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INVERSE THEOREM FOR CERTAIN
DIRECTIONAL GOWERS UNIFORMITY NORMS

Luka Milié¢evié

ABSTRACT. Let G be a finite-dimensional vector space over a prime field Fj,

with some subspaces Hi,...,H. Let f: G — C be a function. Generalizing
the notion of Gowers uniformity norms, Austin introduced directional Gowers
uniformity norms of f over (Hi,..., Hy) as
ok
HfHU(Hl,m,Hk) = ]E, Apy oo Apy f(z)

z€G,h1€H1,...,hy €Hy,

where A, f(z): = f(z 4+ u)f(z) is the discrete multiplicative derivative.
Suppose that G is a direct sum of subspaces G =U; @ Us @ --- d Ug. In
this paper we prove the inverse theorem for the norm

- lluy,....v5.G,...G)5
with £ copies of G in the subscript, which is the simplest interesting un-
known case of the inverse problem for the directional Gowers uniformity norms.
Namely, writing || - ||y for the norm above, we show that if f: G — C is a func-
tion bounded by 1 in magnitude and obeying || f|ly > ¢, provided ¢ < p, one
can find a polynomial a: G — F;, of degree at most k£ + ¢ — 1 and functions
9i: Djek]~{i} Uj = {2 € C: |z| < 1} for i € [K] such that

E F@)w*@ T giler, . i1, wigr, .. 20)

zeG i€ (k]

> (exp©rktMW)(O, 1 o(c™1))) .

The proof relies on an approximation theorem for the cuboid-counting function
that is proved using the inverse theorem for Freiman multi-homomorphisms.

1. Introduction

In his groundbreaking work [12] concerning Szemerédi’s theorem on arithmetic
progressions [35], Gowers introduced the following norms.

DEFINITION 1.1 (Gowers uniformity norms). Let G be a finite abelian group
and let f: G — C. The U* norm of f is given by the formula
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k k
I7le= & II Conj” f(:c - aiai),
=1

z,a1,...,ax €G €€ {0,1}*

where Conj' stands for the conjugation operator being applied [ times and |e| is
shorthand for Zle €.

These norms measure quasirandomness of a function f in the sense that when-
ever f has small U¥ norm, it behaves like a randomly chosen function when it
comes to counting objects of ‘complexity’ k — 1. We are deliberately vague about
what complexity means, but in the context of arithmetic progressions, where the
complexity of an arithmetic progression of length k is k — 2, this statement can be
formalized as follows.

PROPOSITION 1.1 (Gowers [12]). Let N be a sufficiently large prime, let A C
Zn be a set of size SN and suppose that |14 — d||jyx < €. Then the number nap

of arithmetic progressions of length k + 1 (and hence complexity k — 1) inside A
satisfies [N 2nap — 0¥+ = Oy (e).

Thus, the problem of proving the existence of arithmetic progressions of length
k in a dense set A is reduced to describing functions with large ||-||yx-1. To complete
the proof of Szemerédi’s theorem on arithmetic progressions, Gowers obtained a
partial description of such functions.

THEOREM 1.1 (Gowers [12], Local inverse theorem for uniformity norms). Let
f:Zny - D={z€C:|z| <1} be a function such that || f|ly» = c. Then there exist
a polynomial ¢ : Zy — Zn of degree at most k — 1 and an arithmetic progression
P of length N such that S pep f(@)exp (B(x)) = Qo (|P)).

That result led to many other efforts to reach a better understanding of func-
tions with large Gowers uniformity norms. The overall goal was to replace the local
correlation (over the arithmetic progression P in the theorem above) by a global
correlation (that is, over the whole group) with an algebraically structured func-
tion. There are many results in this direction that are worth noting, but let us first
mention the remarkable results of Green, Tao and Ziegler [20] who proved a global
correlation result in the setting of Zy, while in the case of F)) as the ambient group,
Bergelson, Tao and Ziegler obtained analogous result [4] (with a further refinement
by Tao and Ziegler [37]). In both settings, the structured functions that are suffi-
cient are explicitly described. In the case of Zy these are the so-called nilsequences
that are algebraically structured functions defined on nilmanifolds (we will not go
in further details here, as we are primarily interested in the finite vector spaces
case.) On the other hand, for ) the structured functions are a generalization of
the usual polynomials that Tao and Ziegler named non-classical polynomials. Let
us give a full definition here.

Let G and H be finite-dimensional vector spaces over a prime field F,. Given
a function f: G — H, we write A, f for the function A, f(z) = f(z + a) — f(z).
We say that f is a non-classical polynomial of degree < d if Ag, ... Ag . f(x) =0
holds for all ay,...,aq4+1,2 € G.
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In particular, in the so-called ‘high-characteristic case’, which is the case when
k < p, the only non-classical polynomials are the usual polynomials and there-
fore polynomial phases are again sufficient in the inverse theorem. Let us men-
tion further works by Szegedy [34], by Camarena and Szegedy [6], by Candela,
Gonzélez-Sanchez and Szegedy [7] and by Gutman, Manners and Varja [21H23].

More recently, quantitative bounds were obtained. For the case of cyclic groups
Zy this was achieved by Manners in [27], while in the case of finite vector spaces I},
for fixed p and large characteristic, this was done by Gowers and the author in [14].

Having a reasonably good understanding of the theory of uniformity norms,
and recalling that these were used to count arithmetic progressions, it is natural to
go one step further and pose the general question of how to adapt this approach to
proving the multidimensional version of Szemerédi’s theorem, originally proved by
Furstenberg and Katznelson in [1T]. Such considerations motivated Austin [TI}2] to
generalize the notion of Gowers uniformity norms to that of the directional Gowers
uniformity norms. In this paper, we shall deal only with finite vector spaces, so
we give the definition only in that setting, although it can be stated for arbitrary
finite abelian group.

DEFINITION 1.2. Let G, Hy, ..., H, be a finite-dimensional vector spaces over
a prime field F,. Let f: G — C be a function. We write || f|ym,,...,m,) for the
non-negative real defined by

HfoJT(Hl,...,HT) - E E Ap, ... Ay, f(2).

hi1€Hq,..., h,.eH, zeG

This indeed defines a norm when r > 2. This follows from standard and well-
known ideas, so we only include a short sketch proof of this fact and leave it to the
reader to fill in the details.

SKETCH PROOF. Set H = H; + --- + H, and let W < G be a subspace such
that G = H ® W. For each w € W let f,,: H — C be the function defined by

fw(h) = f(w + h). Notice that the power of the norm HfHar(Hl HY)

average K, cw Il fuwl %T( Hivo H ) from which it follows by Holder’s inequality that
we may without loss of generality assume that G = H; 4+ --- + H,..
Define a generalized inner product of functions fr: G — C, where I C [r], by

(frdrcp = E IT Conj—!"! fJ(thL > hg).

hi,h€Hy,....h, bl €H, IC[r] il ielr)~I

is just the

Define auxiliary functions f;: Hy x --- x Hy — C by fj(hl,...,hT) = fr(h1 +
-+« 4+ h,). Then the inner product above equals the Gowers—Cauchy—Schwarz in-
ner product of the functions fl for I C [r]. We may use the Gowers—Cauchy—
Schwarz inequality (see Lemma 1)) to bound the inner product from above by

ing this bound to the inner product of 2" copies of f + g for the given functions
f,9: G — C, the claim follows. (I
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For an example of a directional Gowers uniformity norm, we remark that
in order to count squares in a set A C G x G, that is quadruples of the form
((m,y), (x + a,y), (z,y + a), (x + a,y + a)) one needs to understand the direc-
tional norm || f|ly(a,,m.,m,) for the subgroups Hy = G x {0}, Hy = {0} x G and
H; ={(z,—z):x € G}.

From this point on, we shall refer to the Gowers uniformity norms | - ||y» as
the classical uniformity norms, and to the directional Gowers uniformity norms
simply as the directional uniformity norms. There is another notable subfamily
of directional uniformity norms, namely the (arithmeticﬁ) box norms defined for
functions f: Hy x --- x Hy, — D by

k
HfHQD(Hl,___7Hk) :h HEh ; Aoy 0,0 - A0, ap) f (A, ).
1,a1€H1,...,hg,ap€Hy

The inverse theorems are currently available only for the classical norms and for
the box norms, the latter inverse theorem being trivial.

Before stating our results in this paper, let us formulate the inverse conjecture
for the directional uniformity norms in the case of finite vector spaces. It is par-
tially motivated by Austin’s work [11[2] in which he described the functions with
directional uniformity norms equal to 1 (i.e., the solutions to the extremal case of
the inverse problem).

CONJECTURE 1.1 (Inverse conjecture for the directional uniformity norms).
Let p be a fized prime. Suppose that G is a finite-dimensional vector space over the
field F), with subgroups Hu,...,H,. We write ¥ = X(Hy,...,H,) for all subgroups
of G that can be obtained as sums of the form H;, --- + H;, for some indices
i1,...,is € [r] and s = 1. For each K € ¥ we write d(K) for the number of H;
that are contained in K.

Suppose that f: G — D is a function such that ||f|ly(m,.,...,m,) = c. Then there
exist functions ux: G = F), for K € ¥ such that uk is a non-classical polynomial
of degree at most d(K) — 1 on every coset of the group K in G and

K r@ [T vx(@)

zeG KeX

> Qper(1).

Again, in the case of high characteristic, namely r > p, we get (classical)
polynomials instead of the non-classical ones.

In the setting of cyclic groups we believe that non-classical polynomials of
degree d(K) — 1 can be replaced by appropriate nilsequences—for the subgroup
K, the structured functions should be the nilsequences appearing in the inverse
theorem for U*¥) norm on each coset of K. However, it is possible that one would
like to use more general sets than just subgroups for the sets of directions in that
setting, for example, generalized arithmetic progressions of bounded dimension.

1We stress that this is the definition in the arithmetic setting, as the box norms can be
defined more generally for functions on products of sets, without additional algebraic structure.
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Results. Compared to the full strength of Conjecture[[.I] our ambition in this
paper is more modest and we prove an inverse theorem for the norms that could be
seen as a combination of the box norms and the classical uniformity norms, which
is the simplest interesting case of the general inverse problem. More precisely, our
main result is the following.

THEOREM 1.2. Let Gy, ..., G} be finite-dimensional vector spaces over F,,. Let
G® =G, 9G2@---®Gy. We view each G; as a subspace of G® and misuse the
notation by writing G; instead of {0} & --- & G; @ --- ® {0} (where G; appears at
it" place). Let r be a positive integer and suppose that f: G® — D is a function
such that

”f”u(c;l,c;2 ..... G, G,...G?)
————

Assume that p > r. Then we may find a polynomial P on G® of degree at most
k+r—1 and functions g;: G~ gy — D for i € [k] such that

-1
I f(x[k])wP(z[k])( I1 gi(x[k]\{i})) > (eXp<ok,T<1>>(okw(c—l))) .
!

T €GO i€k

Note that the bound in the theorem is quantitative.

We prove this theorem by proving an approximation result for the function
that counts cuboids. To state this result, we need a definition. Let (fr);c be a
collection of 2% functions f7: G1 x --- x Gy — D indexed by subsets I C [k]. We
define the cubical convolution of functions (fr)rcx) to be the function Of.: G — D
given by

Of(a1,...,ax) = E H Conjkfmfl((xi—i—ai):ie[,xi:ie[k:]\[).
z1€G1,..., TR EGE Ig[k]

Observe that in the case when f is the indicator function of a set A C G X - - - X G,
the value |G| --|Gk|Of(a1,...,ax) is precisely the number of cuboids parallel
to principal directions with side-lengths a1, ...,ax with all 2% points lying in the
set A, which is why we termed the function f the cubical convolution. The
approximation result we mentioned can be stated as follows.

THEOREM 1.3. Let fr: G1 x --- X G — D be a function for each subset I C
[k]. Let e > 0. Then, there are a positive integer m < exp(O*(1) (O ,(e71)), a
multiaffine map a: Gi X -+ x Gy — F;' and a function c: F' — D such that

HD]‘ifcoozHL2 <Le.

We may think of this theorem as the direct generalization of the classical fact
that the convolution of two functions of a single variable can be approximated in L?
norm by a linear combination of linear phases. The proof of Theorem [[.3] depends
crucially on the inverse theorem for Freiman multi-homomorphism, which was the
main result of [14].

Once Theorem is proved, we proceed to prove Theorem We prove the
case r = 1 separately, and then use it to prove the general r > 1 case, similarly to
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that way the inverse theorem for the classical U? norm is used in the proof of the
inverse theorem for classical uniformity norms. We then use a symmetry argument,
based on important ideas of Green and Tao [17], to finish the proof. However, given
a more complicated structure of directions in the current paper than that in the
case of classical uniformity norms, the symmetry argument is significantly subtler
than that in [14].

Large multilinear spectrum. There is another notion in this paper that
generalizes a classical one-dimensional counterpart, namely the large multilinear
spectrum of a function f: G; X --- X G — D which we now define.

DEFINITION 1.3. Let f: G; X --- X G — D be a function and let ¢ > 0. We
define e-large multilinear spectrum of f to be the set

Spec™(f) = {1 € ML(Gpy = F,) : [ fu* e > e},

where ML(G1y; — ) stands for the set of all multilinear forms on Gy x --- x Gy
and where || - ||g» stands for the box norm with respect to sets Gy, ..., Gk.

It generalizes the usual large spectrum of a function of a single variable rea-
sonably directly. The analogies between the usual spectrum and the multilinear
spectrum are explained more thoroughly later in the paper (see Definition [£1] and
the discussion that follows it), but let us point out one of them here. As we have
already remarked, Theorem [[L3] is a generalization of the fact that the convolution
of two functions f,g: G — ID can be approximated by linear combinations of linear
phases. Actually, these linear phases come from the large spectrum of f (and g).
It turns out that the analogous phenomenon occurs in Theorem Namely, the
multiaffine forms «;, i € [m], appearing in that theorem, can be taken to lie the
large multilinear spectrum of the functions f; (see Proposition [5.]).

We do not use the multilinear spectrum directly in this paper, but it motivated
some of our steps in the proof of Theorem and it seems to be closely related to
some of ideas in this paper. Therefore, we decided to explore the properties of the
large multilinear spectrum a bit further, which we do in the final section.

Organization of the paper. The paper is organized as follows. The next
preliminary section lists some useful auxiliary results. After that we devote the
following two sections to the proofs of Theorems and [[.2] respectively. Finally,
in the last section we study the large multilinear spectrum.

Acknowledgements. This work was supported by the Serbian Ministry of
Science, Technological Development and Innovation through Mathematical Insti-
tute of the Serbian Academy of Sciences and Arts. I would like to thank Tim
Gowers for helpful discussions.

2. Preliminaries

Notation. As above, we write D = {z € C: |z| < 1} for the unit disk. We use

the standard expectation notation K, .y as shorthand for the average |71\ D owexs

and when the set X is clear from the context we simply write [{,,. As in [14,28],
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we use the following convention to save writing in situations where we have many
indices appearing in predictable patterns. Instead of denoting a sequence of length
m by (21,...,2m), we write z[,,), and for I C [m] we write 2 for the subsequence
with indices in I. This applies to products as well: G stands for Hie[k} G; and
G1 =]l,c; Gi. For example, instead of writing a: [];c; Gi — F, and a(x;: @ € 1),
we write a: Gy — F,, and a(xy). This notation is particularly useful when I =
[k] \ {d} as it saves us writing expressions such as (z1,...,2Z4-1,Zd+1,- - -, Tk) and
Gy XX Gg_1 X Ggy1 X -+ X G.

We extend the use of the dot product notation to any situation where we have
two sequences x = x|, and y = yj,) and a meaningful multiplication between
elements z;y;, writing = - y as shorthand for the sum 2?21 x;y;. For example, if
A = A[n) is a sequence of scalars, and A = A[,) is a suitable sequence of maps, then
A+ Ais the map Y | NiA;.

Frequently we shall consider ‘slices’ of sets S C G|}, by which we mean sets
Sz, = {y[k]\[ S G[k]\l: (:C],y[k]\[) € S}, for I C [k]l,zr € G;. (Here we are
writing (27, Y[~ 1) not for the concatenation of the sequences x; and y) ; but for
the ‘merged’ sequence 2[n] with z; = ; when @ € I and z; = y; otherwise.) If T is
a singleton {i} and z; € G;, then we shall write S, instead of Sz Sometimes,
the index ¢ will be clear from the context and it will be convenient to omit it. For
example, f (2 {i},a) stands for f(z1,..., 21,0, Tip1,...,7x). If the index is not
clear, we emphasize it by writing it as a superscript to the left of the corresponding
variable, e.g., f(2p (i}, " @)

More generally, when X7, ..., X are finite sets, Z is an arbitrary set, f: X; x
o x Xy, = Xy — Z is a function, I C [k] and z; € X; for each i € I, we define
a function fy,: Xp<; — Z, by mapping each ypj 1 € Xpjur as fo, (Y1) =
f(xr,yp~r). When the number of variables is small—for example, when we have a
function f(x,y) that depends only on two variables « and y instead of on indexed
variables—we also write f, for the map f,(y) = f(z,y).

Let G,Gy, ..., Gy be finite-dimensional vector spaces over a finite field F,, and
let w = exp (%) For maps f,g: G — C, we write f % g for the function defined
by f%g(z) =K, cq f(z+y)g(y). Fix a dot product - on G. The Fourier transform
of f: G — C is the function f: G — C defined by f(r) = E,cq f(z)w ™.

The L9 norms have their usual meaning: for a function f: X — D we define
[ fllze = (Erex |f(x)|q)1/q. Frequently, when f(z) is an explicit and complicated
expression depending on the variable x, we write the dummy variable in the sub-
script ||f(z)||pa,» to stress that L7 norm is calculated by averaging over z € X.
Furthermore, for two such expressions f(x), g(x) we write f(x) éLq,m g(x) to mean
that ||f — g|lLa <e.

Useful lemmas and results. We recall the definition of the Gowers box
norms. Let Xi,..., X be arbitrary sets. The Gowers box norm of a function
f: X1 x - x X} — C (Definition B.1 in the Appendix B of [19]) is defined by

IFIe = K TT Coni'™ f(ar, ypr).

21,91 €X1,-., Tk, Y €Xg IC[k]
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The following lemma is the Gowers—Cauchy—Schwarz inequality for the box norm.

LEMMA 2.1. Let fr: X7 x -+ x X, — C be a function for each I C [k]. Then

E 1T Coni™ fr(zr,ypyn)| < T IFrlon-
]

1,91 €X1,, Tk, Y €EXi 1C[K] IClk

A particularly useful fact is the following corollary.

COROLLARY 2.1. Let fr: X; — C be a function for each I C [k]. Then

E IT #iGn)

21€X1,..., 2, €X) IC[K]

< | fmlloe-

The following lemma is a technical result that allows us to replace values in
the unit disk D by values of modulus exactly 1.

LEMMA 2.2. Let X be a finite set. Suppose that f,g: X — D are two functions
such that |[B,cx f(x)g(x)| = c. Then, there is another function §: G — D such

that |g(x)| =1 for all x € X and ‘EmEX f(x)g(:c)’ > ¢ as well.

PROOF. Define g: X — D by choosing each §(z) independently according to
the following probability distribution. If v = g(x) # 0, we set g(x) = v/|v| with
probability 1+2|v\, and g(x) = —v/|v| with probability 1%'”‘ If g(x) = 0, then we
simply set §(z) =1 and g(z) = —1 with probabilities § each.

These distributions were chosen so that for each z we have JF[f(x)g(z)] =

f(x)g(x). Taking the expectation we obtain [E, [ >, v f(@)g(x)] =, f(2)g(z).
By triangle inequality it follows that

E I3 f@)a)

rzeX
In particular, there is a choice of § such that |ﬁ Y ozex f(z)g(z)‘ > c, as desired.
[l

> .

> fa)gle)

rzeX

Next we record a simple consequence of Hoeffding’s inequality that allows us
to approximate averages of long sequences by averages of short subsequences.

LEMMA 2.3 (Random sampling approximation). Let ai,...,a, € D and let
k € [n], e > 0. Pick indices i1, . ..,i; € [n] uniformly and independently at random.

Then
1 1
P( E E a]— — E E aij

Jjeln] J€k]
PRrOOF. Write o = + > jein 4j- For j € [k], let X; be the random variable

given by Rea;; and let Y; be the random variable given by Ima;;. Then, ran-

dom variables X7,..., X\ are independent and take values in [—1,1]. Likewise,

gs) 21—4exp(—€%k).
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Yi,...,Y, are independent and take values in [—1,1]. Notice that [f, X; = Rea
and [£Y; =Ima. Applying Hoeffding’s inequality we obtain

(' Y X, - Rea 5/2><2exp(€%k),

JE[k]
> 5/2) < 2exp(— 62%)

(’ > Y —Ima
The lemma follows after combining these two bounds. (|

J€[k]

We need some standard elementary Fourier-analytic facts.

LEMMA 2.4. Let f: G — D and let e > 0. Write S = {r € G : |f(r)| > ¢}.
Then |S| < e72.

ProoF. This follows from

SIS <D IfOP <Y IFmP =T @) < 1. 0

res
LEMMA 2.5. Suppose that f,g: G — D are two functions. Then

Hf*g -3 F)t

res

< 2e,

L2z

where S is a set such that {r € G: |f(r)|,|§(r)] =€} C S.

PRrOOF. This is a consequence of simple algebraic manipulation. Namely, ex-
panding out gives

Hf*g -3 Fr)atm

res

from which the lemma follows. O

LEMMA 2.6 (Gowers [12]). Let f,g: G — C be two functions. Then

(E’Efx—i—d ’) <X 17
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PrROOF. After manipulating the expression a bit and using the Cauchy—Schwarz
inequality, we have

KK, f @+ d)gle)
< \/Z|f<r>|4\/2 G0t < \/Z |f<r>|4\/2 G0 < \/Z o=

Next, we need some facts about multilinear forms. Let a: G — Fp be a

CRirE @ =S| F 0r o) = IRl P
d T r

multilinear form. The quantity Ez[k- w@m) is called the bias of a, written bias a,
and it measures the uniformity of the distribution of values of the form «. The
quantity — log, bias a was introduced as the analytic rank of a by Gowers and Wolf
in [15].

It turns out that the analytic rank is sub-additive, as proved by Lovett [26].

LEMMA 2.7 (Lovett, Reformulation of Theorem 1.5 in [26]). Let o, 3: G —
F, be two multilinear forms. Then bias(a + ) > bias « - bias §.

An interesting corollary of the result above is the correlation result for multi-
linear varieties.

COROLLARY 2.2 (Lovett, Claim 1.6 in [26]). Let U,V C Gy be two multilinear
varieties. Then |G| |UNV| > |[U||V].

When a: Gy x -+ x G, = F, is a multiaffine form, it we may still use the
definition of the bias above. Write a(x)) = >Z;c(y ou(@r) for some multilinear
forms ay: Gy — Fp,. We call the multilinear form apx) the multilinear part of . Tt
turns out that the bias of a can be related to the bias of aj.

LEMMA 2.8 (Lovett, Lemma 2.1 in [26]). Let a: Gy — Fp, be a multiaffine
form with multilinear part o™'. Then ’Em[k] w”‘@m)’ < biasa™!.

We also need the following two results from [28].

LEMMA 2.9 (Approximating dense varieties externally, Lemma 12 in [28]). Let
A: Gy — H be a multiaffine map. Then for every positive integer s there is a
multiaffine map ¢: Gy — Fj such that A=1(0) € ¢7(0) and |¢~(0) ~ A7H(0)] <
|G-

THEOREM 2.1. Let a: Gy — Fp, be a multilinear form such that biasa > c.
Then there are a positive integer m < O((logp 0—1)0(1))7 subsets ) # I; C [k] and
multilinear forms B;: G, — Fy and v;: Gy, — Fp for i € [m] such that

arp) = Z Biwr, )vi(wpmr,)-
i1€[m]

Remark. The least number m such that o can be expressed in terms of m pairs
of forms (8;,~;) as above is called the partition rank of «, and is denoted prank c.
This notion was introduced by Naslund in [30]. Thus, high bias, or equivalently low
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analytic rank, implies low partition rank. In a qualitative sense, this theorem was
first proved by Bhowmick and Lovett in [5], generalizing an approach of Green and
Tao [18]. An almost identical result (there is a slight difference in bounds) to the
one stated here was obtained independently by Janzer in [25] (who had previously
obtained tower-type bounds in this problem [24]). Very recently, Moshkovitz and
Zhu [29] improved the bound to be nearly linear in log, ¢~ !, but in this paper we
use the simpler shape of the bound in Theorem 2.1] as there is no significant effect
on the bounds in our main results. (See also a work of Cohen and Moshkovitz [9]
for a more algebro-geometric approach.)

The following result follows straightforwardly from Freiman’s theorem [1016]
33| and Balog—Szemerédi-Gowers [3|[12] theorem.

THEOREM 2.2. Let G, H be finite-dimensional vector space over F,. Let A C G
be a set of density §. Suppose that ¢: A — H is a map which respects all additive
quadruples in the sense that whenever a,b,c,d € A satisfy a —b+c—d =0 then
one has ¢(a) — ¢(b)+ d(c) — ¢(d) = 0. Then there is a global affine map ®: G — H
such that ¢(x) = ®(x) holds for at least exp(—1og®M 671)|G| of x € A.

A generalization of that theorem was proved by Gowers and the author in [14].

THEOREM 2.3. Let G, H be finite-dimensional vector space over IF,,. Suppose
that A C Gy is a set of density 6 > 0 and let ¢: A — H be a Freiman multiho-
momorphism. Then there is a global multiaffine map ®: G — H which coincides

with ¢ on at least (exp(okvp(l)) (Okyp(é’l)))71|G[k]| of points in A.
We included Theorem even though it is as special case of Theorem

since in that case very good bounds are available thanks to Sander’s proof of the
Bogolyubov-Ruzsa lemma [33].

3. Cubical convolutions

Let (fr)rcpr be a collection of 2% functions fr: G[r) — D indexed by subsets
I C [k]. Recall from the introductory section that we write Of.(af) for the value

E T Cond* ! £ +a)r. () pgr):

z(k) IC[k]

defining the cubical convolution of functions (fr);cp. The main result of this sec-
tion is Theorem [[L3] whose statement is repeated below, says that cubical convolu-
tions are approximately constant on layers of a multiaffine map to a low-dimensional
space.

THEOREM (Theorem [L3). Let fr: Gy — D be a function for each subset
I C [k]. Lete > 0. Then, there are a positive integer m < exp(Ox(1) (Okyp(e:*l)),
a multiaffine map a: Gy — Fp' and a function c: F' — D such that

Of(ap) =r2.ay, c(alap)).
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The main step in the proof of the above theorem is the following proposition,
which allows us to express O f. in terms of itself. The gain is that the terms involving
Of. appearing in the approximation sum involve a dummy variable in the argument,
and thus are simpler than the starting function.

PROPOSITION 3.1. Let fr: Gy — D be a function for each subset I C [k]. Let
e > 0. Then, there are a positive integer m < exp(Ox(1) (Ok (e™ )), constants

1.y cm € D and multiaffine forms ay, ..., am,B1,..., Bm: Gy — Fyp such that
|:|f( ag) ~L2 k) Z c;w®i(a) ]EDf a1, dy)w Bi(ape—11:dk)
i€[m]

Before proceeding with the proof of the proposition, we use it to prove Theo-

rem [[L3]

PRrOOF OF THEOREM [[.3l By induction on ¢ € [k], we show that for a pa-

rameter 7 > 0 there are a positive integer m < exp(@*(1) (Oy,,(n71)), constants

C1,-..,Cn €D and multiaffine forms a( ) ceey ag), ceey oz&“l), ceey oz%+1): G —

Fy such that

Of(aw) gL2 afk Z E ciwail)(a[k]H%@)(a[k—u7dk)+“‘+0¢5“1)(a[k—aad[k—ul,k])
(3.1) i€[m] dik—e11,k) Of(ap—r, dp—r41,15)-
The base case £ = 1 is exactly Proposition[3.Il Suppose now the claim holds for

some ¢ € [k —1]. Apply the inductive hypothesis for approximation parameter /2
to get a positive integer m < exp(ok 1) (Ok,p( 1)), constants ¢, ..., ¢, € D and

multiaffine forms agl), ceey a%), ceey agul), ceey oy, G — Fp, such that (1))
holds (With n/2 instead of ), that is

Df.(a NLz Z ]E c;w® 51)(11 )+04.E2)(a[k71]1dk)+“‘+0¢5€+1)(a[kfé]vd[kféJrl,k])
(3.2) Al —e+1.5) Of(afk—e)> dp—r41,1])-

Apply PropositionB.Ilto (fr)rcpx but this time with a much smaller approximation
parameter ﬁn to get a positive integer ¢ < exp (O (1)) (Ok (mn 1)), constants
1y -+, ¢y € D and multiaffine forms B, ..., B, 71, -+, Yq: G %IF such that

(3.3)
n/2m (a (a
Of(ap) "= tragy Y ™) T Of @ qumey, dig)? e temendeo),

i€(q] di—e¢
Use approximation (B.3)) instead of f.(ajy—s, dk—¢+1,%)) terms on the right-hand-side
of 3.2). By the triangle inequality for L? norms we have
Of(ap) Loy 9. € E o (@) (g1 di)+to ™ (g g di—era,0)

i€[m]  dig—ry1,k)

Z c‘/j_wﬁj(a[k—é]vd[k—éJrl,k]) ]E af (a[kflfl] , d[kfé,k] )w'Yj(a[k—E—l]vd[k—E,k])
J€la] di—s¢
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- Z E ciciw® o (ape)+e® (ags 1y, di )+l (@ e din—era.)

i€[m] dik—e¢,k)
Jj€ld]
¢
w(%(' +1)(a[k—€]1d[k—€+1,k])+ﬂj(a[k—£]7d[k—£+lk )Df( Afpp1]s d[k ék])

as claimed.
Using approximation @I for ¢ = k and approximation parameter £/2, we
get a positive integer m < exp(O*(M) (O ,(e71)), constants cy,..., ¢ € D and

multiaffine forms agl), .. a,(%), ey angrl), ey a£’l§+1) : G — Fp such that

(3.4) Of (apy VL, aw Y EW o ap) bl (apem i) b+ @) O (d).
i€[m] dp

To finish the proof, we use random sampling to find a finite collection of dj;) so that
the approximation above is still accurate with only a finite number of terms. Let r

be a parameter to be chosen later. Pick points Jflg € G for e = 1,...,r uniformly
and independently at random. By Lemma 2.3 for a; € G and i € [m], with

probability at least 1 — 4 exp ( — %) we have that
a(.l) a a(.z) arg— a(.k+1)
Ew i (ap)+ag™ (ap—1),di)+ oy (d[k])DJ{(d[k])

dk]

(1) (2) 7(£) (k+1) ( 5(€) g

_ (agm)+e;” (ape—1y,dy” )+ a7 (dy 3(0) €

> D OAd >‘ =
ée[r]

By the union bound, for each af we have

Z ]E o o El)(a )-‘rafb_?)(a[k,l],dk)+“‘+agk‘+1)(d[;€]) I:lf(d[k])

1€[m] dik

(1) (2) 7(6) (k41) ( 5(6)
_ E E —Clljf (@) )+a¢ (a[k—l]adk )+"'+D‘i (d[k])

&
S1

with probability at least 1 —4m exp ( 128;2) We conclude that there is a choice

of df,i]) d(r € G|y such that (3] holds for at least 1 —4mexp (— 128m2 )Gl
of ap) € G[k Let A C Gy be the set of such afi). Note on the other hand that if

ajy ¢ A then trivially

o o El)(a )-‘rafb_?)(a[k,l],dk)+“‘+agk‘+1)(d[;€]) I:lf(d[k])

_ Z Z —czljf d(e) o (apg)+al® (ag—1),d0)+-- +a(’““)(d(“)) <om.
ielm] telr
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Returning to approximation (3.4]), we may use inequalities (B.5) and ([B.6) to obtain
(3.7)
Of (ap) *r2.q Z Z csz d“) o (ap) o (ap—ay i) o TV )
i€[m] Lelr

where

=55 Hamenn (= ges) am < e (- 5550,
We may p1ck r = 0(mPMe=9M) 50 that ¢’ < &, which completes the proof. The
total number of summands in B7)) is
rm < O(mo(l)a_o(l)) < eXp(O’“(l)) (th(e_l)),
as required. (I

We now prove Proposition B.Jl The method of the proof is similar to that of
the proofs of approximations results for mixed convolutions in [13] and [14].

PROOF OF PrOPOSITION B.1l Fix aj,_1) € G|x—1) and consider the sliced func-
tion (Of)ay_yy ¢ ax = Of(ap). Note that (Of) is given by an average of
(single- vanable) convolutions

(Df a1 ]E ]E( H COnjk_l_‘I‘(f[u{k})(era)I;z[k,l]\I(yk +bk))

Tlk—1] Yk IC[k—1]

afk—1)

(38) ( H COij_l_lll(f])(:cha)I;r[k1]\I(yk))

IC[k—1]
= ]E ( H COij_l_lll(f]u{k})(rJra)I;I[k1]\1)
I[k 1 Ig[kfl]
Y( H COijl|I|(f1)(z+a)1;1[k1]\1)(bk)'
IC[k—1]

Let p > 0 be a parameter to be specified later. For each z[,_1), ajp—1) € Gp—1j,

let Sz, 0y De the set of all r € Gy, such that
A
|: H ConjkllIl(fIU{k})(z—i—a)];m[k1]\1:| (7’) Zp
IC[k—1]
A
(39) |: H COnjklI(f[)(z—i—a)];m[kl]\l] (T) 2 12
IC[k—1]

i.e., the large Fourier coefficients.

We now show that for each afj,_1) the only r that matter in the approximation
above are those such that r € Sy, a(,_,, for many z_q.

Step 1. Frequent large Fourler coeflicients. Let £ > 0 a parameter to be
chosen later. For aj_1) € Gy define Ry, _, C Gy to be the set of all r € G,

such that foratleastﬂGk | of zpp—1) € Gip—1) we have r € S,

[k—1]:0[k—1]"
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Cramv 3.1. Let R C Gy, be an arbitrary subset and let ajp_1) € Gp—1). Then

Z E w" IO (ap,_y, i)

reR dy

<1

L2%,a

Moreover, if R is disjoint from Rq, _, then we have a stronger bound

Z E w0 f (ap, ), di)

reR dy

<pP+ép?

L2,ay

Proor. Expanding the expression we get

ZEWT (@ =d) O f (ag— 1],dk)

reR dy

E

ak

(3.10)

L2 ,af

2
Z E w0 (ag,_yy, di)

reR dy
_ Z ]E W (ap—di)—s-(ar— ek)Df( k 1] dk)m

r,s€R dyi e ,ar

= Z ]E (]Ew(r—s)‘ak) WS eE— rdef( 1), dk)Df(a[k 1]’ek_)

r,s€ER dy,ex ag
= Z E w" O (a1, di)Of (ap—1). €x)
reR dg,ex
2
= Z E Of (age—1), dr)w ™" %
reR | dy

It is now easy to finish the proof of the first claim. (We deliberately stopped the
argument here as we shall use [BI0) for the proof of the second part of the claim.)
The expression above is at most

2
]ED.ﬁ(a[k—l] s dp )"

dg,
Z E w" O f (ap—qy, di)Of (agp—1), ex)

reGy di,er

= E |Df(a[k—1]adk)|2 <1

di
For the second claim, return to (310). We have

SEer e ot =% IS 2

reGy

reR dy L2 ay reR | dg
=-> K K E< IT Coni* " (from) @ rayrian_ 1]\,(yk+dk)>
re€R| dp T—1] Yk IC[k—1]

2

( H Conjk_l_m (ff)(era)I;I[k1]\I(yk))w_%dk

IC[k—1]
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:Z ]E |: H CODJ - fIU{k})(IJra)I T k— 1]\1:| (r)

reR I zp—1) LIC[k—1]
k—1—|1 " ?
|: H COIlj —1-l l(f])(z+a)1;x[k1]\1:| (T)
IC[k—1]
Z ]E ( TESa[k 15T [k— 1])+]l( ¢ Sa[k1],$[k1]))
ER | x[—1)
sk—1—|1| "
|: H COIIJ (f]u{k})(r+a)1;m[k1]\1:| (T)
IC[k—1]
k—1—|1 " ?
|: H CODj —1-l l(f[)(m+a)1;z[k1]\1:| (T)
IC[k—1]
sk—1—|1| :
]E TESa[k 1] [kl])|: H Conj (f[u{k})(z+a)1;z[k1]\1:| (T)
reER | T IC([k—1]

2

A
[ H CODjk_l_lll(f[)(era)I;z[k.1]\I:| (T)

IC[k—1]

A
]E 1(7’¢Sa[k1]796[k1])[ H Conjkl|I|(fIU{k})(z+‘1)I?$[k1]\1] ")

+2)

reR | 1) IC[k—1]
A 2
|: H COIljkllI'(fI)(z+a)1;$[k1]\I:| (T)
IC[k—1]
L A
E TGSa[k ] [ H COHJ f[u{k})(era)z, [k— 1]\1} (r)
TER T(k— IC[k—1]
P A2
H COHJ (f[)(z+a)]§$[k71]\l (T)
IC[k—1]
L A
+23° T 10 ¢ Sape i [ [T Coni* " M(frup) wrarrson e ] (r)
TER T 1) IC[k—1]
2

A
[ H CODjk_l_lll(f[)(era)I;z[k.1]\I:| (T)

IC[k—1]

A
]E TGSa[k 11,T[k—1] |: H COHJ - fIU{k})($+a)I’ [k— 1]\I:| (T)

T IC[k—1]

reR

A 2
|: H COnjkl|I|(f[)(z+ll)f§$[k1]\1:| (T) +2p2

IC[k—1]
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It remains to bound

VAN
Z ]E (TGSa[k 12 e—1] |: H COHJ -1 |I|(f]u{k})(m+a)1;z[k1]\1:| (7’)

TER | T[k—1) IC[k—1]
k—1—|I| PN
(3.11) [ [T Conj (fz><z+amu\f} (r)
IC[k—1]

To that end, for r € G, we set

A
vy = E (r € Sape_vape_y [ I[ Coni*= 'I|(f1u{k})(m+a)I;Z[k1]\,} (r)

T(p—1) IC[k—1]

A
|: H COIljkl|I|(f])(z+a)1;z[k1]\1:| (7’)

IC[k—1]

Note that v, € D holds for all » and that we also have

Z |UT| Z ]E re Sx[k 1] a[k—l])

reGy r€G Ti—1]
sk—1—|1| "
H: H Conj (fIU{k})(IJra)I;fE[kl]\I] (T)
IC[k—1]
sk—1—|1| "
|: H COHJ (f])(z+a)1;x[k1]\1:| (T)
IC[k—1]
< [E 1Snvanal <07
T[e—1]

where we used Lemma [Z4] in the last step. Using this, we may bound the expres-
sion (BII) from above by

Z'UT|2<Z|UT|(]E (reskl]ak 1]) §Z|’UT\ _’

reR reER T(k—1] reR

completing the proof. (I

Step 2. Multilinear structure in R,

Let @ be a function defined on a
subset of G, 1) such that ®(ajy—1)) € Szy,_,,ay_y for at least |G| of 1) €

Gr—1)- We claim that @ is in fact a multi-2- homomorphlsm on a somewhat smaller

)
Tl— 1])

of points in G[;,_y) such that %(1) =...= xE ) for each i # d and :Egll) — ((12) +z((13) —
(4)
=0.

a—1]°

subset of G[;_1). By a d-additive quadruple we mean a quadruple (z [k) TEREE

Similarly to [13] and [14], we use a Fourier-analytic technique invented by
Gowers in [12].

Cram 3.2. Let A C Gp—q) be a set of density n and let &: A — Gy, be a
function such that for each aj,_1) € A we have ®(ap—1)) € Sz, _,j,ap,_y for at least
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§|G—1y| of Tjp—1) € Gir—y). Let d € [k —1] be a direction. Then ® respects at least
&0 p*|Gp—1)||Gal* d-additive quadruples in A.

PRrROOF. We prove the claim for d = k — 1 which is clearly sufficient. Recalling
the definining property 3] of S, we have that

&np’ < EA ap-1) JK,

k—1],0[k—1]7

A
[ [T Comi* (o) eraysiags - IN] (®(ap-1)))

Ak —1] Tlk—1] IC[k—1]
k—1—|1| N 2
|: H Conj (-f])(1+a)1;z[k1]\1:| ((I)(a[k—l]))
1C[k—1]
S E Alage-1y) E( IT Conj*~*-1 f[u{k}(($+a)1,$[k1]\1,yk))
A—1]>T[k—1] Yk, 2k NIC[k—1]
2
( [T conj*" fl((xJra)]aZ'[k—l]\laZk)>w(Zk_yk)@(a[k1])
1€(h-1]
= E Alage-1y) E ( HCOij_l_If[u{k}(($+a)1,$[k1]\1,yk))
k1] T (k1] Yk Yo 2ko2p, N TC[k—1]

< H Coni* M f1o00y (@ + )1, 2 -1y~ 1, ¥k)
IClk—1]

< H Conjt~ 1! fI((era)Iv:C[k—l]\I;Zk))

IC[k—1]

N———

(3.12) ( H Conjk—l—lfl fr((z+ a)l,x[k1]\1,Z;C))w(z;c—yk—zﬁyé)@(a[k11).
IC[k—1]

Write p for the shorthand for the sequence of parameters (a[k_Q] s Tk—2]> Yk Yjos

Zks z,’c) For any fixed value of p, we define functions Fp: Gy—1 — D and Gp: Gr—1
— D by

Fp(w) = < H Coni* M #1000 (@ + @) r fh—1ys Tle—2prs Y 1 w)>
k—1€1C[k—1]

( H Con* M fr000 (@ + @) 1 (e1} Tpp—2)~1 Yio ¥ w))
k—1€IC[k—1]

Conjk_u‘ f[((.’L' + a)[\{kfl}a Tlk—2]~1> k> Rl ’LU))

(k 1€IC[k—1]

Conjk717|l| f]((ZC + a)]\{kfl}a Tle—2]\1> Z]/c) bt ’LU)> )
k— 1€IC[k 1]

Gp(w) = Alags_g), " w)w(#r—ve =2kt vi) Pape—z," " w),
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Using this notation and applying triangle inequality in ([B.12]), we get

&np® < E E E Fp(zr—1 + ag—1)Gplar—1)|.

P Tg—1lag—1

By Cauchy—Schwarz inequality we get

e <K K| K Folwn + ar1)Gplar—)

P Tg—1lag—1

2

which can be bounded from above using Lemma by

K> |Gt

P Tk-1

4
— E E HE Wh—1)w (zk—yr—23,+ ) P(a[k—2), Wk —1)—Th_1 Wk _1

afp— Q]ykykzkzkﬂc 1 Wg—1

E Z EA afg—2], Uk—1)A(a[r—2), Vi—1) Ala[p—2), wr—1) Alap—2), th—1)

k 2] T—1 Yk—1,Vk—1
YkrYhesZhs 2 Wr—1,tk—1
w(zk—yk—ZL-i-yL)‘(‘I’(a[kfz],ukfl)—‘P(a[kfm7vk71)+‘1’(a[k72]7wk71)—‘1’(a[k72],tk71))

w*ﬁcfl'(uk71*71k71+wk71*tk71)

—E E |Gr—1]| Aap—2), uk—1)A(app—2), vi—1)A(ap—2), wr—1) A(ap—2), tk—1)

[k —2] Yk—1,Vk—1
Wk —1,tk—1

1(®(ap—2), uk—1) — Pag—2), ve—1) + P(ap—g), wr—1) — P(ap_s), tk—1) = 0)
1(uk—1 — Vp—1 + wp—1 — tx—1 = 0),

which is exactly the density of additive (k — 1)-quadruples whose points lie in A
and are respected by ®. (]

Now combine the claim we have just proved with Theorem 2.2l for each direction
in [k — 1] to deduce that ® is a Freiman multi-homomorphism on a subset A’ C A
of somewhat smaller density. Once we find a part of ® which is a Freiman multi-
hmomorphism, we apply Theorem to pass to a global multiaffine map.

Cramv 3.3. Let A C Gpp—1) be a set of density n and let &: A — Gy be a
function such that for each a[k_l] € A we have ®(ap_y)) € Sy k_1a_q JOT at least
§|G—1y| of jp—1) € Glr—1)- Then @ coincides with a global multzaﬁ?ne map on a

set of size (exp(O*W) (O, ( ’1571p’1)))71|G[k_1]|.

PROOF. We first show inductively that for each i € [0,k — 1] there is a subset
A; C Aofsize at least |A;| > Qp (exp(—log® P (€1~ p~1)))|Gr_1| on which ® is
a Freiman homomorphism in directions 1,...,7. The base case ¢« = 0 is trivial as we
may simply take Ag = A. Suppose now that the claim holds for some 0 < i < k—2
and let A; be the set given by the induction hypothesis. Let 7; be the density of
A; € Gli—q)- Claim applies to the set A; in direction 7 4+ 1 and we deduce that
® respects at least £2n2p*|Gp_1)||Gis1|? of (i + 1)-additive quadruples with points
in A;. By averaging, we get a set X C Gy_1)-{i+1} of density at least $&2n?p?
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such that for each z_1j fi+1} € X, the map ® respects at least $&%n2p*|Git1/®
(i + 1)-additive quadruples with vertices in A; N ({#[x—1)<{i+1}} X Giy1). For each
Tp—1~{i+1} € X apply Theorem[Z.2to deduce that there is a subset Yy, _,, (..., €
(4;)

Tl 1) (541} of size

|YI[1€ 1]~ {1+1}| Qkp(exp( logO(l)(g 1P71771 )))|G1+1|

on which the sliced function ® is a Freiman homomorphism. Finally set

Tlk—1]~{i+1}

Ai+1 = U {x[k—l]\{zdrl}} X Yl[k—l]\{-H»l}’
T(k—1]~{i+1} €X
completing the inductive step.

Let Aix—1 be the set obtained in the case i = k — 1. Then ®|4, , is a Freiman
multi-homomorphism so we may apply Theorem to finish the proof. O

Let & > 0 be a positive parameter to be specified later. We iteratively apply
ClaimB.3lto find a subset B C Gj,_q] of size at least (1—¢')|G,—17| and global mul-
tiaffine maps W1, ..., ¥, 0 Gpp_1) — G, where m < exp(@+(1) (Okyp(e:*lf*l{’_l)),
such that whenever ajg—1) € B and r € R,,_, then in fact r € {\Ill(a[k,”, ceey
WU, (agk—17)}. We begin this procedure by gathering all pairs (ajz—1),7) € Gp—1) ¥
Gy such that r € R, _,, into the set £, which we shall modify by removing some
pairs in each step. More precisely, at i*" step we shall find a global multiaffine map
®;: G[r—1] — Gx and remove all pairs of the form (2(,_q), ®i(2—1))) from L.

Suppose that we are in i*? step, and that we have defined maps ®,...,®;_;
so far. As long as there is a set X C G,_q] of size at least {'|G,_q)| such that
for each x,_q € X there is a pair (z[_q),7) still in £, we may define a map
U: X — G} so that (zpp—1), ¥(2p—-1])) € £. By Claim[B.3] there is a further subset
X' C X of size (exp(@+(V) (Okyp(fflé’_lp’l)))71|G[k_1]| and a global multiaffine
map ®;: Gpp—1) — Gy such that ¥|x, = ®;|x/. Thus, removing all pairs of the
form (2[,_1], ®i(2k—11)) form L decreases the size of L by at least | X'|.

This procedure has to terminate in m < exp(@x(1) (Okyp(s’lfflé’fl)) steps
as the initial size of £ is at most

Z [ Rag,_y| < Z Z Gl | Tik—1],0 [k~ 11|\‘E PG,
amk—_1) A(k—1] T[k—1] (k=
where we used Lemma [2.4] in the last step.
We now return to ([3.8). We have the following identity for each af
- 5w D).
reGy

Using the stronger conclusion of Claim B:I:I for every a1 € B to see that

Z Ewr'(ard’“)mf(a[k—1],dk)

r@{®1(apk—1))sPm(ar-1))} di

<P+ Ep7,

L2,ay
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and the weaker conclusion for ajz_1) \ B to see that

<1

L2y

)

w0 f (@), di)

r¢{®1(apk_1)); - Pmapm-1))} dr
Moreover, if R is disjoint from R, _, then we have a stronger bound we obtain

approximation

2+£ —2+£/1/2
(313) DOfap) " =120y

Z wr‘ak]E —dkrljf( ap—1], dk)

re{®1(ak—-1))-»Pm(apr—1y)} dy

Step 3. Inclusion-exclusion argument. Like in [13] and [14], we now have to
be careful about whether some values among W1 (ajz—1j,- -, ¥m(apg—1)) are equal.
To this end, we make the convention that the term coming from r = ®;(aj,_1))

ety Ew_dk@i(a[k”])mf(a[kfl]adk)

contributes only when ®;(ajz_1)) ¢ {®1(ap—1y),---, Pi—1(apg—1))}. Algebraic ma-
nipulation (which is essentially the Inclusion-Exclusion principle) yields

Z W'k ]Ewidk”rl:,f:(a[k;—l];dk)

’I‘E{‘I)1(ll[kfl])7~~~,q>7n(a[kfl])} dp
= Z 1(®i(ag—17) ¢ {P1(ag—1), - - -a(bi—l(a[kfl])})

1€[m]
@;(agk—1))-ak Wk Pilap— 1])|:|f( a1, dy)
I

Z ]1((1)1'(01[1671]) 75 <I>1(a[k,1])) te ]1((1)1'(01[1671]) 7& (I)i—l(a[kfl]))
i€[m)] @;(ag_1))-ar ]wad;( ap,— 1])|:|f( afk—1], dk)
Z (1 — ]l(q)i(a[kfl]) = <I>1(a[k,1])))

1€[m]
(1—1( ) = Pi-1(ap— 11)))
wilam— 1])ak ]Ew*dk agg— 1])|:|f( a1, dy)

SN (-nh(vjen j(a[kq]):‘bi(a[kq]))
i€[m] IC[i—1]
i(apk—1))-ak Wk Pilap— 1])|:|f( a1, dy,).
I

We need to approximate varieties {ap_1] € Gp—_11: (Vj € I)®j(ap—1) =
®;(agg—1))} by varieties of low codimension. To this end, we apply Lemma 29I
with approximation parameter £” > 0 (to be specified later) to obtain some s; 1 <
log,, ¢~ and a multiaffine map Tir: Ge—1) — Fp"" such that
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{a[k_l] S G[k—l]: (Vj S I)q)j(a[k_l]) = @i(a[k_l])}
C {ap—1) € G—1y: Tig(ap—1)) = 0},

[{ap—1 € Gy 7i.1(app—1)) = 0}
~Aap—yy € Gy (V) € D@5 (ap—1)) = Pilap—1)) }| < &"|Gp—yl.
Finally, recalling BI3), we end up with approximation

Of (agsg) %22,y Z S (1) (71 (ap—)) = 0)w® (@)

m] IC[i—1]
]Ew_qu) i(ape— 1])|jf(a[k 1]+ dk)

Z Z |I| —Si,1 Z wh T (ag—_1)) ,Pi(apk—-1])-ak

i€[m] IC[i—1] /\EIFPI I
Ew_dk@i(a[k*l])mf(a[k—l]7dk%
dy,
where &/ = p2 + ¢p=2 4 ¢/1/2 4 gment/2,
After a slight change of notation, we may rewrite the approximation sum as
Z i 1) EDf(“[k—lbdk)wﬁi(a““’”’d’“),
i€[m’] dy,
for some m’ < 2m¢" ", constants ¢; € D and multiaffine forms o, §; : Gy — Fp.
To complete the proof, we pick parameters p £,¢,¢" to be

€ !/ 1 2
p:155:6_47§7 75 7227”_;’_4 0

4. Inverse theorem for some directional Gowers uniformity norms

Recall that we are interested in the norm

U(G1,Ga, ..., G, G®,... . G®),
—_———

where G® = G1 @ --- @ G}, appears r times in the norm subscript for some r € NA
To simplify the notation slightly, we write U(Gl, Ga,...,Gr, G® x 7“) instead. In
this section we prove the inverse theorem for this norm, stated in the introductory
section as Theorem [[.2] which is the main result of this work.

We prove the theorem by induction on r. We prove the base case separately,
as it will have an important role in the proof of the general case.

2When we view G1 X - -+ X G}, as an abelian group, we denote this product by G®. This is
a different viewpoint from the previous parts of the paper where G; X --- X G} was abbreviated
as G| and meant the set of k-tuples where ith element belongs to G;.
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Inverse theorem for U(G1,Ga,...,Gr, G®) norm. In this short subsection

we use Theorem which concerns approximating cubical convolutions to prove
the base case of Theorem

PROPOSITION 4.1 (Inverse theorem for U(G1, G, ..., Gk, GP) norm). Suppose
that f: G¥ — D is a function such that || f|luc,.Gs....cv.ce = ¢. Then there exists
a multilinear form p: Gy x -+ x Gy — Fy, and maps u;: Gy iy — D for i € [k]
such that

E fla)wht® H“Z Tl fi}) (eXp(Ok(l))(Ok,p(c—l)))*ll

k€GO i€[k]

PrOOF. Expanding out the definition of the norm, we obtain

2k+1 ok+1
(4.1) ¢ < Il ( _____ GWG@)
= ]E Ah17 hk ( ]E Ahh hk ‘T_a’))
h1€G1,...,h€GL 2€G® aeG®

]E Ahh,hkf(‘r)']f(h[k])

h1€G1,...,hy€GL 2€G®

Apply Theorem - to f viewed as a function on G X --- X Gy with approxi-
mation parameter %02 to obtain a positive integer m < exp(ok D) (Opp(e™h)),

a multiaffine map a: Gy — F)' and a function g: Fj* — I such that

1 2k+1

Of(hyg) * & 12,04 9(alhy)).

Going back to (@) and using Cauchy—Schwarz inequality, we obtain

E .. h,cf<sc>g<a(h[k]>>‘

h1€G1,....hx€Gr z€GD

>

D Ahl,...,hkf(fﬁ)mf(h[k])’
h1€G1,...,h€GL z€GD

E .. hkfm(mf(h[mg(a(h[m))'

h1€Ghq,..., hr€Gr eGP

> = K [(OF () — glalh))|

h1€G1,...,hi€Gy
l 2k+1
~ 2

Writing g(a(hp)) as p™™ 2y ek 9 g(Nwh @)= e get

1 okt1 —m o B
2¢ ¢ Z E Ap, o f@)gNw we(eahym)=A) |

ApEFT | h1€Gh,...,hy €G 2€GD
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from which it follows that we may find A, u € F}" such that

]E ]E Ahl,...,hkf(.r)wf“"l(h[k]) )

h1€G1,...hy€GL 2€GS

1 gk+1
2pm

AN

Writing a(hk)) = >-7cpy 1 (hr) in terms of its multilinear parts, which are multi-
linear maps each depending on a subset of variables, and expanding out, we get
1 2k+1

c S

2p™

h1€G1,...,hi€Gy

11 Conj* M f (@i + ha)ier, (@i)icpg~r)w 0],
2€G® IC[K]

Making a change of variables h} = x; 4+ h; to replace h;, we get that

1 gk+1
— e <

2pm

hIIGGl,...,h/‘EGk

IE TI Comi* " r((hier, (wi)ieqpyer)ow™er (@ =m0,

z€G® IC[k]

By averaging, we find x € G® such that

H Conjk 1] f(( Niel, (ﬂﬁi)ie[k}\J)W_”ul((h/_z)l) )
hIIGGl,...,h;CGGk Ig[k]

1 k+1
—02 <

2p™

Note that the only term on the right-hand-side that depends on all variables

4s...,h}, is the one corresponding to I = [k]. Moreover we may expand

wHam (W' =2)w) — H w— GO apy (W e <)

JC[k]

)

out of which only w™#*I 1 (Riw) depends on all of hf,...,h}. The claim follows after
straightforward algebraic manipulation which allows us to reorganize the expression
into the desired form. O

We now make a digression to compare this result with the classical univariate
case. Recall that in the classical theory of uniformity norms we have the funda-
mental fact that the large U2 norm corresponds to having large Fourier coefficients,
i.e., having non-empty large spectrum, and also recall that U2 norm is the base case
in the univariate setting for proving the general inverse theorems. The proposition
that we have just proved is a direct generalization of this fact to the multivariate
setting, in the sense that we now explain. Let us recall the definition of the large
multilinear spectrum of a function f: G|y; — DD which was given in the introductory
section.

DEFINITION 4.1 (Definition [[3). Let f: G1 x --- x G, — D be a function and
let € > 0. We define e-large multilinear spectrum of f to be the set

Spec(f) = {1 € ML(Gpy — Ey): || fu o > <},
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where ML(Gy) — ;) stands for the set of all multilinear forms on Gy x --- x Gy,
and where || - ||g» stands for the box norm with respect to sets Gy, ..., Gk.

To see why we may think of the large multilinear spectrum as the generaliza-
tion of the large Fourier spectrum of a function of a single variable, consider an
arbitrary function f: G; — D. If r is an e-large Fourier coefficient of f, we have
the correlation | E.ca, f(@)w™""| > e. We may set () = —r -z, which is a linear
form associated to r in a natural way. Furthermore, notice that the ‘box norm’ in
the case one variabld] would be given by expression

K o)

zeG1

lglzs = [, o= +a)g(@) =

z,a€G1

which is just the absolute value of the expectation squared. Hence, we may interpret
the correlation |[B, cq, f(2)w "% > € as || fw*||gr > . More conceptually, the
spectrum consists of algebraically structured functions whose phases determine f
up to lower-order terms. (In the case of single variable, the lower-order terms are
exactly the constant functions.)

Proposition [4.1] can be rephrased as the fact that the large value of the U(G1,
Ga, ..., G, G®) norm implies that the large multilinear spectrum is non-empty. It
turns out that the large multilinear spectrum has some further properties that are
analogous to those that hold for the usual Fourier spectrum. Once we complete
the proof of the inverse theorems, we shall return to the discussion of the large
multilinear spectrum.

Very brief overview of the proof. We now begin the proof of the inverse
theorem for the U(Gl, Ga,...,Gi, G® x r) norm in the general case. The proof
will consist of three steps, similarly to the univariate theory. In the first step we
find a multilinear form that is related to the given function. This is the content of
the next result.

PROPOSITION 4.2. Let f: G® — D be a function such that

HfHU(G1,G2,...,Gk,G@><T) Z c.

Then we may find a multilinear form: G® x -+ x G¥ xGy x --- x G — F), such
—_——
that r—1

(4.2) Ayt Buy ) ma T )

a(l)V”’a(T*l)eG@
b1€G1,...,bp €Gy

zeq® > (exp©tr (0,0 (c)))

The second step is to prove some symmetry properties of the multilinear form
1 provided by Proposition [£.2] based on ideas of Green and Tao [17]. Finally, once
we have proved that v is sufficiently symmetric we may use a polarization identity
to produce the desired polynomial that f correlates with. However, even though
the overall structures of this proof and of that in the univariate setting are similar,

3In the case of single variable, the box norm is not defined.
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given the different roles that arguments a9 and b; of v play, the multivariate case
is more subtle.

Correlation with multilinear form. This subsection is devoted to the proof
of Proposition

PROOF OF PROPOSITION [£.21 We shall use the base case of the inverse theo-
rem (Proposition 1)) in this proof, but we first need to do some preparation. Let
us define the vector space H by

H=G& -G, eGC%s..-aG®.

(1) r—1
Write G® for the subgroup given by i*® copy of G® in the space H, which is a

x {0} x G® x {0} x ---

LT+ Z ykl))

i€r—1]

subgroup of the form GéB ={0} x -
an auxiliary function f H — D by

f(xl,...,xk,y[(;]),...,y[(,:] 1)) (:El—l— Z 91 Yo

i€[r—1]

x {0}. Then, define

forall z1 € G1,...,21 € Gk,y[(,:]), ..,y[(]:] D ¢ G®. The relevance of the function
f stems from the following equality of norms
f = f 1) r—1 .
I hcn e =1, o e

This equality follows from a straightforward algebraic manipulation (below we use
a more explicit notation and for example we write (0,0,...,b;) for the element of
Gi) that has first k£ — 1 coordinates equal to 0 and the last one equal to by):

okt
1 lluc,...cn00xm = E A(”l’ 00 Bafl) e T (@15 8)
bk €G k) :
M) 1) ® :
ety A €GY (0,0, by)
I[kJGG[kJ
= E A 1,000 B 0on) g0 gD
(k] (k] (k] [k]
k1 €Gx

1) (r 1)EG€B

I[k]GG[k]
(1) (r—1) &3
Yik] Yk €G

© o ge
digy iy~ €C

LR ’“Ucf (0,0,..,bx) (:E1+ Z y

i€[r—1]

i€[r—1]

= |E A A
(61,0,..., (O[k.],afé]),o,...,O)
bir) €G k) :
(1) (r—1) @ . :
Ay €GT T (0,0,.,5,0,...,0) " 1)
I[k]GG[k] (O,...,O,a[k] )
) (r=1) o 4®
Yy oY €C A ; (1) (r—1)
@d,....d® df;f, 1d<;]71>)f(9€1, Tk Yy Yk )
~ 2k+T
=[] M ¢
U(G1,...G1,G®,..., GO, H)

Lot >y >
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We may apply PropositionE]to f to obtain functions u; : G~ {i} X (GEY =1 —
D for i € [k], functions v;: Gy x (G®)"2 — D for ¢ € [r — 1] and a multilinear
form 1: G1 x Ga x -+ x G, x G x -+ x G® — F, such that
~—_———

r—1
7 (1) (r=1) 1) (r—1)
f(xla---axkay[k]a"'ay[k] ) H ul(x[k]\{z}ay[k]aay[k] )
W i€lk]
Yl > Yw)
(1) (i-1)  (i+1) (r=1)\ (1, oi,y .y
H V; (x[k] YooYk Yk o Yk Jw oYYk
i€r—1]
_ -1
> (exp(Ok,r(l)) (Ok,r,p(C 1))) )
Notice that the only terms having all k¥ + r — 1 variables x4, ..., z, y[(,i]), ey
= €Y} (r=1)
y[(;]_l) are f(z1,..., o, y[(;i]), cee y[(;:]_l)) and w? (TR V) We may apply

Lemma [2.1] to deduce the bound

Patyar,b . T
Ag) a0 A by 00, fT)W (k] >+ k]

a® ... o Veg®
b1€G1,..., br€Gr :
2eGO (Op—11,bx)

> (eXp(Ok,r(l)) (Ok,’)"7p(c71)))71. 0
Symmetry argument. We now focus on the symmetry properties of a mul-
tilinear form ¢: G% x -+ x G¥ xG; x -+ x G, — F,, which obeys
—_———

r—1
W La"D dy L dy
(4.3) [ B0 a0 B (@ F@)? e ) 5 ¢
a® ., a"Veg® :
din €G .
[k] [k]
2eG® (O[k—1),dx)

for some £ > 0. It turns out that such a form is approximately symmetric in the
variables a1, ..., a("~ and that is has another approximate symmetry property
which allows us to replace ™" component of a¥) by d;. These two properties are

articulated in the following two propositions respectively.

PROPOSITION 4.3 (Symmetry I). Let £ > 0 and suppose that a multilinear form
i (GP)r—1x G — Fp satisfies [@3). Let i < j be two elements of [r —1]. Define
the multilinear map v;;: (G®) =1 x Gy — Fp by

(44) "/)z'j (a(l), N ,a(rfl), dl, ey dk)

(™, al, gl gD gD gl gD gD,
dla adk)
(), alD, ), ), D) ) g0, D),

dl?"'7dk2)5
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where the argument of the second form in the expression is obtained by swapping
a'V and a"). Then biast;; > &5.

PROPOSITION 4.4 (Symmetry II). Let £ > 0 and suppose that a multilinear
form a: (G®)" ! x Gy — F, satisfies . Leti € [r—1] and let j € [k]. Define
(K] P
the multilinear map ¢};: (G x G; x (G2)FLr=1 % Gy — F,, by
(4.5) 1/1;J (a(l), UGN uj, Y amY dk)
= w(a(l), - ,a(i_l), (O{k]\{j},j uj), a(H—l), - ,a(T_l),
dla ER adj—ladjadj-i-la ER ;dk)
- 1/1(11(1)7 ceey a(iil)ﬂ (O[k]\{j}ﬂj dj)ﬂ a(i+1), cee ;a(ril);
dl, N ,djfl,uj,derl, .. .,dk).
Then bias j; > £°.

Once these two propositions are proved, we shall show that the only sources of
the approximately symmetric functions in the sense above are functions with the
corresponding exact symmetry properties.

PROPOSITION 4.5. Let £ > 0. Assume that p > r+1. Suppose that : (G®) !
x Gy — Ty is a multilinear form. Let 1;; and ¢;; be defined by (@A) and by ([@5)
respectively. Suppose that for all i,j € [r — 1] we have

(4.6) bias gy, > &
and for each i € [r — 1], j € [k] we have
(4.7) bias i;; > €.

Then there is another multilinear form p: (G®)"~' x Gy — Fy, such that
bias(¢ — p) > 54(k+T)!4

and if pi; and pi; are the multilinear forms defined by @4) and by @) for p
instead of 1, then pi; =0 and p;; = 0.

Proofs of approximate symmetry properties. We now proceed to prove
the stated results.

PrOOF OF PROPOSITION 3] It suffices to prove the claim for ¢ = » — 2 and
j =r—1. We start by expanding (3)

<« E D

a) . ,a(r-DeG® z1,d1€G1,...,xk,d EG
k— (1) (r—1)
( H Conf* M A0 aov f (2 +di)ieh$[k]\1)> W@ et ),
ICIK]
By averaging, there is z) € G| such that

ww(a(l) »»»»» a1 dyy)

a(r-1De@® di1€Gr,...,d€Gy,

.....
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( H Conj*~ ! Ay e f((@+ d)[ax[k]\l))‘

IC[K)

@ " dpy)

<
a®,...,a(r=2)cG® d1€G1,...,dpr€G ' a(r-1) G
k—|I
( H COHJ Il Aa(l)vaa(rfl)f((l' + d)[,l‘[k]\])) ‘
ICIK]

Apply Cauchy—Schwarz inequality to obtain

2
&<
a(l)V”’a(T*Q) cG® d1€G1,...,d Gy,

E < HCOij*m Ay ae-o f((@+ d)[vx[k]\l)) W (@ diy)
arDea® \ IC[k]

2

<
a(l)V”’a(T*Q) cG® d1€G1,...,d Gy,

1D ( [T Con* a0 aenf((z+d+a"D),, (a+ a“‘”)m\z))
ar-Deae \ IC[k]

2
ww(a“) st i)

- KK K

a) ...,a(r-2)c@® d1€G1,...,deG}

E ( H Conj*~ ! Ay, e f((@+d 4w, (T4 u) )
u, eGP \ IC[K]

Conj* 1=l Ay, ae-a f((@+d+v), (z+ U)[k]\]))

ww(a“%...,a‘“” u—v,dpg))

Make a change of variables and replace a("=2) by z = —u —v —a"~?) to obtain

2
& <
a®,...,a(r=3)cG® di1€G1,...,dr Gy

]E ( H Conjk_lll Aa(l),...,a(T*3),7u7v7zf(($ +d+ U)Ia (:E + u)[k]\])
u,w,2€G® \ IC[K]
Conjk+1_|ll Aa(l),,..,a(T*m,7u7v7zf((‘r +d+ U)Ia (:E + U)[k]\]))

ww(a(l) ,...,a(rfg) ,—U—v—2,u—v,d[k])

a)...,a(r=3)ecG® di1€Gy,...,drEGy
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E ( I Coni* M A0 aoof((@+d+u)r, (@ + uw)gr)
u,w,2€G® \ IC[K]

COnijrlim Aa(l)ﬁ_”aufs)f((l' + d—uv— Z)], (:L' — U — Z)[k]\[)
Conjk+1_|ll Aa(l),...,a(T*E')f((‘rE +d+ U)Ia ((E + U)[k]\])

Comjk_ll| Aa<1>7ma<r73>f((x +d—u—2),(zr—u— z)[k]\[))

w—w(a(l)7~~~,a(T73)7U+Z7u,d[k])ww(a(l) o0l otz v dp)

ww(a“) o0l d i) = (e a TP Vs d[k])
Recall the notation

1/}7‘727“71(&17 ceey Qp—3,U,0, d[k])
= (a1, .., ar—3,u,v,d)) —Play,...,ar—3,v,u,dp).

By Gowers—Cauchy—Schwarz inequality (Lemma 2]) for the 2-dimensional box
norm with respect to variables v and v, we see that

T R

a@ .. ,a(r=3eG® d1€G,...,drE€EGL z€GP 4 veG®
u v eG®

wr—2r—1(@ 0T v dpy) =2 o1 (@D u diy)
wa’Z r—1 (11(1)7~-~111(T73)7U/7U/ad[k])

:biaS’(/}T,QT,l. O
PROOF OF PROPOSITION [£4] It suffices to prove the claim in the case i = 1
and j = k. We start by expanding (4.3))
5 < w’lﬁ(a(l)wwa(ril)yd[k])
aM,..,a(r-1)eG® 21,d1 €G1,...,xx,dy EG
( H CODjk_lll Aa(l)vaa(rfl)f((l' +d)g, .T[k]\])).
IC[K]
By averaging, there is ;) such that

]E ( H COnjk—|I| Aa(l),...,a(Tfl)f((x + d)[,x[k]\[))

a®,.alr=DeG® di €Gr) NIC[A]

€<

w’l/}(a(l) ,...,a(Til) ,d[k])

k—|I
]E ( H CODJ | |Aa(2)7“.,a(7‘71)
[k]

a0 €60 G \ICIH (@ +d+aD), (@ +aW) )

k— (1) (r—1)
COan [1] Aa(2)7..,,a(7‘71)f((1' + d)],x[k]\1)> W@, a g
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ww(a(l)w,a(“l) Jdix])

a® . Lar=DeG® dp €G

< H Conjkiliu‘ Aa(z) VVVVV a(r=1)
IClke=1) Fl@+d+aD)p, (@ + ey, o + dy + al)) )

( H Conj*~ 1| Ao g
IC[k—1) F(@+d+aD), (@ +aM) oy, P an + af)) )
( H Conj*~ HN ... - 1)f((:chd)[, Tk—1]~1s $k+dk )

1C[k—1]
( IT Coni* "M Ae  wonf(@+d)rzp-yr, "> )
ICk—1]

Apply Cauchy—Schwarz inequality to obtain

HE @ " dpy)

‘ 2

a®M,..,ar-DeG® dp_11€EG[R-1]  drE€Gy
< H Conjk*lfu| A,e) a1
IC[k—1] Fl@+d+aD), @+ aW)g_yr,* xk+dk+a(1))>
( H Conjk_ll| Aa@),___’a(rfl)f((z + d)bx[k—l]\lv K Tr + dk))
IC[k—1)
= E E E W@ e gy di—dy)
a® .. ,a(r-DeG® djx1)EG k-1 di,d|,EG
( H Conjkflfm Ao a1
IClk=1] f((l' +d+ a(l))la (:L' + a(l))[k—l]\lv Tk + dk + a(l)))
H Conj* M Ao g
ICfe—1] f((@+d+aM), (2 +aW) s, F o +dj, + a(l)))

IC[k—1]
H CODJk 1-11| A @) o 1)f(($+d)], Tlk—1]~1> $k+dk))

.....

( H Conjk_lll Aa(Q),...,a(Tfl)f((x + d)lv x[k—l]\[; k T + dk))

IC[k—1]
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We now make the following change of variables. We introduce a new variable
zk =xk +dp +d), + al(cl) instead of a,(cl). With the new variable, we get inequality

(4.8)

>« E E E

a(r-DeG®dp_11€GRrR_1)

ww((afilu F Zk—dk—d;€—ﬂﬂk)all(2)7~~-111(T71)7d[k71] 1dk_d;€)

di,dj, 2k €G

.....

IC[k—1]

.....

H Coni* "M A o) o f((@+d)r, 2p—nyer, " or + d%))

1/1((&(1)_ ] Mok —de —d, — x1),a®, L a" Y dpy_y, di — d)
= 1/1((@%)_1] ) F 2k — xk)a a/(Q)a R a(T_l)a d[kfl]adk - d;c)

—((Op—1y, " di),a®,...,a" ™Y dpy_yy, dy — df)

—((Op—1p, B d}),a®, 0" dpy g, di, — d))
= ((0p—1), " di),a®, ..., a" " dpy_y), d},)

—((Ope—1), ¥ ), @, a"Y dpy_yy, dy)

+ 1/1((&%2)71],’“ 2k — Xk), a®, . ey, d[k—l],dk)

- d’((“f}i)—wk 2 —ap),a®, . ah, dig—11, dy,)

— Y ((Op_1p, ¥ di),a®, .. a" Y dy, . di)

+ w((o[k—l]vk d;c)v a’(2)7 sy a(ril)a d[k—l]vd;c)'

After applying this identity in (£F]), the only terms involving dj and dj, re-
maining are phases of

w ((O[kfl]a F dk)a a/(Q)a ceey a/(T_l)a d[kfl] ) d;c) )

’l/) ((O[k—l]; k d;c), a(2), ey a(T_l), d[k—l] , dk) .

Apply Gowers—Cauchy—Schwarz inequality (Lemma ) with respect to vari-
ables di and dj, to deduce
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¢< K D K

) 1 €y @0 DEGS di 1 EC

k 2 r—1
]E wa((o[kfl]ﬁ di),a® .. al )7d[k-—1]7d;g)
2R €G

w? ((O[k-—l] Fdp),a® e dy g 1dk)

‘D(dk,dp'

Apply Hélder’s inequality for 4" power to get
< K K K
GE;),I]GGUVA] a®,...,ar-DeG® dk—11€Gk_1
ww((o[k.,l],’“ di)a® .a" D dpy ) dy )
2k, d,d) €EG. w*d’((o[kq],k d;),a(z),...,a(rfl),d[k,l],dk) 7
which is exactly €% < bias],. O

From approximate to exact symmetry. We now prove Proposition
which allows us to deduce exact symmetry properties.

PROOF OF PRrROPOSITION .8l Let i1,...,4.—1 € [k] be arbitrary indices. We
define further map wi[rfl] Gy X Gy X x Gy, x G x G x - x G — F, by

1/)1'[T71] (bl, e ,brfl,SCl, ey ZL'k)
= (O girys " 01)s oy Oy ™ bre1), T, ).

Since 1 is a multilinear form, so is t;,_,, for any choice of indices i|,._1j. These
new maps are related to 1 via the following identity

_ 1 -1
’L/J(a(l),...,a(T Doz, .. ) = Z z/zi[ril](az(-l),...,az(-:il),xl,...,xk).
il,...,irfle[k]
It turns out that the approximate symmetry properties of 1 induce approximate
symmetry properties of the maps ¢;, _, . We formulate these properties in the next
couple of claims. We write Symy for the group of permutations of a finite set X.

Cram 4.1. Let iy,...,i.—1 € [k] and let o € Symy,_q). Let o 5 iy, Giy X
X Gy, X Gy — Fy be a multilinear form defined by

1
g o wi[r,l] (bl, . ;br—I; L1y - ,.Tk) = ’L/Jia(l)w.’ig(ril) (ba(l)a . aba'(rfl)a L1y - ,xk).
Then
. 1 roktr—1
bias (i, _,, — 00, ) =& .

PROOF. Let ¢; and ca be two distinct elements of [r—1]. Using (48] for indices
c1 and ¢y and expanding the definition of ), ., we get

: (1) (r—1)
§ § blaS ’l/)cl o = ]E wwcl cg (a‘ seey@ 7I[k])
a® ..o Dea®
z(k) €Gk)
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= ]E H wd}j["*l] (@151 505@r—1,5,_ 1 5T[k])

al,...,aT71€G€B J1seedr—1€[K] ) (c2)

. (e1) (r—1)
z[k‘]ec[k] wiwﬂ[T,l] (ah R0 P a a; T

R MR RRL) M (k1)

Among all forms that appear in the last line of the expression above, the variables

alV al" Yy x i tly t 1
i se-- 04 X1, .., ) appear in exactly two, namely
_ (1) (r=1)
’l/)z[Tfl] (ail yee Gy ’x[k])
. o o (€] (c2) (e1) (r—1)
71/)1[0171]11(;2 sUep41,e0—1]5%cy 38 eg+1,r—1] (a’il 9t a’icZ PR a’icl PR aaiT71 51'[k])

Writing o for the transposition that exchanges ¢; and ¢, we may see that the latter
1) (r=1)
a

1
form equals o o ¢y, _, (a;,’,...,a; 7, @) Using Lemma [ZT] we see that

) _ L —(r+k—1)
€< wal[T*I] 7oV | gren—s = (bias(vy,_,, —o 5 7/’1'[T71]))2

Recall that the symmetric group Sym[T_l} is generated by transpositions, and that
we may in fact write any permutation as a composition of at most r — 1 transposi-
tions. By induction on the least length ¢ of a product of transpositions that gives
a permutation o we prove that

portk—1 . 1
£ < bias (1/)1-“71] —ooYi, )

The base case has already been proved. Write ¢ = 7 o ¢’ for a transposition 7
and a permutation ¢’ that can be written as a product of £ — 1 transpositions. By
inductive hypothesis for a slightly different sequence of indices i, (1), ..., ir(r—1) We
have

0—1)2m k-1 . s 1
5( ) < bias (1/}1}(1)1---71'7—@71) —0 0° wifu),---yiruq))'

Apply 7 to both forms to obtain
o—1)orHE—1 . 1 . 1 1
5( ) < bias (wir(l)wn,iﬁrq) _Ulowir(l),---,iﬁrfl)) = bias (Towi[r—l] _O’Owi[r—l])'

An appeal to the base case yields §2T+k71 < bias (1/)1-“71] —rd 1/)1-“71]). Finally,
Lemma 2.7 gives

portk—1 . 1
£ < bias (¢, _,, — 00 Yi, ). O

Cram 4.2. Let iq,...,i,—1 € [k]. FEztend the sequence by defining i, = 1,
ir41 =2,...,iktr—1 = k. Let 0 € Symy,,_4j be a permutation such that i, ;) = i;
for all j € [k +r —1]. We denote the group of such permutations by Sym(if_q)).

Define the multilinear form o 2 Yig_yy Giyy X+ xGj_, xG1 x--x G = Fy, by

2
o0 i (Y1 Yktr—1) = Vi Yo (1)s -+ s Yo (ktr—1))-
Then

. 2 rtk—1
bias (wi[r,l] — oo wi[T,l]) > 63(16-‘1-7‘)2 )
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PROOF. Let ¢; € [r —1],¢2 € [k, k +r — 1] be two indices such that i., = ic,.
(This actually means that i., = co — k+1.) To simplify notation, we denote i., by
¢. Using (7)) for indices ¢; and £ and expanding the definition of ¢, , we get

€ < bias wél feq
_ E e e@a Ty g CIED gD gy
a(l),...,a(cl71),a(‘:1+1),...,a(T71)€G®
(k) EG k], Y €Ge

- K 1

a® gl C Jisesder -1
a1t =D eG® Jeg 415 Cro1€[R]
2k €Gk),Ye €G

(1) (e1—1) (c1+1) (r—1)

4
wwjl ,,,,, Jep—1:8dey 415 jr,1(a]‘1 1'--7‘1]‘0171 1y€7a]‘01+1 @y HTRIN{ L) xe)
W (-1 (e14+1) (r=1) ¢
w_wh ,,,,, Jeg—1:8dey 415 J'T—1(aj1 yeey j2171 ’ 7‘1]‘2+1 yeeey j:,l yTIR]~{€}> Ye)
. 1 -1 1 -1
The only forms above that have the variables @', ..., a{* ™V gtV o=
J1 Jep—1 Jep+1 Jr—1
x1,..., Tk, Y¢ appearing occur precisely when ji._1)<fe;} = lfr—1)~{e;}- Write o €
Sym(if-—y)) for the transposition that swaps c; and cz. Lemma 2.1l then gives
ok+r—1 . 2
13 < bias (1/}1'[#11 —0o 1/;1-[“1]).

The group of permutations Sym(i,._1)) can be seen as a product of symmetric
groups Sym; X --- x Symj where Iy = {j € [k +r — 1]:i; = s}. Using the fact
that for a fixed element yo € [m] every permutation in Sym,, can be written as
a product of at most 3m transpositions of the form (z yo) for z € [m] ~ {yo}
the claim follows after a short inductive argument closely resembling the one in

Claim 411 O
Finally, define a multinear form p: (G®)"~! x Gy — F, by
(4.9) paW,... a"Y, Tg))
- Z ( E E 7 Yig (“z('f(l))’ e aagf,(jil))’ x[k])).
i1,enir—1€[K] \OESym(, ) T€Sym(if._1))

Before proceeding further, let us stress that this is the place in the proof where
we use the assumption on the characteristic of the field. The expectation over the
permutations in the expression above has the usual meaning, namely EaGSym[ L
. . 1 . .

is simply a shorthand for TSympa] Z‘TGSY”’[PU and similarly ETESym(i[T,l]) stands

1 . .
for TSymGn o)l ZreSym(i[r,I])' This means that the expression above has a factor

1 1
| Symy,_qy | [ Sym(ip—17)|’

“4Notice that we may obtain any transposition (a b) as (a y0)(b yo)(a yo).
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which equals m, where ¢s = |[{j € [k +r —1]:4; = s}|. Recall that
ip = 1yip41 = 2,...,0p4k—1 = k, so we have ¢; < r for each s. Thus, as long as
p = r+ 1 we may invert the element (r — 1)!gi!...¢z! in Fp.

Let us prove that p has the desired symmetry properties. First, we show that
Peres = 0 for c1,e2 € [r —1]. Let o9 € Symy,_y; be the transposition that swaps c;

and co. We have
pla®, ... alr=Y gle2) glatl) o glea=l) o) gleatD) - g(r=1), Tk))

= X (E K @)

i1,..,0r—1€[K] \o€Symy,_q) T€Sym(if,_1))

- Z ( E E 9 Yify_y (az(-f(l)), e az(-i(:_l)), z[k])>

i1,eir—1€[K] N o€Sym(,_y) 7€Sym(i._1))
=p(a®, .. a" D ayy),

as desired.

Secondly, we show that p., =0 for ¢ € [r — 1],£ € [k]. We have
plcl(a(l)ﬂ ceey a(c_l)vyla a(c-i—l)’ ceey a(r—1)7x1, o 51'k)

= P(a(l)a alemh), USNGE Cye),at e,

LlyeeeyLp—1,T0y Lp41y .- - ,xk)
- p(a’(l)v SERE) a(671)5 (O[k]\{€}7 ¢ xl)v a(chl), ceey a(ril)a
T1yee s Tl—1,Y0, Tp41, - - 'azk)

= Z < ]E ]E ]]'(7:0'71(6) = g)
o€Sym

i1,0ir—1€[K] (r—1] TESYym(ifm—1))

“1(0)

2 o(s o
To Q/Ji[rfl] ((ags ( )))Se[r,l]\{g—l(c)}a Yo Tk~ {0} > ¢ -TZ))

_ Z ( ]E ]E ]]-(iafl(c) - 6)
i1,..0p—1€[k] \o€Sym|,_1; T€Sym(if_1))

(o(s)) -t

2 g C
70 i,y ((as] )se[rfl]\{afl(c)}’ ()W?x[k]\{e}alyé))

For o € Sym,_,; define a transposition 77 = (67Y(c) r — 1+ £). Note that when
i-1(c) = £ then 77 € Sym(if—1)). Hence the expression above can be rewritten as

3 ( E E  160=0
i1yt 1 €[] \ 0€Symy,_q) r€Sym(if_1))
2 o(s o (e
7O Yig,y ((ags( )))se[r—l]\{a*I(C)}’ ( )W?x[kJ\{e}aéW))

- ¥ ( E E ilaw=0

i1,.sir—1€[K] \o€Symy,._y) T€Sym(if._1))
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o 2 (a(s)) o= (¢
(77 0 7) 5 vy, ((as] )se[rq]\{rl(c)}’ D yes 2p) ey, )

as desired, where in the last line we used the fact that Sym(if_1;) is a group.

To finish the proof we need to show that the bias of the difference of the forms
p — 1 is large. Fix some indices ji,...,jr—1 € [k]. We shall now determine which
forms on the right hand side of ([@3]) have all of the variables aﬁ), ey S: 11), Tk

For iy,...,i,_1 and o in ([@3) we have variables a(a( ) ...,al(ff:_l))

have jg( )y = is for every s € [r — 1]. Therefore, given a permutation o € Sym[T_l],

the variables a( ), e ,ag-:;l),z[k] appear for the sequence is = j,(5). Fix o €

Symy,_y; and the corresponding i,y

, SO we must

CLAM 4.3. The bias of the map

(4.10) (aft), ..l apy) = #Uy-l (aft) . af o)
(@)oo

geeey 'L'rl

-T O wz [r—1]
is at least 54(’“”)2#’%1.
By Lemma [Z7] it then follows that
bias(p — 1) > 54(k+r)k“1(k+r—1)!(r—1)!2r+’f*1.

Proor ofF Cramm [£3l By Claim [£2] we have that the map

(e(1)) aer=1) (0(1)) o= 1))
i (a7 a7 ) = S (a7 a7 )
has bias at least £&3++72"7* ™" Note that
(o(1)) a7r=1) _ (o(1)) ler=1)
wi[wl] (ail v Gy x[k]) = Vi1 Jo(r—1) ( Bigy 2 Py [k])

(€0) (r=1)

1
= O—Owj[Tfl] (ajl AL M ’x[k])‘

By Claim [£1] we have the bound

. 1 2k‘+7‘—1
bias (’L/}j[T71] — 0o ’ll)j[T—l]) > & .

Using Lemma [277] we at last conclude that the bias of the map in [@I0) is at least
§4(k+r)2“rk’1. 0

Having proved Claim [£3] the proof of Proposition [£5]is also complete. O

Partially symmetric multlinear forms. In this subsection, we describe the
multilinear forms which have the (exact) symmetry properties in Proposition
We view each G, as F,?. Thus, when z; € G, we have its further coordinates
zj. for ¢ € [n;]. This further leads to coordinates of x € G® denoted by z; .
for j € [k],c € [n;]. Let us define Py, to be the set of polynomials of degree at
most k +7 — 1 on G®, where the monomials Tdy,er * Tdpgr_1,cu4r_ aT€ TEqUired
to have every i € [k] present among di, ..., dg4+r—1. It turns out that derivatives of
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polynomials in Py, are the essentially the only source of the partially symmetric
multilinear forms of interest.

PROPOSITION 4.6. Assume that p > r + 1. Let v: (G®)"~1 x G — Fp be a
multilinear form such that
(i) the maps 1;; defined by (&) are all zero, and
(ii) the maps ¢j; defined by (&3] are all zero.

Then there exist polynomials P € Py, and Q such that for all a®, ... 6D e GO
and xp) € G we have

B, 0D,y ) = Ao Play)
+ Q(a(l), a® . amY wy )

and for each monomial m appearing in Q there is i € [k] such that no variable x;.
appears in m.

(Recall the additive derivative notation is defined by ApF(z) = F(xz + h) —
F(z).)

PrOOF. Let M be the set of triples (d,c,c’) where d = d[,_y) is a sequence
of elements in [k], ¢ = ¢|,_1j is a sequence such that ¢; € [ng,] and ¢’ = ka] is a
sequence such that c; € [n;]. Since 9 is a multilinear form, there are coefficients
Ad,c,er € F), for triples of sequences (d, ¢,c¢’) € M such that

_ 1 -1
w(a(1)7 Tt a(’” 1)7 CETRREY zk) = Z Ad,c,c/ al(il)701 T at(;;fl,)crffrlvc/l T Pk
(d,c,c’)eEM
We shall use the symmetry properties of 1 to conclude equalities between some of
the coefficients Ag ¢ c.

CrLam 4.4. Let (d,c,c'),(f,e,e') € M be two triples such that
(dlv Cl)v ey (d’l‘*lv CTfl)ﬂ (17 C/1)7 ey (kv C;c)v

(f17 61)5 R (folv 67‘71)7 (1; ell)a R (kv e?c)
are the same sequence up to reordering. Then Agc,co = Afe,e -

PRrROOF. We first prove that Agce = Afeer When ¢/ = €’. This is equivalent
to (di,¢1)y..., (dro1,¢r—1) and (f1,€1),...,(fr—1,€r—1) being the same up to re-
ordering, so there is a permutation 7 € Sym[r_l} such that (fi,e;) = (dri), Cx(s))
for each i € [r — 1], i.e., f = dom,e = com. The facts that (doo,coo,c) € M for
every o € Sym[r_l} and that Sym[r_l} is generated by transpositions allow us to
assume that 7 is itself a transposition. Without loss of generality 7 swaps 1 and 2.
Using property (i) for coordinates 1 and 2, we see that

. - @ 3 (r=1) 5 5
- Z /\d,E,E’ ali1751 ad~2752 atis,és a&r71,5r711‘1’6/1 Tk,e,
(d,&,eem
_ 1 2 3 r—1
*/l/}(a’( )ﬂa‘( )70’( )7"'70’( )75617"'7:016)

=a?,aM,a® . aY xy L ay)
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2 (1) (3 (r=1)
- Ao a® B T e
~ d,6,8" 74y, d2,Es d3,E3 dr—1,6r—1 L& k.2,
(d,e,é")eM
_ § : B o @ 3 (r—1)
=L )\doméomc/ ajl,élaﬁz,ézadg,ég a(irfl,ﬁrflxlvcll Lk,&), »
(d,é,&")emM

which gives Ador,cor,er = Ad,c,e, as desired.

Now we consider the case when ¢’ and e’ need not be equal. Assume first
that ¢) # €}, but ¢, = e5,... ¢}, = e),. The first part of the proof allows us to
reorder (d,c) and (f,e) so without loss of generality we have dy = -+ = d; =
1 # diy1,...,dp—y and f1 = - = fp =1 # fry1,..., fr—1. Additionally, by
further reordering, we may assume that ¢; = ¢|. By hypothesis, we have | = I’
and the sequences (¢, ..., ¢, ¢)) and (e1, ..., e, €}) are the same, up to reordering.
Reordering further if necessary, we may assume that co = es,...,c; = ¢;. Now use
property (ii) to see that

7 2 r—1
i Z )\Ii,aé/ ]l(dl = 1) u51a22)162 .. aéril?érilvéQIrQ’é,z E— xk,é;
(d,e,e")eM
=1 ((02,1 Yu),a®, a0 v, , k)
= 7/’((0[2,k]a ! ’U), a’(2)7 ceey a(T—1)7u, Z2, ... ,SCk)
- Z )\ia&/ ]]‘(Jl = 1) vgla((;)~ e a(f_l) uéllxzéé e zk,&;c

~ 2,C2 dy—1,6r—1
(d,é,c")emM
— Z . i ) (-1 e ~
- )‘d,(é’l,é[zm,u),(él,qz,k])l(dl—1)U01ad‘2152 g e, et The s
(d,¢,e")eM

which in particular gives that Mg = Afe. for the triples (d,c,c¢’) and (f,e,¢€’)
above.

Finally, consider the general case. By induction on ¢ € [0, k] we show that there
is a triple (s, () u(®) € M such that (di,c1),. .., (dr_1,cr—1), (1,¢}), ..., (K, c})

and (sge), tgé)), cel (sfﬁl, tfﬁl), (1, ugé)), ooy (Ky u,(f)) are the same up to reordering
and that ugé) =eél,..., uy) = €, u§?1 = Cpyqreees u,(f) = ¢}.. For the base case

¢ =0, we take the triple (d, ¢, c¢’). Assume now that we have constructed the triple
(st u®) for some £ < k. If e}, = ¢}, 1, we may take s‘+1) = s(0) (1) =10

and w1V = 49, Thus assume that €}, # ¢}, . Since ((+1,¢},,) # ({+ 1,1&21)

and the sequences (fi,e1),..., (k,e)) and (sge), tgé)), oy (K, u,(f)) are the same up
to reordering we have some iy € [r —1] such that (£+1,¢e), ;) = (sgf), tz(-f)). Now set
st = 50 t;”l) = t;l) for j # i and t§f+1) =), (recall that u(“*1) is already
specified) to complete the induction step.

Using the triples we have just constructed and the work above, we have

Ad,c,e! = Ag(0) 40) 40 =+ + = Ngh) (k) (k) = Afie e g
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For each triple (d, ¢, ¢’) € M define mon(d, ¢, ¢’) to be the sequence (d1,¢1), ...,
(dr—1,¢r—1), (1,¢)),..., (k,c},) sorted in lexicographic order. Note that the con-
dition in Claim [£4] about resulting sequences being same up to reordering can
be expressed as mon(d,c,c¢’) = mon(f,e,e’). Let Mon be the set of all images
mon(d, ¢,¢) when (d, ¢, ¢) ranges over M. We denote elements of Mon as (d, ¢)
which stands for the sequence ((dl, €1)s.- ey (Jk+T_1, ék+T_1)). Let s be the number
of different pairs that appear in this sequence, and let vy, ..., vs be their number
of appearances. Note that v; < r. Define 5\&5 for (d, &) € Mon as

s —1
)\d”,é = (H 'Uz') )\d,c,c’
=1

for arbitrary (d,c,¢') € M such that mon(d, ¢,’) = (d,é). Claim B4 tells us that
this is well defined. This is the place in the proof where we use the assumption
that p > r + 1 in order to be able to invert the terms v;!.

We now define the polynomial P(x) as

Z )\liéz‘ihél . .xd.k+r717ék+r71.
(d,é)eMon

Note also that P € P, as every pair (cz, ¢) € Mon has the property that
all elements in [k] are present among dy,..., cZT+k_1. It remains to prove that for
every monomial m present in 1/1((1(1), A x[k]) —A,) -1 P() there is
i € [k] such that no variable z;. for some ¢ appears in m. To that end, we prove the
following slightly more general claim that allows us to understand how derivatives
affect monomials.

Cram 4.5. Let m(x)) = Tdy,c; - Td.,c. be a monomial of degree s. Let
a®, .. .,a® e G®. Then

_ (1) (2) (t)
Aa(l) »»»»» a(t)m(x[k]) - Z aci(l)vdi(l)aci(z)adi(z) aci(t)vdi(t) H Tej,d,
i [t]—>[s] jE[s]NIm i

+ Q(a(l)aa(2)a s aa(t)aw[k])a

where the sum ranges over all injective maps i: [t] — [s] and Q is a polynomial of
degree at most s whose monomials have at least t + 1 variables of the form ayz.

PRrOOF. Note that it suffices to prove the claim for ¢t < s. Indeed, supposing
variables, and is therefore independent of x; .m.’i[‘hus, further discrete derivatives
give zero function. We proceed to prove the claim by induction on ¢ < s.

The base case is t = 1 for which we see that

Aa(l)m(x[k]) = (-Td1,c1 + aglll),cl) U (xds,cs + aglls),cs) — Tdy,cr " Vds,cs

S (T ) (T o)

P#AIC[s] \i€l i€[s]NT
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(411) =2 (aif?di 11 xcm) 3 (Hai?ci)( 11 wd)
1€[s] i€[s]NT

JelsI~{i} IC[s) \i€l
[1]>2

which has the desired form.
Suppose now that the claim holds for some ¢t € [s — 1]. By the induction
hypothesis we have

_ ) (2) (t) H
Aa(l) vvvv a(t)m(x[k]) - Z aci(l)vdi(l)aci(Z)vdi(Z) aci(t)vdi(t) ‘rcjvdj

it [t]<—>[s] jE[s]\Im1i
+ Q(a(l), a(Q), ... ,a(t), z[k]),
where @ is a polynomial of degree s whose monomials have at least ¢t + 1 variables
of the form aﬁ, thus having z-degree at most s — ¢t — 1. Apply further derivative
with difference a,11

Ay, gt m(Ty))

(t+1) (t+1)
= Aa<1>7,,,,a<t)m(x1 +ay o+ ay,

_ (1) (2)
- Z aci(l)adi(l)aci(2)7di(2)

i [t] = [s] a(t) H (:C 4 a(t+1)) _ H "
Ci(t)vdi(t) Cj 7dj Cj,dj Cjﬂdj

JE[s]NIm 3 JE[s]NIm ¢

) = Aswaom(z, ... Tg)

+ Q(a(l), a(Q), e ,a(t),:cl + agt—’_l), R a,(:-’_l))
— Q(a(l),a@), oWz, ,xk).
As in the calculation (1)), the only terms that have a-degree at least s —t — 1 in

(++1)
H (zcj»dj tag q, ) - H Lej,dj

JE[s|NIm 3 JE[s]NIm 3

(t+1)
aci/,di/ H :chadj

JE[s]NIm i
g
for fixed ¢’ € [s] \ Imi. Furthermore, the polynomial

Q(a(l),a@),...,a(t),xl—i—agtﬂ),...,xk—l—agﬂ)) —Q(a(l),a@),...,a(t),xl,...,xk)

has no monomials of xz-degree at least s — ¢ — 1. This follows from the fact that
Q(a™M,a® ... a® x,,..., ;) has no monomial of z-degree at least s — ¢ and the
calculation @II)). Therefore, there exists a polynomial Q(a(!),a®, ... a(t+1), )
of degree at most s whose monomials have x-degree strictly less than s —¢ — 1 and

Ay a(t+1)m($[k])

_ (1) (2) (t) E : (t+1) H
- Z aci(l)vdi(l)aci(Z)vdi(Z) aci(t),di(t) aci/,di/ Lej,d;
i [t]<—>[s] i €[s]\Imi jE[s]NIm i

J#7

are exactly
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+Q( (1) ...,a(t"'l),z[k])
_ (1) (2) (t+1)
- Z dl(l) 61(1)ad1(2) ci2y .adi(t+1)7ci(t+1) H Ldj,c;
i: [t+1]—[s] JE[s ]\Imz
+Q( M a ..,a(t“),x[k]),
completing the proof. O

Using Claim and the definition of P we see that
(412) 1/}(0,(1), ey a(r71)7 :c[k]) - Aa(1)7...,a(T71)P(x[k])

_ § : (1) (r—1)
- )\d’c’cl adlqcl e adr*lvcrflxl’cll e xk,c;c
(d,c,c’)EM

Y 1 2
. 2 : AJ* § ( ) a( )
¢ dz(l) Ci1) di(2),Ci(2)

(d,&)eMon i [r=1][k+r—1]

G, I
T .
dl(r 1):Ci(r—1) d;,¢;

jE[k+r—1]\Im:
— Q(a(l), ceey a(T_l), ac[k]),
where @ is a polynomial of degree at most k + r — 1 whose monomials have z-
degree at most k — 1. Let M be the set of all pairs ((d, ¢),i) where (d,é) € Mon
and i: [r — 1] < [k +r — 1] such that {d;: j € [k +r — 1] ~ Imi} = [k]. Note
that the pairs ((d,¢),i) ¢ M in [@IZ) give rise to monomials that do not have

none of the variables x;, 1, ..., %, n,, appearing for some 7o (namely io ¢ {d;:je
[k +r—1] N\ Imi}). Therefore, it suffices to prove
1 —1

(413) Z Ad’c’cl at(il),c1 T a,((i’:—la)cr—lzl’cll T Tk,

(d,c,c’)eM

_ FURO NN LD o

~ Z d,e d i(1):Ci(1) d1(2) 61(2) dl(r 1):Ci(r— 1) H :'Edjvcj
((d,&),i)G j€lk+r—1]\Im:

Firstly, observe that the monomial

1 2 —1

JRCORC) R I v

di(1),Ci(1) dz(2) Ci(2) di(r—1):Ci(r—1) 3>Cj
jE[k+r—1]\Im1:

where ((J, ), z) € M equals the monomial a(fi)’el e agf:jll,)er,1$1763 ++ Ty, for some

(f,e,e’) € M. Namely, simply put f; = Ji(j) and e; = é;;) for j € [r — 1] and
el,...,e to be~the ordering Cq(1), - -, Co(k) Where o: [k] = [k +7 — 1] N\ Imi is
chosen so that d, ;) = j. Now fix any (f,e,e’) € M and focus on the monomial
o a7 ay o ape . On the left-hand side of the equality @I3) this

fr—1,er—1
monomial has Asc e as its coefficient. Let Z be the set of all ((d,¢),i) € M such
that we have the equality of the monomials

1) (r—1)

Af ey " Of_qier1Tley " They,
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1 2 -1
I C A G H Tj -
di1),Ci(1) di(2):Ci(2) di(r—1):Ci(r—1) 4596
jE[k+r—1]\Im:
In particular, we see that the sequences (fi.e1)s..., (fro1,e0nm1), (1,€)), ..., (K, €})
and (d1,¢1),..., (dgtr—1,Cktr—1) are the same after a possible reordering, thus

(d,¢) = mon(f,e,e'), meaning that (d, ¢) is uniquely determined by (f, e, e’). Hence,
the coefficient of the considered monomial on the right-hand-side of the equal-
ity (413) is precisely :\mon(ﬁe,e/) - |Z|, and |Z| is the number of injective maps
i:[r—1] = [k 4+ r — 1] such that (d;-(j),éi(j)) = (fj.ej)-

Misuse the notation and write f._11; = j and e,_14; = €} for j € [k]. Observe
that we may uniquely extend the injection i to a bijection i: [k+r—1] — [k+7r—1]
such that (ci;(j), Cijy) = (fj,€;) holds for all j € [k +r —1]. In the opposite
direction, every such bijection % has the same properties as the initial injection 4
after restricting i[;,_1). We conclude that |Z] is in fact the number of such bijections
1. It is not hard to see that this number is exactly vi!- - - v,! where s is the number of
distinct elements of the sequence (Jl, C1)yenes (cZkJrT_l, Cktr—1) and v; is the number
of times *" value appears in the sequence. By definition of A da We have the equality

of the coefficients on both sides, which completes the proof. (I

Concluding the proof. Finally, in this subsection we return to ([@2]) and use
the facts about approximately symmetric multilinear forms, we established in the
previous subsections to conclude the proof of Theorem

PROOF OF THEOREM Let f: G® — D be a function such that

HfHU(Gl,Gg,...,Gk,G@><r) Z c.

By Proposition there exists a multilinear form ¢: G® x --- x G¥,_; x Gy x
—_——
-+ X G — F;, such that

(1) (r—1)
(4.14) Aa(l)ynqa(r—l)Abl,___7bkf($)ww(a e @ b15---,bk) >

a(1)7...7a(T71)EG®
b1€G,...,bLEGY
zeG®

for some ¢; > (exp(o’”(l))(Okm,p(cfl)))fl. By Propositions 3] [£.4] and E5] we
may find another multilinear form p: (G®)"~! x Gy — F,, such that

. Op (1
(4.15) bias(y) — p) > ¢Fr D)

and if p;; and p;; are the multilinear forms defined by ([£4) and by (L3) for p
instead of v, then p;; = 0 and p;j = 0. Applying Proposition to p we obtain
polynomials P € Py, and Q such that for all ai,...,a,—1 € G® and zp € Gy we
have

(4.16) plat,...,ar—1,2k) = Day,...oap_, P(xp) + Qar, ag, . .. ar—1, T))

and for each monomial m appearing in @ there is ¢ € [k] such that no variable z;.
appears in m.
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We now use Gowers—Cauchy—Schwarz inequality (Lemma [2.T]) to replace 1) by
p in (@I4). Firstly apply Theorem [Z1]to find an integer m < O;m(logo’”(l) ),
subsets I; C [r — 1], J; C [k] and multilinear forms 8;: (G®)'i x G;, — F, and
vit (GO =N Gy s, — Fy for i € [m] such that

w(a(l), . ,a(’qfl),xl, e ,xk) — p(a(l), . ,a(’qfl),xl, e ,xk)
= Bi(a"), 2 )y (@D )
1€[m]

and 0 < |I;| + | ;| < k+r—1.
Algebraic manipulation in (£I4) yields

w k
1S ]E Qg atr—1) e e || 5

a) .. alr-DeG®
— w(@, dpy)
- w (k] Aa(l),...,a(rfl),(O[gyk],1 dl),...,(O[kfl],k dk)f(z[k])

aW, .o Vea®
d1,21€G1,...,xk,di, EGg

_ WP @ )+ g B (@D 2, ) (@ TN g )

(1) (r—1) &
a‘’,..a eG
d1,21€G1,...,xk,dL €EG Aa(l) yeensa(r=1) 1(0[2,k] ) dl)vv”v(o[kfl] e dk)f(x[k] )

E |E: wPer—11:d)+Ap

A€l ai,...,ar—1 €GP
d1,21€G1,...,Tk,d EG,

< TT 2(8:(a™),2s,) = A) 1 (3 (@l =1 gy ) = M))
i€[m]

Aa(1)7-~~»a(’r71)7(0[2,k]71 d1),..,(Op—11,* dk)f(z[k])

p—2m E |E: wﬂ(a([rfl]),d[k])-i-)vu

AN W pEFR ) 1) g
di,x1€G1,...,zk,d EGg

( H wkéﬂi(a(”)w‘li)—)\;)\i wll;')’i(a(“1]\Ii)7l[k]\.li)_/‘;ﬂi)

1€[m]

Aa(1)7~~~1a(7‘71)7(0[2,k]71 d1),e. (01 —1)," dk)f(z[k])'
By averaging, we may find 2z € G% and X\, X', y, i’ € Fj* such that

—2m wp(a([rfl])vd[k])

c1p X

a® . arVeg®
d1€G1,...,d€G

i€[m]

Aa(l)m»,a(r’l)1(0[2,k]71 d1),..,(Opr—11,"* dk)f(x[k])




CERTAIN DIRECTIONAL UNIFORMITY NORMS 45

wP(a([Til]%d[k])

a® . arVeg®
d1€G1,...,d€G

< H WNiBi(a) 11-71')&;#5%(“(“1]\1")vm[kl\ﬂ)>

i€ [m]

H ]:[Conjk*’”*1 |]|f<x1+2a + 1(1 € J)dy, ...,

1€[r—1) JC[H] il
xk+2a + 1( keJ)dk)‘
el

We view this expression as an average of values of products of functions in variables
a®, ..., a"=Y dy, ..., dy. The only terms that depend on all of these variables are
wP@ " idig) and

(zlJr Z a +d1,.. , Tk + Z a +dk)

i€[r—1] i€[r—1]

By Lemma [2.0] we conclude that

—2m)2k“*1

(c1p

DRI = 1] D) pr=1ND) g o
< E E (H T« plalD, RARIND)

a® . a"DeG® by,...,b,_1€G® N C[r—1] JC[K]
d1€G1,...,d€G e1€G1,...,ex €G

Conjrtr—1=HI=1JI f<:c1 + Za&i) + Z bgi) +er+1(1 e J)(di —er),...,

el i€[r—1]\1
:I:k—l—ZaS)—i— Z bg)—l-ek—I—]l(k:eJ)(dk—ek)))
i€l i€[r—1]\1

wp(a(l) oM e DD gy ey di—er)

AW QD eg® ) B eg®
d1€G1,...,dx€G e1EG,...,ex, €EGg
aM —pMW) . alr=1) —p(r=1) (03 1,t d1—e€1),..., (O —17,* dp—ex)

f(:clJr Z bgi)qLel,...,szr Z b,(j)Jrek)

i€[r—1] i€[r—1]
— E wPa®a Y dy L dy)
a(l)r“aa(ril)eG@ Aa(l),...,a(rfl),(O[gwk],l dl),...,(O[kfl],k dk)f(yl) tet ’yk)’

d1,y1€G1,...,dk, Yk €Gk
where we made a change of variables in the last line. Write cp = (clp’Qm)QHPI.
Using the identity (£I6]) we conclude that (below we again use x1, . .., zx as dummy

variables as the values we previously fixed have no further role in the proof)
ey < ]E wP(a(l)a---7a(rfl)7d17~-~,dk)

a® . ar~Dea®
d1,y1€G1,...,dk, Y €EGk



46 MILICEVIC

Aa(l),...7(1(7‘71),(0[2’k],1 dl),...,(O[k,1]7k dk)f(yl) et 5yk>

H w(—l)kfmﬂ(a(l)7~~~,a(T71)7II,y[k]\I)

( k—|1
a®.a0"Dea® M ICH] Coni* M A0y aon f (@1, ypp)<1)
z1,41€G1,.. @k, Yk €Gi e

oD, TV ea® <Ic[k] W(DFQE™M a0 iy )

21,Yy1€G1,...,Tk, Yk EGg ke
COan [ Aa(l),___7a(r1)f(1'[,y[k]\1)>-

We view terms in the expression above as functions in 1, ..., zy, treating y1, ...,
yr, eV, ... a1 as fixed. Recall that for each monomial m appearing in Q
there is ¢ € [k] such that no variable x;. appears in m. Thus, we may write
Q(a™M, ... a1V xy ... xy) = D iclH Qi(aW, ... a"=Y zyy ;) for some fur-
ther polynomials Q;, i € [k]. After expanding @ like this in the expression above,
the only terms that depend on all variables z1, ...,z are

WAt PO and Ay e f o)
Apply Lemma 2] for all choices of a{l"=1) and Yk to get
C%k < K LT a(rfl),(o[z,k],l d1)ses (O 1), dk)P(I[k])

a2 Deg® A= (0t d1)ses Oy * di) | (T[H])
d1,x1€G1,...,dK, 2L EG

where we set f(z[k]) = wP(zUvJ)f(:c[k]). We may now apply inductive hypothesis to
find a further polynomial P of degree at most k-+r—2 and functions g; : Grjqiy =
D for ¢ € [k] such that

g < E f(iﬂ[k])wﬁ(x[“)( 11 gi(x[k]\{i}))

z[k]€G® i€[k]
= ]E f(x[k])w(P+P)(I[k])< H gi(x[k]\{i})),
:E[k.]EGGB i€ (k]

where
“1yy 1 1y 1
C3 2 (eXP(Ok’T(l))(Okmp(cz 1))) Z (eXP(Ok’T(l))(Okmp(C 1))) ‘

Since P+ P is a polynomial of degree at most k+r—1 the proof is now complete. O

5. Properties of large multilinear spectrum

In this section, we prove some properties of the large multilinear spectrum.
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Close forms. We begin the work by proving the following lemma which tells
us that if a multilinear form o is close to a form a which belongs to the e-large mul-
tilinear spectrum of some function f, then o’ also belongs to the €’-large multilinear
spectrum of f, for a somewhat smaller parameter . This lemma is motivated by
the first step of the proof of Theorem [[2l Using the notation of that proof, in that
step we use the property ({13 to replace the map ¢ whose sliced functions we
know are in the large multilinear spectrum of A,u) -1 f, by the map p, which
differs from ¢ by a map of small rank. Unfortunately, for technical reasons, we may
not apply the lemma below directly in the proof of Theorem [[L2] but it captures
the essence of that step.

LEMMA 5.1. Let f: Gy — D be a function. Suppose that o and o' are two
multilinear forms on Gy such that bias(a — ') = ¢ and o € Spec™(f). Then
o € Specg‘l(f) for e = Ep_o((logp c*l)o(l)).

We remark that ¢ is affected only very slightly, i.e., &’ is linear in ¢ rather than
decaying polynomially or faster.

PrROOF. By Theorem 211 there are a positive integer m < O((log c” )O(l)),
subsets () # I; C [k] and multilinear forms g;: Gy, — F, and v;: Gy, — Fp for

=

i € [m] such that

o () = alep) + Y Bilzrr)vi(zwr,)-

i€[m]

From the assumption that o € Spec?ﬂ( f) and algebraic manipulation, we obtain

k a2t —|. k=1 oz
e <[ fwlgn = E IT Coni* M f (s, ypges)™Y (@7vm1~)
Z(x],Y[k) J C[k]
- K II Con* =1 (., ypag oD @ v )

Z(k)>Y(k) JC[K]

w(*l)kfm (Ciepm) Bi(@rnryr,~a)vi(@s<1; ¥k~ (r;0.0)))

Z E H CODJk |J|f (w7, Yk )W (1% Vo (@ 1,y15)

A #G]FP([ Dx[m] @), yk) JC[k]

w(—l)k—m >iem] )\J,iﬂ],i]l((v,t' € [m)Bi(x1,00, Y1) = )\M)
1((Vi € [m])yi (@1, Y~ (1:00)) = Hdi)

:p72’€+1m Z E H Conj*~1! F(@r, ypgs)

Np,v,r Ry DX 2 (k)Y () JCIK]

WD @y ) DT Sy A

w(*l)kim vy (Bi(Tr;ng,yr,~g)=Ag,i)

w(*l)kf‘J“F.I,i(’ﬁ(r.nzi YR~ (L0 0)) T HE)
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By averaging, we may find A\, u, v, 7 € FE([k])X[m] such that

k— _ 1k ‘Oz/ z
E [T Con* ! f(ws. ypgs)w ™Y ol (es )

Z(k)>Y(k) JC[k]

(5.1) p~2""me2" ¢

w(_l)ki"”VJ,i(ﬂi(IIiﬁvaIi\J)_)\J,i)

w(_l)ki"”TJ,i(’Yi(wJ\Ii Y[k~ (I;U0)) —HJ,i)

For each J C [k], let f;: G[i) — D be the function defined by
fJ(’U[k]) — f('U[k] )wa/(v[k])WVJ,i(Bi(UIi)—AJ,i) Wi ViV~ ) =1ai)

The inequality (5.1)) then becomes

E H Conjk_u‘ fJ(-TJay[k]\J)

Z(k)>Y(k) JC[k]

—oktly, ok
£ X

which can be bounded from above by [] ;¢ [[fsllor using Lemma 211 Finally,

observe that in fact ||fs]|gs = || fw® ||ox for each J C [k], so we actually obtain
[ fw |l = p~2™e, as desired. O

Bounding the large multilinear spectrum. A basic yet fundamental fact
about the large spectrum of a function of a single variable is that it is necessarily
small, which is easily proved via Parseval’s identity. However, as we have seen
already in Lemma [5.I] in the case of the large multilinear spectrum, the situation
is more complicated as the large multilinear spectrum is approximately closed under
translating the forms by further forms of large bias. Still, it turns out that we can
recover the result for single variable if we treat the forms whose difference has large
bias as the same. In other words, if we pick many elements from Spec?’l( f) then
some two are almost identical.

22k+2

THEOREM 5.1. Let k € N. For any given € > 0, set b(e) = (108W) and

n(e) = [105‘2k+11. Let f: Gy — D be a function. Let piy, ..., pn € Spec™ (f) be
multilinear forms such that bias(u; — p) < b(e) for every i # j. Then n < n(e).

The proof is very similar to the usual one based on Parseval’s identity. We
write S = {z € C: |z| = 1} for the unit circle.

PROOF. Suppose, for the sake of contradiction, that n = n(e). Expanding the
definition of box norms yields

H Conjk_m f(xl,y[k]\)w(*l)kf‘”#i(zzyy[k]u) > e2*
k] Yik) TC[k]
By averaging we may find yj; € G such that
]E H Conjk_lll f(.’L'I’y[k]\)w(_l)kiu‘ﬂi(llay[k]\l) > &_2".

(k) IC[k]
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We may rewrite this expression as

k

Ef(w[k] oot D p (g ) - v ()| > £
Z(k]
for some functions u?’, . ,v,(c) where v G[k ~{;} — D. Using Lemma 2.2 we get
functions ugi), ey u,(ci) taking values on the unit circle S such that
]Ef -T[k w#z(m[k] H u -T[k 1~{4} ’
(k] j€lk]

Write s;(zx)) = whi (@) Hje[k] ugi) (w(r)~q53) and let (-,-) be the usual inner prod-
uct on G[i). Observe that

(é ) -
(sivsi) =[], T1 " ) =1
Z(k] jE[K]
and, using Corollary 211 for ¢ # j

]Ew,ul(m[k]) i (@ ir)) H < k]\{g}) (j)(iﬂ[k]\{é}))‘

Z (k] Le (k]

(83,85 =

. . 7k —k
< W TH || o = bias(ps — Hj) < b(€)2

Set ¢; = (f,s;) and set e = f — Zie[n] ¢;s;. Even though we no longer have a
Fourier decomposition, we shall think of quantities ¢; as large Fourier coefficients
and of e as the error term coming from the small Fourier coefficients. Note that

< Z>‘\ [Z [(si.57)] < mb(e)? "

Jj€ln] €n)~{i}

(e, s:)] =

Using the identity f = | Cisi + e we get

i€[n
=Y lal +lee)+ Y crglsis) + Y (@le,si) +cilsive))
i€[n] i,je[p] i€[n]
i#£]
Zlcl Z | Susj —22|<e,si>|
i€[n] i,jE[n i€[n]
1#]
>ne? " = 3n2b(e)?

Recall that we assumed n = n(e) = [10572“11. Thus, we have

1>10-3(10e2"" +1)%p(e)? " > 10— 6 — 600" b(e)> "
22k+2

Since b(e) = (155) , we have a contradiction. O

Using Theorem 2.l we deduce the following result.
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THEOREM 5.2. Let f: Gy — D be a function. Let ji1, ..., p, € Spec?l(f) be

_gk+1

multilinear forms for some n > 20e . Then there are distinct indices i, j € [n]

such that
prank(p; — pj) < Og (logo’“(l) b.

Chang’s theorem for the large multilinear spectrum. Well-known the-
orem of Chang [8] states that the large spectrum contains rich additive structure.
For a multilinear variant of Chang’s theorem we need to be somewhat more careful
as tightness in inequalities is crucial. Let o = [{ |f(x)|. We have to assume the
explicit inequalities

T, s o) TT uf? {J}‘

T (k) JE(k]

instead of just Specgls1 (f) because of the slight inefficiencies arising from the appli-
cation of Gowers—Cauchy—Schwarz inequality for box norms.

THEOREM 5.3. There is an absolute constant Cy such that following holds.
Suppose that f: Gy — D is a function and write o = [&, [f(z)]. Set n(e,a) =

k

Coe 2loga™! and b(e,a) = 3-2" (%)2 .

Let py, ..., bn be multilinear forms and let ugi): Gr~1jy — D be functions for
i €[n], j € [k], such that

K f@pper o) TT ol @) ‘
T (k) JE[K]

holds for all i € [n] and bias (Zie[n] Aipi) < b(e) holds for every A € Fir ~ {0}.
Then n < n(e).

Again, one may use Theorem [Z] to turn the bias bound into a bound on the
partition rank.

PRrROOF. We begin this proof just like the proof of Theorem [5.1l For the sake

of contradiction, we assume that n = n(e). Misusing the notation and using
Lemma [22] we may assume that uy) takes values in S for all ¢ € [n],j € [k].
Write s;(xp) = whi(@m) [ ugi) (T[r)~{51)- Rest of the proof mimics the original

proof of Chang. Let ¢; = (f,s;) and define an auxiliary function g: Gj3; — C by
.’L'[k Z C;S; .’L'[k

where C' € R was chosen so that [{, » |g(x[k])| = 1. Thus,

E Zcz Si Z|Cz| E|S z))? + Z ciCj(si, 85)

Tk | i€[n i€[n] zji[n]
1)




CERTAIN DIRECTIONAL UNIFORMITY NORMS 51

= Z |Ci|2 + Z Cic_j<8i,8]‘>.

i€[n] i,jE[_’n]
i#£]

As in the previous proof, we have that |(s;, s;)| < b(s)Tk for i # j, so we deduce

’02 - Z |Ci|2

i€[n]

<n2be)? .

From our choices of n(e) and b(¢) we conclude that

1
(5.2) 7 .Z leil2 < C <2 Z lei)2.
i€[n) i€[n]
f)

We have the following lower bound for (g,
1
/Z leil? > 5\/ﬁ€a.
i€ [n]

1 1
63) oDl =|g X etsus) = g X lal >
i€[n] i€[n]

On the other hand, for the upper bound we use Hélder’s inequality with exponents
I and m to be chosen later

1/m
(5.4) |<g,f>|<|g||m||f||u<a1”|g||m=a1‘””(Elg<wm>'m) '
Tlk]

N~

We now prove a variant of Rudin’s inequality [31] for dissociated sets. The proof
is a straightforward adaptation of the proof in [36].

CLAIM 5.1. Let 0 > 0 and 0 € S be given. Then
961' o2
E [exp (URe .g] Fsi(x[k}))] < 2e7 .
(k) i€ln

PRrROOF. We use the following elementary inequality from the proof of Theorem
4.33 in [36] e < cosh(u)+tsinh(u) which holds for all uw > 0 and ¢ € [—1,1]. Write
Oc; = |c;|v; for a suitable v; € S. Consequently

|cil

exp (O’ Re %sz(zm)) < cosh (O’F) + %Visi(x[k])sinh (o%)

1— |ci
+ EVZ-si(x[k])smh (O’F)

holds for each ¢ € [n]. Using this inequality, we see that

(5.5) LE} {exp (JReieZ[n] %si(zm))] - LE} H‘Jﬂ exp (oRe%si(zM))]

< E [ H (cosh (o%) + %Visi(x[k])sinh (o%)

z Lig[n)
g snh (o124 )|
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The product appearing above is a product of n sums of three terms, so expansion
results in 3" terms in total, each being of the form

E ( [T cost (+ l?)) ( 11 %Visz'(x[k])sinh (a%))

Tk \i€l i€l

<H %msinh (o%))

i€l3

for some partition [n] = I; U I U I3. In the case when Iy U I3 # (), we may bound
as follows

]E’ <1;[ cosh ( |Cz|)) (1;[ %yisi(z[k])sinh (a'%'))
(11 o (o)

i€l

< 9~ T2l 11| ( H cosh( lc z|) H sinh (UM)) E H si(@p) H 5i( k)
i€l i€l2Ul3 c T 1€12 i€l3

= 2~ |l=11s] ( cosh UM sinh JM )
[Teosh () T sinb (o)

5: ety Fi(@r) =i ki (@)

(k]
HH“ k]{J}HH“ k]{J}’

i€l jE[k] i€l3 je[k]
o=k
9~z —|Is] ( H cosh (O’—)> bias (Z i x[k - Zm(x[k])>
i€[k] i€ly i€ls
leil >
cosh (e)*
(L)

o
o2
~—

On the other hand, when I; = [k], we get the constant term [,y cosh (o
Therefore, going back to (B.5]) we obtain

E[exp(aReie[n]% )] 2Hcosh( )

Z (k] i€[k]
2 |Cz| 2 |Ci|2
2Hexp< 202)2exp<0 Z 2—02>
i€[k] i€[n]
< 2exp(0?),

where we used the left inequality in (5.2)) in the last line. O



CERTAIN DIRECTIONAL UNIFORMITY NORMS 53

Let 0 > 0 to be chosen later. Recall that g(x[k})' =3 Zie[n] cisi(zp). For
A > 0, we get from the claim above for angles 6, = e27*/6 for ¢ € [6]

Ty € Gt g(z 2)\‘<— ’:E € Gy: Re Opg(x 2—)\’

< Z exp(fo)\/Q)Eexp(J Re Org(zp)) < 12exp(o? — oA/2).
Le6] (k]

Pick o = A/4 to get
1
m‘{x[k] € Gy lg(zp)| = A}‘ < 12exp(—\2/16).

Finally, we estimate | g|| pm

1
K lg(mm = Em/ APTLIN = Em/ AP < g () |)dA
0 0
T(k)

(k] Tlk]
1
o (10 < oo ix
0
T[]

1
< Qm/ A" exp(—A?/16)dA
0

lg (k)]

< mD (Dm)m/Q,
where D > 1 is an absolute constant independent of other parameters in this
proof. Thus ||g||z» < vDePy/m. Combining inequalities (5.3) and (54) and

squaring we get n < 4De?Pe2ma~2/™. We put m = loga ™' to obtain n <
4De?P+2:72]og o' which is a contradiction provided Cy > 4De2P+2, O

Cubical convolutions and the large multilinear spectrum. The last
property of the large multilinear spectrum that we prove here is the fact that the
large multilinear spectrum is sufficient for the approximation of cubical convolutions
(in the sense of Theorem [[3]), as remarked in the introduction.

PROPOSITION 5.1. Let fr: G1 X--- X Gy — D be a function for each subset I C
[k]. Let € > 0. Then, there are a quantity £ > (exp(ok‘(l)) (Okyp({—:fl)))il, a posi-
tive integer m < exp(Px(1)) (Okﬁp(s’l)), multilinear forms aq, ..., o, € Spec?l(f)
and constants cq,. .., ¢y € D such that HDf — Zie[m] ciw HL2 < e.

PRrROOF. Let C, D > 1 be the implicit constants in the conclusion of Lemma[5.]]
such that the final bound is actually & = ep~C((og, e "),

Apply Theorem [[3] with approximation parameter €/2. We obtain an integer
m < exp(©Ox(1) (Okp(e71)), multiaffine forms o, ..., am: Gy X -+ x G — F, and
a function c: FJ* — D such that

<e/2.
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We may rewrite

Z c(MNl(a=X)=p™ Z c(Nwh =N,

AEFR A u€EFRY

For p € F" we write

=y (3 o
XEF

/

. € D. Thus, the approximation above can be

which equals ¢),w"® for some c
expressed as

(5.6) HDf - Y s <o
uEFM™ L2
Set
PLERIN
i = (p_C@mHHOgPEI)Dp_kasszk )
fori=20,1,...,p™. We now perform an iterative procedure in which after i steps

we obtain a subset S; < F)" of size ¢ with the property that p-a € Specg‘l(f) for
each p € S;, until the procedure terminates. The condition for termination is that

Df.—ZsM

HES;

<e.
L2

Note that if it does not terminate earlier, the procedure will stop after (p™)*" step,
due to ([@0). Initially, we set Sy = {0}.
Suppose therefore that the procedure does not terminate after i*" step. Then

we have
2 2 2
i AR S [CTEDSEA R O SR 3P
,LLG]F;)" L2 HES; ,U«EIF;" RES; L2
2 2
- af 4] 2 02
HES; L2 HEFT HES; L2
(B1-T 0 ¥ w)=(0 T ws-3ou)
HES; ,U.G]F;"\Si ;LEIF;n\Si RES;

252<D]‘i25#, 3 s#><D 3 s#,jiZs#>.

HES; REFMNS; HEFTNS; HES;

From this inequality we conclude that either |(f,s,)| > p for some u ¢ S;

or [(sx,su)| = p_QW%, for some X € S;, u ¢ S;.
The former possibility implies

IR staspor=c

T [k]

-meg
8

€2
g < HE sl =




By Lemma 2.T] for variables ) we get p-a € Specnml(f), where n = p~
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< ]E ]E ( H Conjk—m f((a +$)Iaa{k]\[)) wh (@)

agk) | xRy NIC[R]

k41
2km g2

82"

The latter possibility implies that

v}

bias (= 0) ) = [0 = f(sa. 5] 2 972"

T[k]

which, combined with the fact that A -« € Specgl( f), by Lemma Bl implies that

o€ Specnml(f) for n= gip—C(2m+3+]ogp Efl)D.

I
Thus, in either case, we conclude that u-a € Specg’l( f) for
€2k+1
_ —1\D _ ok
n = G CEmIEE S T e = G
We may therefore set S;1+1 = 5; U {u}.
Finally, after the procedure has terminated, note that
HDf =D dutl =|0f- D s <e
HES; L2 pes; L2
which is the desired approximation. (I
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