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wtg-DISTANCE AND BEST PROXIMITY POINTS
INVOLVING b-SIMULATION FUNCTIONS

Aleksandar Kosti¢, Hamidreza Rahimi,
and Ghasem Soleimani Rad

ABSTRACT. We define wtp-distance which is a special type of wt-distance
and obtain some best proximity point theorems involving b-simulation func-
tions. Our results are significant, since we replace simulation function with
b-simulation function, metric space with b-metric space, and wop-distance and
wt-distance with wtp-distance. We also provide some examples to support our
results.

1. Introduction and preliminaries

Fixed point theory is an important and useful tool for different branches of
mathematical analysis and it has a wide range of applications in applied mathe-
matics and sciences. Also, it may be discussed as an essential subject of nonlinear
analysis. Since the first results of Banach in 1922, various authors have been study-
ing fixed points, and, in recent years, best proximity points of mappings in metric
spaces. Their discoveries are still being generalized in many directions such that
there has been a number of generalizations of the usual notion of a metric space.
One generalization is a w-distance introduced by Kada et al. [8] (also, see [7L[16]
and references therein).

DEFINITION 1.1. Let (X, d) be a metric space. A function p : X x X — [0, +00)
is called a w-distance on X if the following properties are satisfied:

(w1) p(z,2) < p(z,y) + p(y, 2) for all z,y, 2z € X;

(wa) p is lower semi-continuous in its second variable;

(ws) for each € > 0 there exists § > 0 such that
p(z,z) < 6 and p(z,y) < 0 imply d(x,y) < e.
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Very recently, Kosti¢ et al. [11] introduced the concept of wo-distance, which is
slightly different to the original w-distance, in regard that the lower semicontinuity
with respect to both variables (when one of them is fixed) is supposed.

DEFINITION 1.2. Let (X,d) be a metric space. Then a function p : X x X —
[0,00) is called a wp-distance on X if the following are satisfied:
(pl) p(xv Z) < p('rvy) +p(y7 Z)7 for any r,y,z € Xa
(p2) for any x € X, functions p(z,-),p(-,x) : X — [0, 00) are lower semicontinuous,
(p3) for any e > 0, there exists § > 0 such that p(z,2) < ¢ and p(z,y) < § imply
d(z,y) <e.

Note that the notion of wy-distance is more general than the standard notion
of metric, but less general than the w-distance, as illustrated by the following
examples.

ExampLE 1.1. [11] Let (X, d) be a metric space. A mapping p: X x X —
[0,00) defined by p(z,y) = k > 0 for all z,y € X is a wp-distance on X (see [8]
Example 2]). The mapping p is not a metric, since p(x, ) # 0 for any =z € X.

ExaMPLE 1.2. [1I] Let X = [0, 00) be endowed with the standard metric d.
Let p: X x X — R be defined as p(z,y) = ¢ € (0,1) for all z,y € X and let
a: X — [0,00) be defined by

a(w) = {e’z, x>0

2, z=0

A function ¢ : X x X — [0,00) defined by ¢(z,y) = max{a(x),c} for all z,y € X
is then a w-distance on X (see Example 1 and [8, Lemma 3]). However, ¢ is not a
wo-distance on X, since for any sequence {x,} C (0, 00) such that 2, — 0 we have

lim inf ¢(x,,,y) = lim inf max{e™"", ¢} =1 < ¢(0,y) = max{«a(0),c} = 2.
n—oo n—oo

Another such generalization is a b-metric space defined by Bakhtin [2] and
Czerwik [4].

DEFINITION 1.3. Let X be a nonempty set and b > 1 be a real number. Suppose
that the mapping d : X x X — [0, 00) satisfies
(d1) d(z,y) =0 if and only if x = y;
(d2) d(z,y) =d(y,z) for all 2,y € X;
(ds) d(z,z) < bld(x,y) + d(y, 2)] for all z,y,z € X.
Then d is called a b-metric and (X, d) is called a b-metric space (or metric type
space).

Obviously, for b = 1, a b-metric space is a metric space. Also, for notions such
as convergent and Cauchy sequences, completeness, continuity and etc. in b-metric
spaces, we refer to [31[9].

In 2014, Hussain et al. [6] defined a wt-distance on b-metric spaces as an exten-
sion of w-distance on metric spaces and proved some fixed point theorems under
wt-distance in a partially ordered b-metric space.
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DEFINITION 1.4. Let (X,d) be a b-metric space and b > 1 be a given real
number. A function p : X x X — [0,+00) is called a wt-distance on X if the
following properties are satisfied:

(wt1) p(z,2) < blp(z,y) + p(y, 2)] for all z,y,z € X;
(wte) p is b-lower semi-continuous in its second variable
ie,if z € X and y, — y in X then p(x,y) < bliminf, p(x, y,);
(wtg) for each € > 0 there exists § > 0 such that p(z,z) < ¢ and p(z,y) < I
imply d(x,y) < e.

Let us recall that a real-valued function f defined on a b-metric space X is
said to be lower b-semicontinuous at a point z in X if either liminf, _., f(x,)
= oo or f(xp) < liminf, ., b0f(zy), whenever z,, € X and z,, — x¢. Obviously,
for b = 1, every wi-distance is a w-distance. But, a w-distance is not necessary a
wt-distance. Thus, each wt-distance is a generalization of w-distance.

LEMMA 1.1. [6] Let (X, d) be a b-metric space with parameter b > 1 and let p
be a wt-distance on X. Let {x,} and {yn} be sequences in X, let {a,} and {8}
be sequences in [0,400) converging to 0, and let x, y, z € X. Then the following
hold:

(i) If p(xn,y) < an and p(xn,2) < By for any n € N, then y = z. In particular,

if p(x,y) =0 and p(z,2z) =0, then y = z;

(ii) if p(Xn,Yn) < ap and p(z,, 2) < By for any n € N, then y, converges to z;

(iil) of p(xn,xm) < ay, for any n,m € N with m > n, then {z,} is a Cauchy
sequence;

(iv) if p(y,zn) < @y for any n € N, then {x,} is a Cauchy sequence.

On the other hand, the notion of simulation function has been introduced and
studied by Khojasteh et al. [10].

DEFINITION 1.5. Let ¢ : [0,00) X [0,00) — R be a mapping. Then ( is called
a simulation function if it satisfies the following conditions:
(¢1) C(t,s) <s—tforallt,s>0;
(C2) if {t} and {s,} are two sequences in (0, 00) such that
limy, 00 tr, = limy, 00 85, > 0, then limsup,, , o ((tn, $n) < 0.

The set of all simulation functions will be denoted by Z.

REMARK 1.1. Originally, simulation function was defined by Khojasteh et
al. [10] as a mapping ¢ : [0,00) X [0,00) — R satisfying ¢(0,0) = 0 alongside
the conditions ({;) and (¢2). In this paper, a modified definition of Argoubi et
al. [] is used.

Next, we give some examples of simulation functions.
Recently, Demma et al. [5] and Mongkolkeha et al. [12] introduced the b-simul-
ation function in the framework of b-metric spaces as follows.

DEFINITION 1.6. A b-simulation function is a function £ : [0, +00)? — R satis-
fying the following:
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(&1) &(bt,s) < s — bt for all ¢, s > 0;
(&) if {tn},{sn} are sequences in (0,+o00) such that

0< lim ¢, < lim s, < lim s, <b lim t, < +o00,
n—-+o0o n—4oo n—oo n—-+oo

then lim &(bt,,s,) < 0.
n—oo

It is clear that if b = 1, then b-simulation function is in fact the simulation
function in the framework of (standard) metric space.

ExXAMPLE 1.3. [5] Let £ : [0, +00)? — R be defined by

(i) &(t,s) = As —t for all ¢, s € [0, +00), where A € [0, 1).

(i) &(t,s) = ¢¥(s) — (¢) for all t,s € [0,4+00), where @, : [0,+00) — [0, +00)
are two continuous functions such that (t) = ¢(¢t) = 0 if and only if t = 0
and Y(t) <t < (t) for all £ > 0.

(iii) &(t,8) = s — gé;f;t for all ¢,s € [0,+00), where f,g : [0,4+00)* = (0,+00)
are two continuous functions with respect to each variable such that f(¢,s) >
g(t,s) for all ¢,s > 0.

(iv) &(t,s) = s —p(s) —t for all t, s € [0, +00), where ¢ : [0, +00) — [0,+00) is a
lower semi-continuous function such that ¢(t) = 0 if and only if ¢t = 0.

(v) &(t,s) = sp(s) —t for all t,s € [0,4+00), where ¢ : [0,400) — [0, 1) is such
that lim; .+ ¢(t) < 1 for all » > 0.

Each of the functions considered in (i)—(v) is a b-simulation function.

Recently, simulation functions and b-simulation functions have been used to
study the fixed point and best proximity points in metric spaces and b-metric
spaces (see [12H15L17L18]).

In this paper, we introduce a special type of wt-distance, which is called the
wtp-distance. Then we extend best proximity results of Tchier et al. [18] and
Kostié et al. [11] involving b-simulation functions instead of simulation function
via considering wtg-distance instead of metric space and wy-distance.

Let (X,d) be a b-metric space, A and B two nonempty subsets of X and
T : A — B a non-self mapping. In the sequel we will use the following notations

d(A,B) = inf{d(z,y) : x € A,y € B}
d(y, A) = inf{d(z,y) : x € A} = d({y}, 4)
Ao ={zx € A:d(z,y) = d(4, B) for some y € B}
By ={y € B:d(z,y) = d(A, B) for some z € A}
Also, the set of all best proximity points of a non-self mapping 7' : A — B will be
denoted by
Best(T) ={x € A: d(z,Tx) = d(A, B)}.
If moreover g : A — A, then we have
B (T)={z € A:d(gx,Tz) = d(A,B)}.

est
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2. Main results

Here we define the concept of wty-distance, which is slightly different from the
original wt-distance of [6], in regard that the lower b-semicontinuity with respect
to both variables (when one of them is fixed) is supposed.

DEFINITION 2.1. Let (X,d) be a b-metric space with parameter b > 1. Then
a function P : X x X — [0,00) is called a wtp-distance on X if the following are
satisfied:

(P1) P(2,2) <blP(z,y) + Py, 2)], for any @,y, 2 € X,

(P3) for any = € X, functions P(x,-), P(-,z) : X — [0, 00)
are lower b-semicontinuous,

(P3) for any € > 0, there exists § > 0 such that P(z,z) < ¢ and P(z,y) < ¢
imply d(x,y) <e.

Note that the notion of wig-distance is more general than the standard notion
of b-metric, but less general than the wt-distance, as illustrated by the following
examples. Also, wp-distance is a wtg-distance with b = 1; but the converse does
not hold. Thus, the wty-distance is a generalization of wy-distance.

EXAMPLE 2.1. Let (X, d) be a b-metric space with b =2, X = R and d(z,y) =
|z — y|? for all z,y € R and define wto-distance by P(z,y) = |z|? + |y|? for all
x,y € R (see [6]). The mapping P is not a metric, since P(z,y) = 0 only for
x =y =0 (and not true for all z,y € R).

ExXAMPLE 2.2. Let (X, d) and P be as in the previous example. Let the function
a: X — [0,00) be defined as

1, z#0
afz) = {c, z=0
where ¢ > 2. Then it can be proved that the function @ : X x X — [0, 00) defined
as Q(z,y) = max{P(x,y),a(x)} for all z,y € X is also a wit-distance on X.
However, @) is not a wtp-distance on X. Indeed, let {x,} be a sequence in X
such that x, # 0 for every n € N and x,, — 0 when n — co. Then we have

Q(0,0) = max{P(0,0),x(0)} =c>2= QIimi%fQ(xn, 0)

which means that Q(-,0) is not a lower 2-semicontinuous function.

Now, we introduce the notions of Z-P-proximal contractions and extend the
best proximity point results of Kostié et al. [11] and Tchier et al. [18] to b-metric
spaces with a wtg-distance.

Let (X,d) be a b-metric space, P : X x X — [0,00) be a wtp-distance on X,
and let A and B be two nonempty subsets of X (which need not be equal). Also,
for every z,y € X, let v(x,y) := max{P(z,y), P(y,z)}. Tt is easily checked that
the function v : X x X — [0, 00) has the following properties (for all z,y, z € X):

(1) v(z,y) =0=z=y; (2) v(z,y)=v(y,z); 3) v(zr,y) <bv(z,2)+rv(zy)
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DEFINITION 2.2. A non-self-mapping 7' : A — B is said to be a Z-P-proximal
contraction of the first kind if there exists a b-simulation function £ : [0,00) X
[0,00) — R such that

d(u,Tx) = d(A, B)

d(v, Ty) = d(A, B)} = £(bv(u,v), v(z,y)) 2 0

for every u,v,x,y € A.

DEFINITION 2.3. A non-self mapping 7' : A — B is said to be a Z-P-proximal
contraction of the second kind if

d(u,Tz) = d(A, B)

d(v, Ty) = d(A,B)} = {(bv(Tu, Tv),v(Tz,Ty)) 20

for all u,v,x,y € A, where £ : [0,00) x [0,00) — R is a b-simulation function.

REMARK 2.1. In the case P =d and b =1 (i.e., when d is a standard metric),
the notions of Z-P-proximal contractions are reduced to Z-proximal contractions
of Tchier et al. [18]. We will apply the same terminology if P =d and b > 1.

In Definition 22 if the b-simulation function & is given by £(¢,s) = as — t for
some « € [0, 1), the mapping T is called a P-prozimal contraction of the first kind.
Additionally, if P =d and b= 1, T is a proximal contraction of the first kind.

We introduce the following notation:

Gap={g:(A,d) — (A,d) is continuous : P(z,y) < P(gz, gy), Yo,y € A}
Tgp={T:A— B:PTz,Ty) < P(Tgx,Tgy), Vz,y € A}.

In the case P =d and b =1, G4 p is denoted by G4 and Ty p by T4 (see [18]).
Now, we state and prove our main results.

THEOREM 2.1. Let A and B be two nonempty subsets of a complete b-metric
space (X, d) with a wty-distance P, such that Ay is nonempty and closed. Suppose
that the mappings g: A — A and T : A — B satisfy the following conditions:

a) T is a Z-P-proximal contraction of the first kind;
b) g€ Gap; ¢) Ao Cg(Ao); d) T(Ag) C Bo.
Then there exists a unique element x € Ay such that d(gx, Tx) = d(A, B) and

P(xz,z) = 0. Moreover, for any initial xq € Ao there exists a sequence {x,} C Ay
converging to x, such that d(gzp4+1, Txy) = d(A, B) for all n € NU{0}.

PROOF. Let g € Ap. Since T'(Ag) C By and Ay C g(Ap) there exists x1 € Ay
such that d(gz1,Txo) = d(A, B). Similarly, for 1 € Ay there exists zo € Ag such
that d(gxe, Tx1) = d(A, B). Continuing this process, for any z,, € Ay we can find
Znt1 € Ag such that d(gxny1, Tx,) = d(A, B).

Now, if there exists ng € N such that v(zy,, Tny—1) = 0, then z,,_1 = Zp,.
Thus, d(gzng—1,TTn,—1) = d(A, B), i.e. xp,—1 is a best proximity point of 7' under
mapping g and the proof is finalized. Hence, we assume that v(z,,x,—1) > 0 for
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all n € N. Then v(gxy,grn—1) > 0 for all n € N because g € G4 p. Since T is a
Z-P-proximal contraction of the first kind and g € G4, p, we have
0< f(bu(g$n+1,gxn), V(:En; xn—l))
2.1) < Wttn Tn1) — 0(gEns1, 0n)
< U(Tp, Tn—1) — W(Tpg1,Zn)-

Therefore, v(Tpt1,Tn) < W (Tpt1,Tn) < V(Tp,xn—1) for all n € N, which means
that the sequence {v(z,,xn,—1)} is decreasing. Hence, there exists r > 0 such that
limy, oo ¥(Tpn,Tn—1) = r = 0. Suppose that » > 0. Also, by (ZI), we deduce
that (9211, 92n) < W (9Tnt1, 92n) < V(@pn, n—1) for every n € N. On the other
hand, g € G4, p and hence v(xp41, Tn) < V(9Tn+1, 9Tn) < V(Tn, Tp—1) foralln € N.

This implies that lim, 0 ¥(92Zn+1, 92,) = r. Now, using the b-simulation function
property (£2), we obtain

0 < limsup {(bv(92n+1, 9Tn), V(Tn, Tn-1)) <0,

n—oo

which is a contradiction. Hence, we have r = 0 which implies that

(2.2) lim v(xn,xn—1) =0.

n—oo

Now, let us prove that

(2.3) lim v(zn,xm) =0.

m,n—oo

If 23)) is not true, then there exist an ¢ > 0 and two sequences {my}, {n,} € NU{0}
with my > ng > k such that

(24) I/(:an,Ska) 2 €

for all K € N. We can assume that my, is a minimal index for which (24 holds.
Then we also have

(2.5) V(T s Trmp—1) < €
for any k € N. Using the triangle inequality for v, by ([Z4) and ([Z3) we get

e < VU Xny, Ty ) <V (Tpy, Tmp—1) + 0V (Ximy—1, Ty, ) < be 4+ b(Ximy —1, Timy, )-
Passing to the limit when k — co. By (2.2]), we conclude that

(2.6) €< kli_{lgo (X, s Ty, ) < bE.

Now, we claim that

(27) klinc}o V(xnk+17xmk+l) <eE.

If limp oo V(Zny+1, Tmy+1) = €, then there exist sequence {ks} and ¢ > 0 such that
(2.8) lim v(zn, 11, %Tm,, +1) =0 = €.
85— 00

Again, T is a Z-P-proximal contraction of the first kind and

d(gznkerlﬂ T‘rnks) = d(Av B) = d(gzmks“rl?szks)'
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Hence, by the property (£1), we obtain

0< é(by(gxnkerlv gszerl)’ V(znks » Ly, )

<
(2 9) < V(xnks ) xmks) - bV(g.TnkS_H, gxmks-i-l)
- < V(xnks ) xmks) - by(xnks-i-la -kas-i-l)
< V(znks ) zmks) - V(znkSJrla zmk8+1)

for all k£ € N. Tt follows from (2.6), (Z8) and (29) that
bd = 51520 b (T, +1, Ty, +1) < élggo V(Zny, s Ty, ) < be,

which implies [27). Thus, the sequences bty, = bv(2n,, +1,Tm,, +1) and vg, =
V(Zn,, s Tm,, ) have the same positive limit and verify that tx, < vg, (by (Z9)).
By the property (&2) we conclude that 0 < limsup,,_, . £(btk., vk, ) < 0 which is a
contradiction and hence (2.3]) holds.

Now, using Lemma [IT] (iii), {z,} is a Cauchy sequence in Ag. Since (X,d) is a
complete b-metric space and Ay is a closed subset of X, there exists lim, oo 2, =
x € Ag. Moreover, by the continuity of ¢ we have lim,,_, o, gz, = gx. Since gz, €
Ap for all n € N and Ay is closed, we also have gx € Ayg. On the other hand, since
x € Ag and T'(Ap) C By, for x there exists z € Ag such that d(z,Tz) = d(A, B).

Let us prove that z = gz. If z = gx,, for infinitely many n € N, then z = gx.
Hence we assume that z # g, in which case there exists ng € N such that z # gz,
for all n > ng. If v(gzy,,2) = 0 for some n > ng then gz, = z, so it must be
v(92n,2z) > 0 for all n > ng. Also there exists a subsequence {z,, } of {z,} such
that v(xy,,z) > 0 for every k € N (if that is not true, then there exists n; € N
such that v(z,,x) = 0 for all n > n;, and hence v(z,,x,—1) = 0 for all n > nq,
which is contradiction).

Since T is a Z-P-proximal contraction of the first kind and g € Ga,p, we get

0< g(by(gxnkJrlv Z)v V(xnmx))
< V(znk ) 1') - by(gznkJrlﬂ Z)
< V(g.’L'nk,gZC) - V(gxnk-‘rla Z)a
which implies that
(2.10) V(9Tny+1, 2) < V(gZn,,, gT)

for every k € N such that ni > nyg.

By a similar argument as before, we have lim,, n— oo ¥(¢Zn, g2m) = 0. This
means that for any ¢ > 0 there exists a N. € N such that v(gz,, gz,,) < § for all
m >n > N.. For a fixed n € N with n > max{ng, N} the function P(gzy,-) is
lower b-semicontinuous; hence, we obtain that

P(gxn, gx) < liminf bP(gx,, gxm) < €.
Thus,
(2.11) lim P(gxp,,g9z) =0.
k— o0
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Similarly, klim P(gx, gxn, ) = 0 which combined with (ZTIT]) yields klim V(9T , 9T)
—00 —00

= 0. Now, from (2I0) we have

(2.12) lim v(g9xn,+1,2) =0.

k— o0
If Kk — oo in
V(gznk ) Z) < by(gznk ) g:cnkJrl) + by(gznk"”lﬂ Z)ﬂ
then (Z2)) and (ZI2) imply that limy_, e ¥(92n, , 2) = 0. Thus,

(2.13) lim P(gzp,,z) =0.
k—o00

Now, using (ZII) and (ZI3]), Lemma [Tl (i) implies that z = ga. Finally, from
d(z,Txz) = d(A, B) we get d(gz,Tz) = d(A, B).

To prove the uniqueness, let y be in Ag such that d(gy, Ty) = d(A, B). Assume
that v(gx, gy) > v(z,y) > 0. Since g € Ga,p and T' is a Z-P-proximal contraction
of the first kind, we obtain

0 < &(bv(gz, gy), v(z,y))

<§
< Z/(LL', y) - bl/(g:L',gy)
< V(xay) - V(-Tay) =0,
which leads to a contradiction. Hence v(z,y) = 0, which implies z = y.
By a similar argument we prove P(z, z) = 0. Suppose that v(z, z) = P(z,z)>0.
Then v(gz, gz) > 0 and we have

0 < &(bv(gz, gz), v(z, 7))
<v(z,z) —bv(gz,gx)
<v(z,z) —v(z,z) =0,
which is a contradiction. (]

The next best proximity point result for Z- P-proximal contractions of the first
kind is an immediate consequence of Theorem 2] by setting g as the identity
mapping on A.

COROLLARY 2.1. Let A and B be two nonempty subsets of a complete b-metric
space (X, d) with a wtg-distance P, such that Ay is nonempty and closed. Suppose
that a mapping T : A — B satisfies the following conditions

a) T is a Z-P-proximal contraction of the first kind; b) T(Ag) C By.
Then there exists a unique best prozimity point x € Ay of the mapping T, such that
P(z,x) =0, and for every xo € Ao there exists a sequence {x,} C Ay converging

to z, such that d(zp41,Txy) = d(A, B) for alln € NU{0}.

EXAMPLE 2.3. Let X = R be endowed with the 2-metric d(z,y) = |z — y|? for
all z,y € X and a wtp-distance P defined by P(z,y) = 2? + y* for all 2,y € X.
Then we have v(z,y) = max{P(z,y), P(y,2)} = 2* + 3 for all 2,y € X.

Let A =[-1,0] and B = [1,2], and let T : A — B be a mapping given by
Tr=1—x for all z € A. Now it is easily obtained that d(A4, B) = 1, and also
AO = {0} and BO = {1}, so that T(Ao) = {1} = Bo.
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Let the 2-simulation function ¢ : [0, 00) x [0,00) — R be defined with £(¢, s) =
As—t for all s,t € [0,00) (where A € [0,1)). Now, d(u, Tx) = |[u—Tx|*> = d(A, B) =
1 if and only if |u — Tz| = |u — 1 4+ z| = 1, which is only possible for u = x = 0,
since z,u € [—1,0], and similarly, d(v, Ty) = d(A, B) is equivalent with v =y = 0.
Hence, for u = v =z =y = 0 we get £(2v(u,v),v(z,y)) = A-0—2-.0 = 0 which
verifies that 7" is a Z-P-proximal contraction of the first kind.

We conclude that all conditions of Corollary 211 are satisfied, and indeed,
Best(T') = {0} and P(0,0) = 0.

From Theorem 2] we can also obtain an interesting g-best proximity point
result for a P-proximal contraction of the first kind.

COROLLARY 2.2. Let A and B be two nonempty subsets of a complete b-metric
space (X, d) with a wtg-distance P, such that Ag is nonempty and closed. Suppose
that the mappings T : A — B and g : A — A satisfy the following conditions

a) T is a P-proxzimal contraction of the first kind with respect to « € [0,1);
b) g€Gap; c) T(Ay) C Bo; d) A C g(Ao).

Then there exists a unique point © € Aoy such that d(gx,Tx) = d(A,B) and
P(z,x) = 0. Moreover, for every xo € Ay there exists a sequence {x,} C Ap
converging to x, such that d(gzp4+1, Txy) = d(A, B) for all n € NU{0}.

PrOOF. Note that a P-proximal contraction of the first kind with respect to
a € [0,1) is a Z-P-proximal contraction of the first kind with respect to the b-
simulation function & : [0,00) X [0,00) — R defined by £(¢,s) = as — t for all
t,s > 0. O

By taking d = P in Theorem 1] we obtain the same result in b-metric spaces.

COROLLARY 2.3. Let A and B be two nonempty subsets of a complete b-metric
space (X, d), such that Ao is nonempty and closed. Suppose that the mappings
T:A— Bandg:A— A satisfy the following conditions.

a) T is a Z-proximal contraction of the first kind;
b) g€Ga; ¢ T(Ao) C Bo; d) Ao C g(Ao).
Then there exists a unique point x € A such that d(gx, Tx) = d(A, B). Moreover,

for every xy € Ag there exists a sequence {x,} C Ao such that d(gxp41,Tx,) =
d(A, B) for all n € NU{0}, and {x,} converges to x.

REMARK 2.2. In Theorem 2.J]and its corollaries, set b = 1. Then we obtain the
main results of Kosti¢ et al. [11] involving simulation functions with wy-distance
(in metric spaces) for a Z-p-proximal contraction of the first kind.

The next result is a g-best proximity point theorem for a Z-P-proximal con-
traction of the second kind.

THEOREM 2.2. Let A and B be two nonempty subsets of a complete b-metric
space (X, d) with a wtg-distance P, such that T'(Ag) is nonempty and closed. Sup-
pose that the mappings T : A — B and g : A — A satisfy the following conditions
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a) T is a Z-P-prozimal contraction of the second kind;
b) T is injective on Ag; ¢) T € Typ; d) T(Ao) C Bo; e) Ao C g(Ao).
Then there exists a unique x € Ay such that d(gz, Tx) = d(A, B) and P(Tz,Tx) =

0. Moreover, for every xg € Ag there exists a sequence {x,} C Ay converging to x,

such that d(gxp41, Txy,) = d(A, B) for alln € NU{0}.

ProOOF. By following a similar reasoning to that in the proof of Theorem 2.1]
we can construct a sequence {x,} such that d(gx,+1,Tx,) = d(A, B) for all n €
N U {0}. In the constructive process of {x,}, if we have Tz, = Tx,, for some
m > n, then we choose Z,+1 = Tpy1.

Since T is a Z-P-proximal contraction of the second kind, we have

Ev(Tygxn, Tgrns1),v(Txn—1,Tx,)) =0

for every n € N. From T being injective on Ay and T" € 7, p, using the property
(&1) of a b-simulation function we deduce that
0< f(bV(TgJEn, Tganrl)ﬂ V(Txnflv Tzn))
(2.14) <v(Txzp—1,Txy) —b(T9xn, Tgxni1)
Sv(Twp-1,Txy) — V(Tpn, Tapi1)
for every n € N. Hence we have v(Tx,,Txpt1) < v(Txp_1,Txy,) for all n € N,
which implies that the sequence {v(Tx,—1,Tx,)} is decreasing.

If there exists ng € N such that v(Txp,—1,TTn,) = 0, then Ty 1 = Tap,
and by the injectivity of T on Ag follows x,,—1 = x,. But then d(gxn,—1,TTn,) =
d(gtn,, Txyn,) = d(A, B) and z,, is the best proximity point of 7' under mapping
g; that is, z,,, € B, (T).

est

Now, let v(Txp—1,Txy) > 0 for all n € N. Hence, there exists

lim v(Tx,—1,Tx,) =1 > 0.

n—o00
Suppose that r > 0. From (2I4]) we can also deduce that
V(T gxn, Tgxni1) < W(Tgn, Tgxni1) < v(Txp—1,Txy).
On the other hand T € 7, p and hence
V(Txy, Txnt1) S V(T9xn, Tgxni1) < v(Txn-1,Txy)
for all n € N. Passing to the limit when n — oo we obtain that

lim v(Tgxn, Tgxni1) =1

n—oo

Now, by the property (&2) of a b-simulation function, we have
0 < limsup {(bv(Tgzn11, Tgwn), v(TTn—1,T20)) <0
n—oo

which is a contradiction, and hence r = 0.
We have shown that

(2.15) lim v(Tzp—1,Tx,) =0.

n—oo
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Next, we prove that

(2.16) lim v(Tz,, Tey) =0.

m,n— oo
Assume that (2I6]) is not true. Then there exist an € > 0 and two sequences
{mi},{nr} € NU{0} with my > ny > k such that
(2.17) v(Txp,, Temy,) > ¢
for all k € N. We can assume that my, is a minimal index for which [ZI7) holds.
Then we also have
(2.18) V(TTp,, T, —1) < €
for any k € N. Using the triangle inequality for v, by (ZI7) and (ZI8) we have
e <v(Txpn,, Tem,) SW(TTn,,, TTm,—1) + (T Tm,—1,TTm,)
< be +bw(Txm,—1,TTm,)-
Passing to the limit when k& — co. By (ZI5]), we conclude that
(2.19) e < limsupv(Txy,, Tam,) < be.

k—o0

Now, we claim that

(2.20) lim v(Txp,+1, TTm,41) < €.

k— o0

If lim v(T%p,+1,TTm,+1) = €, then there exist sequence {k,} and § > 0 such that

k—o0

(2.21) lim v(T2p, 41, TTm,, +1) =0 > €.

5300
Again, T is a Z-P-proximal contraction of the first kind and
d(9rn,,, +1,Ton,, ) = d(A, B) = d(gzm,, +1,TTm,_)-
Hence, by the property (1), we obtain
0< §(bl/(ngnks+1, Tg:cmks+1), Z/(T:cnks T, )
(2.22) <v(Twn, ,Trm,, ) — b(T92n, +1,TgTm, +1)
Sv(Tan, ,Tom,, ) = b(T2n, 41, TTm, +1)

Sv(Tn, ,Tom,, ) = V(T2n,, 41, TTm, +1)

for all k£ € N. Tt follows from (2.19), (Z21)) and (Z22]) that

(2.23) bo = Slglgo bv(Txn,, 41, Tm,, +1) < Slggo v(Txn,, , Ty, ) < be,

which implies (Z20). Thus, the sequences bty, = bv(Twn, 41, TTm, +1) and vg, =
v(Txp,, , Ty, ) have the same positive limit and verify that ¢, < vg, (by Z22)).
By the property (£2), we conclude that 0 < lim sup;,_, o £(btk,, vk, ) < 0 which is a
contradiction and hence (2.16]) holds.

Now, using Lemmal[lTl (iii), {7, } is a Cauchy sequence. Since (X, d) is a com-
plete b-metric space and T'(Ap) is a closed subset of X, there exists lim, oo Ty, =
Tu € T(Ao) C By. Moreover, there exists z € Ag such that d(z,Tu) = d(A4, B).
Since Ag C g(Ap), we obtain that z = gx for some = € Ay, and hence
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(2.24) d(gx,Tu) = d(A, B).
If z,, = = holds for infinite values of n € N, then Tx = Tu. Therefore, we can
assume that there exists ng € N such that x,, # x for all n > ng. Also, there exists
a subsequence {x,, } of {z,} such that v(Tz,,,Tu) > 0 for all k € N. Again, since
T is a Z-P-proximal contraction of the second kind, we get

0 < &bv(Tgxn,+1,Tgx),v(Txy,, Tu)) < v(Tay,, Tu) — bv(T9Zn,+1,T9T)
and hence
(2.25) V(TTp,+1,T2) < bw(Tgzp,+1,T9x) < v(Tay,,Tu)

for all k& € N such that ny > ng, since T' € Ty p.

From (2I6) we obtain that for any € > 0 there exists a N. € N such that
v(Txn, T2m) < § for every m > n > N.. Then, using the property (P) of a
wto-distance we have

P(Tx,, Tu) < liminf bP(Txy,, Txpm) < €

m— o0

for any fixed n > max{ng, N}, which implies that
(2.26) lim P(Txy,,Tu) =0
k— o0

and similarly limy_,o P(Tu, T2y, ) = 0, hence limy_, o v(Tzp,, Tu) = 0. Combine
this and ([Z228)) to get limy oo V(T %pn,+1,T2) = 0. Let kK — oo in

V(Txp,,Te) <o (Tn,, Ten,+1) + 0(Tan, +1,Tx)
. From (ZI8]) we obtain limy_,co ¥(T2y, , Tz) = 0. Hence, we have
(2.27) lim P(Txy,,Tx)=0.

k—o0

Thus, by [226) and Z27) and Lemma [[T] (i), we conclude that Ta = Tu. Now,
by substituting Tz = Tu in [224), we get d(gz, Tx) = d(A, B).

To show the uniqueness, let y be in Ay such that d(gy, Ty) = d(A, B), i.e.,
y € B, (T). Assume that v(Tgz,Tgy) > v(Txz,Ty) > 0. Since T € Ty p is a

est
Z-P-proximal contraction of the second kind, we have

0 < &(bv(Tgx, Tgy),v(Tz,Ty))
<v(Tz,Ty)—bv(Tgx, Tgy)
<v(Tz,Ty) —v(Tx,Ty) =0,
which is a contradiction. Hence, v(Tx,Ty) = 0, which means that Tax = Ty.
Injectivity of T' on Ag then yields z = y.
Finally, suppose that v(Tz,Tx) = P(Tx,Txz) > 0. Then v(Tgx,Tgx) > 0.
Using a similar argument as above, we have
0 <&(w(Tgx, Tga),v(Tx, Tx))
<v(Tz,Tx) —bv(Tgx,Tyx)
<v(Tz,Tx)—v(Tz,Tz) =0,
which is a contradiction. Therefore, P(Tx,Tz) = 0. O
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The following best proximity point result is a special case of Theorem 2.2l when
g is an identity map on A.

COROLLARY 2.4. Let A and B be two nonempty subsets of a complete b-metric
space (X, d) with a wty-distance P, such that T(Ag) is nonempty and close. Suppose
that the mapping T : A — B satisfies the following conditions

a) T is a Z-P-prozimal contraction of the second kind;
b) T is injective on Ag; ¢) T(Ap) C By.

Then there exists a unique best proximity point x € Ay of T with P(Tx,Tx) = 0,
and for every xg € Ag there exists a sequence {x,} C Ay converging to x, such that

d(xpy1, Txn) = d(A, B) for alln e NU{0}.
By taking d = P in Theorem [2.2] we obtain the same result in b-metric spaces.

COROLLARY 2.5. Let A and B be two nonempty subsets of a complete b-metric
space (X, d), such that T(Ag) is nonempty and closed. Suppose that the mappings
T:A— Bandg:A— A satisfy the following conditions

a) T is Z-proximal contraction of the second kind;
b) T is injective on Ag; ¢) T €Ty; d) T(Ag) C By; e) Ap C g(Ao).

Then there exists a unique point x € A such that d(gx,Tx) = d(A, B). Moreover,

for every xo € Ag there exists a sequence {x,} C A such that d(gxn41,Txy,) =
d(A, B) for alln € NU{0} and lim, o0 z,, = .

REMARK 2.3. In Theorem 22 and its corollaries, set b = 1. Then we obtain the
main results of Kosti¢ et al. [11] involving simulation functions with wo-distance
(in metric spaces) for a Z-p-proximal contraction of the second kind.

REMARK 2.4. In Corollaries 23l and 25 set b = 1. Then we obtain the main
results of Tchier et al. [18].

3. Conclusion and suggestions

We considered a special type of wt-distance and obtained some interesting
results about best proximity points, under which can be generalized, improved, en-
riched and unified a number of recently announced results in the existing literature
such as Kostié¢ et al. [I1], Tchier et al. [18] and others. Also, we consider some
various examples about our definitions and results to illuminate our work. Since
wtop-distance is a notion between b-metric spaces and wt-distances (similarly, wo-
distance is a notion between metric spaces and w-distances), we suggest to readers
and researchers to work on these distances (both wy and wtg) in fixed point theory
and best proximity results as a new and different work.
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