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MAPS PRESERVING n-TUPLE A*B — B*A DERIVATIONS
ON FACTOR VON NEUMANN ALGEBRAS

Mohammad Shavandi and Ali Taghavi

ABSTRACT. Let A be a factor von Neumann algebra and & preserve n-tuple
new product derivations on A, that is, for every Ay, Aa,...,An € A,

P(A10A20- 0 AR)=P(A1)0A20-- 0 An + A1 0 DP(A2) 0 0 Ay
+ A1 0 A0 0 P(An)
where A; 0 Aj = ATA; — A;f A; for i,j € N, then & is additive *-derivation, on
the condition that @(aé) is self-adjoint operator for a € {1,4}.

1. Introduction

Let R be a factor von Neumann algebras. For A, B € R, denoted by Ae B =
AB+BA* and [A, B], = AB— BA*, which are *-Jordan product and *-Lie product,
respectively. These products are found playing a more and more important role in
some research topics, and its study has recently attracted many author’s attention
(for example, see [5110L1TL16]).

Recall that a map ®: R — R is said to be an additive derivation if

®(A+ B) =®(A)+(B) and P(AB) = ®(A)B + A®(B)

for all A,B € R. A map ® is additive x-derivation if it is an additive derivation
and ®(A*) = ®(A)*. Derivations are very important maps both in theory and
applications, in particular to study the topological and fundamental structures of
von Neumann algebras [4]. This notion has been studied intensively [3[12H14].

Let us define A-Jordan #-product by A ey B = AB + ABA*. We say that the
map ¢ with the property of ®(A ey B) = ®(A) ey B+ A ey (B) is a A-Jordan
x-derivation map. It is clear that for A = —1 and A = 1, the A-Jordan x-derivation
map is a *-Lie derivation and *-Jordan derivation, respectively [1].

A von Neumann algebra A is a self-adjoint subalgebra of some B(H), the alge-
bra of bounded linear operators acting on a complex Hilbert space, which satisfies

2010 Mathematics Subject Classification: 46J10; 47B48; 461.10.

Key words and phrases: n-tuple derivation, factor Von Neumann algebra, additive x*-
derivation.

Communicated by Stevan Pilipovié.

131



132 SHAVANDI AND TAGHAVI

the double commutant property: A” = A where A’ = {T € B(H),TA = AT,VA €
A} and A” = {A'}. Denote by Z(A) = A’ N A the center of A. A von Neumann
algebra A is called a factor if its center is trivial, that is, Z(A) = CI [7,8].

Recently, Yu and Zhang in [I7] proved that every non-linear *-Lie derivation
from a factor von Neumann algebra into itself is an additive *-derivation. Also,
Li, Lu and Fang in [9] have investigated a non-linear A-Jordan *-derivation. They
showed that if 4 C B(H) is a von Neumann algebra without central abelian pro-
jections and X is a non-zero scalar, then ®: A — B(H) is a non-linear A-Jordan
x-derivation if and only if ® is an additive x-derivation.

Very recently the authors of [2] discussed some bijective maps preserving the
new product A*B + B*A between von Neumann algebras with no central abelian
projections. In other words, ® holds in the following condition

B(A*B + B*A) = B(A)*®(B) + 3(B)* B(A).

They showed that such a map is a sum of a linear *-isomorphism and a conjugate
linear *-isomorphism. In [15], the authors have discussed such maps between unital
prime *-algebras which preserve the new triple product.

In [18] the authors considered nonlinear x-Lie higher derivations on factor von
Neumann algebras acting on a complex Hilbert space H with dim H > 2.

Also, the authors of [6] obtained the following result: Let A and B be two
factor von Neumann algebras with I4 and Ip the identities of them, respectively.
Let A1, As,..., A, € Aand AjeAse---e A, is the Jordan multiple *-product in any
fixed operation order. Then a not necessarily linear bijective mapping ®: A — B
satisfies

D(A1eAze---0A,)=D(A))eD(Az)e---eD(A,)
if and only if @ is a *-ring isomorphism.

In this paper motivated by the above results, we consider a map (not necessarily
linear) ® on factor von Neumann algebras A which meets the following conditions:

DP(A10A20...04,) =P(A1)0Az20...0A, + A1 0D(A3)0...0 A,
+ FA10A20...0P(A4,)

where A;0A; = A7A; — A; A; for i, j € N. We prove that ® is additive x-derivation.
The results of this essay will be applied to study general structures of von Neumann
algebras which are related to non-linear derivatives.

When we say that A is prime, that is, for A, B € Aif AAB = {0}, then A =0
or B =0.

2. Main result

THEOREM 2.1. Let A be a factor von Neumann algebras. Let ® : A — A
satisfies in

P(A10A20...04,) =D(A1)0As0...0A, + A1 0o P(Ag)o...0 A,
+-+A10A30...0D(A,), n=2
for all Ay,..., Ay € A where A; 0 Aj = AfA; — ASA; for i, j € N. Then ® is

additive *-derivation.
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PROOF. Let P; be a nontrivial projection in A and P, = I4 — P;. Denote
Ai; = PAP;, i,j = 1,2, then A = Z?,j:l A;;. For every A € A we can write
A = A1+ Aja+ Az + Agp. In all that follow, when we write A;j, it indicates that
A;; € A;;. For showing additivity of ® on A, we use above partition of 4 and give
some claims that prove ® is additive on each A;j, i,j5 = 1, 2.

We prove the above theorem by several claims.

CLAIM 2.1. We show that ®(0) = 0.
This claim is easy to prove.

CLAIM 2.2. We show that ®(£) =0, ®#(—£) =0 and ®(i4) = 0.

Since
I I I vi 1 1 1
@(1_050'” 5)7@(15)050 <>§+Z§<>q)(§)<> 05
a1 I
+"'+'L§0’L§0...<>(I)<§),

an elementary computation shows that two cases appear depending on n:
vl 1 v TN i 1 I\*
2(i3) = 3(2(13) ~2(i3) ) + - n3(2(3) +2(3) ). noad
I 1 1 IN* i 1 IN*
#(-iz) =—3(2(3) -2(i5) ) - -n3(2(3) +2(3) ).
i 5 i i (n )2 5 + 5 n even

which imply that
D))t (a(d) rold)) o o

o~ i8) 3 (o(eh) ~o(id)") 0 (o(D) v0(1)) =0 wore
By taking adjoint from both side of (21, for odd numbers case, we obtain

pa by a() o vie(d) ra(d)) -0

2
self-adjoint, @(%) = 0. By re-applying ([2.2)) it results that @(é) + @(é)* =0. So
@(é) = 0, becuse @(%)* is self-adjoint. Similarly we can show that <I>( — z%) =0.

I

Set zero valued in extension of @(z% 050...0 é) for even case, we have

@(ﬂé) —0.

As well as, the self-adjoint assumption clarify that <I>( — z%)* =0.

CLAIM 2.3. For each A € A, we have
(1) ®(—iA) = —i®(A). (2) P(iA) =iP(A).
It is straightforward to see that

(I)(—z'Ao{o{o...o{):CID(AOZ'£<>£<>...£).
2 2 2
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So,
I I 1 I I 1
P(—tA)o=-o=0...0o==P(A)ocizo—-0...0—.
2 2 2 2 2 2
It follows that
(2.3) —O(—iA)" + O(—1A) = —iP(A)" — iD(A).
On the other hand, one can check that
I I I I I I I
(I)(—iAoi—o—o...o—):CID(AO——O—O—O...O—).
2 2 2 2 2 2 2
So,
I I 1 1 1
(I)(—iA)oon—o...o—_<I>(A)<>—§<>§<>§<> °5

2 2~
It follows that —i®(—iA)* —iP(—iA)
Equivalently, we obtain
(2.4) —O(—iA)" + P(—1A) = iP(A)" —iD(A).
By adding equations ([Z3) and (Z4), we have ®(—iA) = —i®P(A).
Similarly it can be shown ®(:A4) = i®(A).
CLAIM 2.4. For each Ay; € Ay, A12 € Aja, we have
(I)(All —+ Alg) = (I)(All) —+ (I)(Alg)
Let T = q)(All + A12) — (I)(All) — (I)(Alg) We need to show that T = 0.

D(A1 + Ap)oCooTo...ol+ (A1 + A1) o P(Car)olo...ol
+o 4 (A + A12)0Co10T0...0B(I) = P(A1; + Ajp0Cr10l0...01)
=P(A110Cn0l0...0l)+P(A120Co10l0...01)
=®(A11)0C0lo...0l+A110D(Cor)olo...01
+-+A100050l0...0P(I)+P(A12)0Cr0T0...0]
+ A1200(Co)olo...ol+-- -+ Ap0Cholo...00(])
= (P(A11) + P(A12))0Co10T0... 0T+ (A11 + A12) 0 P(Ca1) o T0...01
+o+ (A + Ap) o Cy1 0T 00. ..o ®(I).
Then ToCyy 0ol olo...I =0. According to initial discussion of proof, we know
T =T+ T2+ To1 + Tas. So —T55,C1 — T5,C21 + C51Tee + C5,T51 = 0. Thus we
have Tos = T51 = 0. In a similar way, we have
D(A11 + Ap)oCraoProlo...ol+ (A1 + A12) 0 P(Cra) o Pro...o1
+ 4+ (A1 +Ap)oCraoPro...o®(]) = P((A11 + A12) 0 Crao Pro...ol)
=P(A1;0C 0P 0T0...ol)+ P(A1a0C1a0Prolo...0l)
= (®(A11)+P(A12))0CraoPrololo... ol + (A1 +A12) o ®(Cra)oProlo...ol
+ i+ (A1 +Ap)oCraoProlo...od().

SoToCip0oProlo...ol =0. An early application of the unique decomposition of
T = T11 =+ T12 + Tgl + T22 shows that 7T1*1012 + CT2T11 =0. NOW, multiplying the
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above equality from right side by P; and left side by P», and using the primitivity
assumption of A we show that 777 = 0. Similarly, one can show that T = 0 by
applying Cs; instead of Co as above.

CLAIM 2.5. For each A1, € Aq1, A1a € Aia, A1 € Aoy and Agy € Agg, we
have

(1) ®(A11 + Aro + A21) = P(A11) + P(A12) + P(A2).
(2) ®(Ai2 + Ao1 + Ag) = P(A12) + D(A21) + P(A22).

We show that T = ®(A11 + A1+ Aa1) — P(A11) — P(A12) — P(A21) = 0. From
Claim [2.4] we obtain
D(A11 + Ao+ Ag1)oCo1ololo...ol+ (A1 + Ao+ A21) 0o P(Cor)olo... 01
+- -+ A+ A+ As)oCynolo... o)
=®(A11 + Ao + A1n0Co10l0...01) = P((A11 + A21)0Cor10T0...01)
+P(A120CoT0...0l)=D(A110Co10l0...01)
+ P(As10C0l0...0)+P(A1p20Conolo...01)
= (P(A11) + P(A12) + P(A21))0Co10T0...01 + (A1 + A1a + A2q)
0Corolo...ol+ 4+ (A1 + A1z + As1)oCorolo...0o0(I).
It follows that T o Cyy 01 ¢ ...o 1 =0. Since T = Ty1 + T12 + T2y + To2 we have
—T5,C9 — T5,Co1 + C31 T + C31To1 = 0. Therefore, Toy = To; = 0.
Claim 241 by an immediately computation, shows
DA+ A+ An)oProPiolo...ol+ (A1 + Ao
+ A1) o ®(P)oPiolo...ol
++ (A +An+An)oPioPiolo...o®(])
=P((A;1 + A+ A1) o PLoPiolo...ol)
=P((Al1 + Ap)oPioPiolo...ol)
+ (A0 ProProlo...ol)=P(Aj10oPioPiol. ..ol
+P(ApoProProlo...ol)+P(AgnoProPiolo...ol)
= (P(A11) + D(A12) + P(Ag1)) o ProProlo.. .ol
+ (A1 +A1a+ As) oD (P)oProlo... ol
+-+ A+ A+ Ay)oPioPiolo...od(]).
Hereupon To Pio Py o...oI =0. Thus 211; — 217 + T12 — 155 = 0 which implies
(2.5) T2 =0, T —T7;=0.
Also from Claims and 2.4] we have

D(A11 +Aia+ Ag)oiProlo...ol 4+ (A1 + Ao+ As) o @(iP)olo... 01
+o A+ (A + Az + Az)oiProlo. ..o ®(])
=®((A11 + A1z + Ag1)0iProlo...ol) = ®((A1; + Ap)oiProlo...ol)
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+ O(Ag10tProlo...0ol)=P(Ann0iProlo...ol)
+P(ApoiProlo...ol)+ P(Ay0iProlo...01)
= ((P(A11 +P(A12+P(A21))0iProlo... ol + (A1 + Ao+ Ag1) o P(iP)oTo. . .01
+ o+ (A + A+ Ag)oiProlo...o®(I)
SoToiPyoIo...oI =0 which implies
(2.6) ~Ty, — T} = 0.

From (Z3)), ([26]), we have Ty; = 0.
Similarly, we can show that (I)(Alg + Agl + AQQ) = (I)(Alg) + @(Agl) + @(AQQ)

CLAIM 2.6. For each A1 € A1, A1s € Aqa, As1 € Aoy and Agy € Ago, we
have

D(A11 + A1z + Aoy + Agg) = (A1) + P(A12) + P(A21) + P(A22).
In order to prove this claim, we have to show that
T =3(A11 + A2 + Aor + Ag) — D(A11) — P(A12) — P(As1) — P(A2e) = 0.
From claim (2Z.3]), we have

D(A11 + A1a + Aoy + Ag) 0 Craolo... ol
+ (A1 + Ao+ Agg + Ag) 0 B(Cra) o T 0. .0
oo+ (A1 + A+ Agp + Axg) o Craolo...0oD(I)
=®((A11 + A1a + Ao + Agp) 0 Craolo...o0)
= (P(A11 + A2+ A1) 0Craolo...0l)+P(ApnoCiaolo...01)
=P(A110C120]0...0)+P(A120C120])+ P(A1 0 Craolo...01)
+ P(ApnoCrpolo...ol)=(P(A11) + P(A12) + P(A21)
+ O(Ax))oCraolo...ol+ (A1 + Aja+ Ao + Ax) 0 P(Cra) oI o... 01
4+ (A + Ao+ Asg + Ax) o Craolo. ..o ().
So, T'o Chi2 01 = 0. It follows that CY,T11 + CisT12 — 17,Cr2 — T75C12 = 0. Thus
Ty =T12=0.
Similarly, by applying C5; instead of C5 in the above computation, we obtain
To1 =Ty = 0.
CLAIM 2.7. For each A;j, B;; € A;; such that ¢ # j, we have
D(Aij + Bij) = ®(Aij) + 2(Byj).
It is easy to show that
(PZ-+A;‘j)<>(P]-+Bij)<>£<>...<>§:A;‘j+B;‘ijij—Bij.
So, we can write
1

B(—Aij — Byj) + B(A; + Bj) = <I>((R- n A;‘j) o (P + Bij) o é 6.0 5)
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1
:(I)(PZ+A;})<>(PJ+B”)<>§<><>

<&

. I
+(PZ+AU)<>(I)(PJ+BU)O§O

— (B(P,) + ®(AL)) o (P; + Bij) o é 0.0

. I I ) I I
+ (Pt A3))o(@(P)) +@(Bij))o50. . o5+ +(Pit Afj)o(Py+Byy)o50.. .<>q>(§)
:tl)(PZ-oBijoéo...oé) +<I>(A’{j<>Pj<>é<>...<>é)

= O(—Bj;) + ®(Bj;) + ©(—Ay;) + ©(A])
Therefore, we show that
(2.7)  ®(—Aiyj — Bij) + ®(A4]; + B};) = ®(—Ay;) + ©(—Bij) + ©(A45;) + 2(B;;).
By an easy computation, we can write
I 1 I
Then, we have

I I
B(i Ay +iBy) + B(IAL +iB);) = <I>((R- + 45) 0 (iP; +iBy) 0 3 0. 5)

I I

:(I)(Pi—i—Afj)o(in+z’Bij)<>§<>§<>...<>§
1

+ (Pt A7) 0 ®(iP; +iBy)o 5o 05
I

+(Pi+A;'kj)<>(’L'Pj +iBij)<>(I)(§)<>...<>

1
2
I

U
2
x , . I I
= (®(P) + @(A};)) o (iP5 +zBij)<>§ 0...05
1 1
+(PZ-+A;‘j)<>(<1)(in)+<I>(z'BZ-]-))<>§<>...<>—+-~~+

2
, . . I I

:CID(PioiBijoéo...oé) +<I>(Afj<>in<>é<>...<>—)
= ®(iB;j) + @(iB;}) + ®(iA;;) + CID(Z'A;‘j).
Thus we showed that
D(iAy; +iByj) + P(iA}; +iBj;) = ®(iAy;) + ©(iBy;) + R(iA};) + O(iBj).
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From claim 23] and the above equation, we have
(2.8) —®(Ay + Byy) — DAL + BYy) = —B(By,) — (B};) — B(Ay;) — D(— A7),
By adding equations (7)) and (28], we obtain ®(A;; + B;;) = ®(Ai;) + ®(By;).
cLAIM 2.8. For each A;;, By; € A;; such that 1 < ¢ < 2, we have
O(Ai; + Bii) = ©(Aii) + @(Bii).
We show that T = ®(A;; + Bii) — P(Ai;) — ®(Byi;) = 0. We can write
O(Aji + Bi)oPjololo...ol+ (A + Bij)o®(Pj)olo...ol
+- -+ (A +Bii)oPjolo...o0(])
=®((Ay +Bi)oPjolo...ol)=d(A0Pj0lo...0I)
+®(BjioPjolo...ol)=0(A;)oPjolo...0ol+A;0P(Pj)olo...0l
+-FA0P0l0...0o0(I)+P(By)oPjolo...ol
+ Biio®(Pj)olo...ol+---+BoPjolo...0o0(I)
= (®(Asi) + P(Bi)) o Pjololo...ol+ (Aii+ Bii)o®(Pj)olo...01
+- -+ (A +By)oPjolo...0od()
So, we have T'o P; o I ¢ ... oI = 0. Therefore, we obtain T;; = T};; = T;; = 0.
On the other hand, for every C;; € A;;, we have
D(Aji + Bi)oCijolo...ol+ (A + Bii)o®(Cij)olo...0l
+ -+ (A +Bi)oCiolo...0o®(I)
=®((Ais + Bis)oCijolo...0ol)=P(A;0C5010...01)
+®(B;ioCijolo...0ol)=(P(Ai) +P(Bi))oCijolo...0l
+ (Aii + Bii) o ®(Cij) oI ..ol + (A + Biy) o Cijo@(I)o...0o1
+ -+ (A +Bi)oCiolo...0o®()
SoToCi010...01 =0 which shows that Tj; 0 C;; 01 ¢ ... 01 =0. Thus we see
that —T7;C;; + C};T;; = 0. Again multiplying the above equality from right by P;
and from left by P; and using the well-known fact that A is prime, we have Tj; = 0.

Hence, the additivity of ® comes from the above claims.
In the rest of this paper, we show that ® is x-derivation.

CLAIM 2.9. ® preserves star.
Since ®(£) = 0 then we can write ®(AoLoloo...0l) =®(A)ololo. oL

292 2 292
Then ®(A — A*) = ®(A) — P(A)*. So, we showed that ® preserves star.
CLAIM 2.10. We prove that @ is derivation.

For every A, B € A, a simple calculation shows that

I I
(I)(—QAB—I—QB*A*):(I)(A*OB<>§<>...<>§<>[)
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+~~-+A*<>B<>§<>...<>g<><1>(])
= 2B*®(A)* — 28(A)B — 2AD(B) + ®(B)* A*.
So we have
(2.9) O(B*A* — AB) = ®(B)*A* + B*®(A)" — ®(A)B — A®(B).
From Claims and 2.9, we have

I I
<I>(f2B*A*—2AB):CID(iA*oBoio...ogoI)
I I
=0(iA")oBo=-o...o-ol
2 2

I I
+...+(Z‘A*)QB<>§<>...<>§<><I>(I).

Then
i®(—B*A* — AB) = i(—®(B)"A" — B*®(A)" — ®(A)B — AP(B)).
So we can show that
(2.10) O(—B*A* — AB) = —®(B)*A* — B*®(A)* — ®(A)B — Ad(B).
Eventually, equations (2.9) and [2.I0) shows that ®(AB) = ®(A)B + A®(B). O
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