Sy (Tns1s Trs1, Tnaz)
+ 2038y (Tnt2, Tng2, Tnis) + b2 (Tni3, Tnis, Tm)
< 208y(Tp, Ty Tng1) + 26% Sy (Tns1s Trs 1, Tnaz2)
+ 2% Sy (Tng2, Tnto, Tnis) + -+ 0™ TS (@1, T 1, Tn)
< 2bt"8g + 207" TS5y + 2% 250 + - 4 TG,
m—n—1
=2 > pTlg bl

=1

m—n—1

1 nti—1_ 4

=2 E |(502t 2 b2
i=1

m—n—1
m—n—1

<2 ) (0Pt bE | + (|00 P T b E T |1y
=1

m—n—1 |2

R L

m—n—1

<26l > llvt)?

i=1

m—n—1

n—1 n
2= 1P+ 1ol ()= [IP[1£2]1° 14
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m—n—1
= 2|8l 1Ll D bt La + [0l 1™ ] 1
i=1
_q [lbt]] — [log] ™ B
= 2||Go |1t~ L4 + [|do [ |ot]| ™" ¢l 1.
1—|[bt]|

2||8olllI6t] \ i1 “ne1
< < N La+ o]l ot ™ ™2 1a

1—|lot]

— 04 (m,n— +00)

Hence {x,,} is a Cauchy sequence. Similarly, we can prove that {y, } is also a Cauchy
sequence. Since (X, A, Sy) is complete, there are xz,y € X such that z, — =
and y, — y as n — +oo. In the following, we will show that F(z,y) = = and

F(y,z) =y. From B4 we get
Sp(F(z,y), F(z,y), ) < b[Se(F(2,y), F(2,y), Tnt1)
+ Sb( (may)a (:E,y),wn+1) + Sb($,$,wn+1)]
= 2bSy(Tnt1, Tnt1, F(2,y)) + 0Sp(Znt1, Tnt1, )
= 285y(F'(%n, Yn): F(@n, yn), F(2,9)) + 0Sp(nt1, Tpt1, )
< 20a1Sy(F(xn, Yn), F(Tn, Yn), )
+ 2basSy(F(z,y), F(z,9), n) + bSp(Xnt1, Tnt1, )
= 2ba1 Sp(Tnt1, Tnt1, ) + 2ba2Se(F (z,y), F(x,y), zn)
+ bSp(Tnt1, Tnt1, )
and then

156 (F' (2, ), F(x, ), ) || < [[2bas[[[|Se(znt1, 2y, 2)||
+ [120a2[[[|So(F (2, y), F(z,y), 2) || + [011S6(znt1, 2np, 2|

by the continuity of the Sy-metric and the norm, we get

156 (F (2, y), F(x, y), )| < [|2bas|[||Sp(F (2, y), F(x, y), z)]|
Since 04 < 2bag < 2(ay + a2)b, we have ||2baz| < ||2(a1 + a2)b|| < 2|la1 + az||b < 1,
thus ||Se(F (z,y), F(x,y),z)|| = 0, thus F(z,y) = z. Similarly F(y,z) = y. Hence
(x,y) is a coupled fixed point of F. Now if (z/,y’) ia another coupled fixed point
of F', then

04 < Sp(2',2",2) = Sy(F(2',y), F(a',y), F(2,y))
< alsb(F(:E’,y’) F(a'y), ) + azSy(F (2, y), Fx,y),2")
= a1 (2, 2", x) + aaSp(x, x, 1)
= a1 (2,2, x) + axSp (2, 2, x) = (a1 + a2)Sp(2’, 2, z),
So, we get

IISb(z',fE’,fE)H < llax + az|ll|Se(a’, ', )|

be :E , L Sb xlaxlax )
2||b”n (@) < [Sh(e’. )]
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which implies that ||Sy(2', 2", z)|| = 0, then we have z = 2. Similarly, we can get
y = y’. Hence, the coupled fixed point is unique. In the following we will prove the
uniqueness of fixed points of F'. By (B4), we can obtain,

Sb(‘ral"y) < Sb(F(‘T’y)aF(x’y)aF(yax))
g alsb(F(SC y) F( ) )Jrasz(F(y,z),F(y,iE%z)
= ale(:E,:E,y +a25b Yy, x )

) (
a1Sy(z, z,y) + a2 Sp(z, 7, y)
(a1 + a2)Sp(z,z,y).

Then

156 (2, 2, )| < llax + all[|Se(z, z, y)|| < 2||b|| 156 (2, 2, )| < [1Sb (2, 2, y)|

which yields, [|Sy(z,z,y)|| = 0, then z = y. O
The following corollary can be easily deduced from Theorem B3]

COROLLARY 3.2. Let (X, A,Sy) be a complete C*-algebra-valued Sy,-metric
space. Suppose the mapping F: X x X — X satisfies the following condition

Sp(F(z,y), F(x,y), F(u,v)) < aSy(F(z,y), F(z,y),u) + aSy(F(u,v), F(u,v),x),

For every x,y,u,v € X where a € A', with ||al|||b]| < 1. Then F has a unique fized
poin in X.

4. Application

As application of contractive mapping theorem on complete C*-algebra-valued
Sp-metric space, existence and uniqueness results for a type of integral equation
and operator equation are given.

THEOREM 4.1. Consider the integral equation

@) a0 = [ (Ka(ts) + Kalt, )/ (s0()) + als,(s))ds +hie), te P

where E is the Lebesque measurable set and m(E) < +oo.

In what follows, we always let X = L>®°(F) denote the class of essentially
bounded measurable functions on E, where E is a Lebesque measurable set such
that m(E) < 400

Now, we consider the functions K1, Ks, f, g fulfill the following assumptions:

(1) K1: Ex Ex — [0,400), Ko: E x Ex — (—00,0], f,g: E xR — R are
integrable, and h € L*(E).
(2) there exists | € (0,3) such that

0< flt,z) = f(ty) <Uz—y) and —l(r—y) <g(t,x) —g(t,y) <O
forte E and x,y € R;
(3) supsep [(K1(t,s) — Ka(t,s))ds < 1
Then the integral equation [&I)) has a unique solution in L>°(E).
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PROOF. Let X = L>°(E) and B(L?(E)) be the set of bounded linear operators
on a Hilbert space L?(E). We endow X with the S,-metric Sp: X x X x X —
B(L?(E)) defined by Sy(f, g,h) = 7(|f—n|+|g—n|)» forall f,g,h € X, where 7y : H —
H is multiplication operator, 7 (¢) = h- ¢ for ¢ € H, and p > 1. Tt is clear that
(X,B(L?(E)),Sy) is a complete C*-algebra-valued Sp-metric space. Define the
self-mapping F: X x X — X by

F(z,y)(t) = / K (t,s)(f(s,2(s)) + g(s,y(s)))ds
" Kt )(£ (5, () + 95, 2(5)))ds + (1),
for all t € E. Now, we have
So(F(x,y), F(@,y), F(u, v)) = T F(2,y)~ F(u0)] +]F(a,9)~ F(u,0))?
= T(2|F(z,y)—F(u,)])?-
We first evaluate the following expression:

(2[F(z,y) = F(u,0)|) = 27 (| K1(t, s)(f (s

/Kzts (5,9(5)) — £(5,0(5))
+ g5, 2(5)) — g(s, u(s))ds| )

< 2p(§gg[l|w(8) —u(s)| +1ly(s) —v(s)l]

. [E (Ku(t, s) — Ko(t, ))ds)P

< 27Uz = ulloo + Uy = vlloo)

'sup/E((Kl(t, s) — Ka(t, s))ds)?
)

teE

Uz = ulloo + Uy = vlloo)”
PIP(lz = ulloo + [ly = vlloo)”
12z = ulloo + 2]y — vllo0)”

<P
<2
<

Therefore, we have

[1S6(F (1), F(x,y), F(u, )|l = 171wy - Pl

= Hzlhlli)l<7T(2|F(z,y)7F(u,7j)|)p ¢a ¢>
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= sup (2°|F(z,y) — F(u,v)[Po, d)

[[p]l=1
~ sup / 9P |(F(x,y) — F(u,0)(6) 605D dt
[|[¢ll=1JE

— sup / 62t (112(2 — u)o + 120y — 1)]o0)”
[[p]l=1

(U2(z = w)lloo + UI2(y — v)llo)”
1([12(z — v)[los + 12(y = v)[lo0)?
= Ur@z—upell + UTey—opell
=a*Sp(x,x,u)a + a*Sp(y,y,v)a.

<
<

Set a = Vil p(12(g)), then a € B(L*(E)) and |ja|| = |V1| < \/Lg Hence, applying

Theorem B.1] we get the desired result. O
References
1. B.C. Dhage, Generalized metric space and mapping with fixed point, Bull. Calcutta Math.

10.

11.

12.

13.

14.

Soc. 84 (1992), 329-336.

. S. Gahler, 2-metrische Raume and thre topologische structure, Math. Nachr, 26 (1963), 115—
148.

Zur geometric 2-metrische raume, Rev. Roum. Math. Pures Appl. 11 (1966), 664-669.

. Z. Ma, L. Jiang, C*-algebra-valued b-metric spaces and related fized point theorems, Fixed
Point Theory Appl. 2015 (2015), 222.

. Z. Mustafa, B. Sims, A new approach to generalized metric spaces, J. Nonlinear Convex Anal.
7(2) (2006), 289-297.

. S.S. Razavi, H.P. Masiha, C*-algebra-valued Sy-metric spaces and applications to integral
equations, Doi:10.22060/AJMC.2023.22211.1140

. S.S. Razavi, H. P. Masiha, M. De La Sen, Applications in integral equations through common
results in C*-algebra-valued Sy-metric spaces, Axioms 12(5) (2023), 413.

. K. Roy, M. Saha, Branciari Sy-metric space and related fized point theorems with an appli-
cation, Appl. Math. E-Notes 22 (2022), 8-17.

. S. Sedghi, N. Shobe, A. Aliouche, A generalization of fixed point theorems in S-metric spaces,

Mat. Vesn. 64(3) (2012), 258-266.

S. Sedghi, N.V. Dung, Fized point theorems on S-metric spaces, Mat. Vesn. 66(1) (2014),

113-124.

S. Sedghi, A. Gholidahneh, T. Dosenovié, J. Esfahani, S. Radenovié¢, Common fized point of

four maps in Sp-metric spaces, J. Linear Topol. Algebra 05(02) (2016), 93-104.

M. Singha, K. Sarkar, Some fized point theorems in partial Sp-metric spaces, J. Adv. Stud.

Topol. 9(1) (2018), 1-9.

N. Souayah, N. Mlaiki, A fized point theorem in Sy-metric space, J. Math. Computer Sci. 16

(2016), 131-139.

N. Tas, N. Ozgur, New generalized fized point results on Sy-metric spaces, Konuralp J. Math.

9(1) (2021), 24-32.

Faculty of Mathematics (Received 15 03 2021)
K. N. Toosi University of Technology (Revised 04 11 2022)
Tehran, Iran

srazavi@mail.kntu.ac.ir

masiha@kntu.ac.ir



	1. Introduction
	2. Basic definitions
	3. Main results
	4. Application
	References

