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Abstract. We study curves on a surface whose position vectors lie in the

plane generated by any two vectors among ~T , ~N and ~T × ~N . We find the
distance function, tangential, normal and binormal components of the position
vectors of such curves and obtain a condition for its invariancy under the
isometry of surfaces.

1. Introduction

Now a day’s in the study of space curves or surface curves, the characterization
of curves by restricting its position vectors in some plane related to surface is
an important area of research. In 2003, Chen [2] studied curves by restricting its
position vectors in the rectifying plane and obtained some characterization. In 2005,
Chen and Dillen [3] investigated the relationship among rectifying curves, centrodes
and extremal curves. In 2008, Ilarslan [6] studied rectifying curves in Minkowski 3-
space and characterized them analogously as that of Chen [2]. In 2018, Deshmukh
et al. [4] also characterized rectifying curves by centrodes of an unit speed curve in
Euclidean space. The authors of [7,9,10,12–15] have studied curves by restricting
their position vectors to the rectifying, osculating and normal plane on a surface
and obtained their characterization under isometry and conformal maps of surfaces.

Camci et al. [1] studied a surface curve by restricting its position vector in
three mutually perpendicular planes on the surface and established the existence of
such a curve. Shaikh and Ghosh [11] investigated the surface curve by restricting
its position vector in the tangent plane to the surface.

Motivated from the above studies, we extend the results of [1] under isometry
of surfaces. We consider three surface curves whose position vectors lie in three
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different planes generated by {~T , ~N}, { ~N, ~T × ~N} and {~T , ~T × ~N} respectively.
We find the distance function, tangential, normal and binormal components of the
position vectors of those three curves and obtain their deviation under isometry.

2. Preliminaries

Let P be a smooth surface immersed in R
3 such that (U,ψ) be a coordinate

chart at any point p = ψ(x, y) ∈ P . Then a smooth curve ξ(s) of the arc length
parameter s on the surface P can be written as ξ(s) = ψ(x(s), y(s)).

Definition 2.1. A diffeomorpfism h : P → P̄ between two smooth surfaces P
and P̄ is called an isometry if it preserves the distance between any two points.

Since P is a smooth surface hence ψx = ∂ψ
∂x

and ψy = ∂ψ
∂y

generates the tangent

space TpP at p. The first fundamental form of a surface P at a point p is a quadratic
form on TpP given by

Ip(ξ
′(s)) = 〈ξ′(s), ξ′(s)〉 = Ex′2 + 2Fx′y′ +Gy′2,

where ′ denotes the derivative with respect to arc length parameter and E (=
〈ψx, ψx〉), F (= 〈ψx, ψy〉) andG (= 〈ψy , ψy〉) are coefficients of the first fundamental
form of the surface P . Let N be the unit normal to the surface P . Then N is a
map from P to R

3 and the range of N is a subset of the 2-sphere S2. Now dNp is
a map from TpP to TN(p)S

2. Since TN(p)S
2 is parallel to TpP , hence dNp is a map

from TpP to TpP . The second fundamental form of a surface P at a point p is a
quadratic form given by

IIp(ξ
′(s)) = −〈dNp(ξ

′(s)), ξ′(s)〉.

For a detailed study of fundamental forms of the surface we refer the reader to
see [8] and [5].

Let ~T be a tangent vector to the surface P at p, i.e., ~T ∈ TpP . Then ~T is given

by ~T = aψx + bψy, for some real numbers a and b not simultaneously zero. If ~N is

the surface normal then the vector perpendicular to ~T and ~N is given by

~B = ~T × ~N = (aψx + bψy) × (ψx × ψy)

= a(Fψx − Eψy) + b(Gψx − Fψy)

= (aF + bG)ψx − (aE + bF )ψy.

3. Curves with position vectors

lie in the plane generated by ~T and ~N

Let ξ(s) be a curve on the surface P with position vector lies in the plane

generated by ~T and ~N . Then the curve ξ(s) is given by

ξ(s) = c~T + d ~N = c(aψx + bψy) + d(ψx × ψy)(3.1)

= αψx + βψy + d(ψx × ψy),

where c and d are real constants not simultaneously zero and α = ac, β = bc.
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The Gauss equation for the surface patch ψ of P with normal vector ~N is
written as

ψxx = Γ1
11ψx + Γ2

11ψy + L ~N,

ψxy = Γ1
12ψx + Γ2

12ψy +M ~N,

ψyy = Γ1
22ψx + Γ2

22ψy +N ~N,

where {L, M, N} are the coefficients of the second fundamental form of P , and Γkij
are the Christoffel symbols for i, j, k = 1, 2.

Let P and P̄ be two smooth surfaces in the Euclidean space and h be an
isometry between them. The isometry h takes the curve ξ(s) on P to ξ̄(s) on P̄ ,
which is given by

ξ̄(s) = h ◦ ξ(s) = αh∗ψx + βh∗ψy + dh∗
~N = ch∗

~T + dh∗
~N,

where c and d are constants. So ξ̄(s) is also a curve on P̄ whose position vector lies

in the plane generated by h∗
~T and h∗

~N .
Now the tangent vector to the curve ξ(s) is given by

~t = ξ′(s) = α′ψx + β′ψy + d′ ~N + α(x′ψxx + y′ψxy) + +β(x′ψxy + y′ψyy)

+ d(x′ψxx + y′ψxy) × ψx + dψx × (x′ψxy + y′ψyy),

= A1ψx +A2ψy +A3 ~N,

where A1, A2 and A3 are obtained as

A1 = α′ + αx′Γ1
11 + αy′Γ1

12 + βx′Γ1
12 + βy′Γ1

22

+ dx′LG+ dy′MG− dx′MF − dy′NF,

A2 = β′ + αx′Γ2
11 + αy′Γ2

12 + βx′Γ2
12 + βy′Γ2

22

− dx′LF − dy′MF + dx′ME + dy′NE,

A3 = d′ + αx′L+ αy′M + βx′M + βy′N

+ dx′Γ1
11 + dy′Γ1

12 + dx′Γ2
12 + dy′Γ1

22.

Hence the normal ~n to the curve ξ(s) is given by

~n =
1

κ
~t′ =

1

κ

{

(A′

1ψx +A′

2ψy +A′

3
~N) +A1(x′ψxx + y′ψxy)

+A2(x′ψxy + y′ψyy) +A3(x′ψxx + y′ψxy) × ψy

+A3ψx × (x′ψxy + y′ψyy)
}

= B1ψx +B2ψy +B3 ~N,

where B1, B2 and B3 are expressed as
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B1 = A′

1 +A1x
′Γ1

11 +A1y
′Γ1

12 +A2x
′Γ1

12 +A2y
′Γ1

22

+A3x
′GL+A3y

′GM −A3x
′FM −A3y

′FN,

B2 = A′

2 +A1x
′Γ2

11 +A1y
′Γ2

12 +A2x
′Γ2

12 +A2y
′Γ2

22

−A3x
′FL−A3y

′FM +A3x
′EM +A3y

′EN,

B3 = A′

3 +A1x
′L+A1y

′M +A2x
′M +A2y

′N

+A3x
′Γ1

11 +A3y
′Γ1

12 +A3x
′Γ2

12 +A3y
′Γ2

22.

Again the binormal vector ~b of ξ(s) is written as

~b = (A1ψx +A2ψy +A3 ~N) × (B1ψx +B2ψy +B3 ~N)

= C1ψx + C2ψy + C3 ~N,

where C1, C2 and C3 are obtained as

C1 = F (A3B1 −A1B3) +G(A3B2 −A2B3),

C2 = E(A1B3 −A3B1) + F (A2B3 −A3B2),

C3 = A1B2 −A2B1.

Theorem 3.1. Let ξ(s) be a unit speed parametrized curve on P whose position

vector lies in the plane generated by ~T and ~N . Then the following statements hold:

(a) The distance function ρ = ‖ξ‖ is given by ρ2 = α2E + 2αβF + β2G+ d2.

(b) The component of the position vector of the curve ξ(s) along the tangent

vector to the curve is given by

〈~t, ξ(s)〉 = (αE + βF )A1 + (αF + βG)A2 + dA3.

(c) The component of the position vector of the curve ξ(s) along the normal

vector to the curve is given by

〈~n, ξ(s)〉 = (αE + βF )B1 + (αF + βG)B2 + dB3.

(d) The component of the position vector of the curve ξ(s) along the binormal

vector to the curve is given by

〈~b, ξ(s)〉 = (αE + βF )C1 + (αF + βG)C2 + dC3.

Proof. Let ξ(s) be a unit speed parametrized curve on P with curvature κ > 0

whose position vector lies in the plane generated by ~T and ~N . Then

ξ(s) = αψx + βψy + d ~N.

Therefore

ρ = 〈ξ(s), ξ(s)〉 = 〈αψx + βψy + d ~N, αψx + βψy + d ~N〉

= α2E + 2αβF + β2G+ d2.

Hence (a) is proved.
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The component of the position vector of ξ(s) along ~t is given by

〈~t, ξ(s)〉 = 〈A1ψx +A2ψy +A3 ~N, αψx + βψy + d ~N〉

= αA1E + αA2F + βA1F + βA2G+ dA3

= (αE + βF )A1 + (αF + βG)A2 + dA3.

This proves (b).
The component of the position vector of the curve ξ(s) along the normal vector

to the curve is given by

〈~n, ξ(s)〉 = 〈B1ψx +B2ψy +B3 ~N, αψx + βψy + d ~N〉

= αB1E + αB2F + βB1F + βB2G+ dB3

= (αE + βF )B1 + (αF + βG)B2 + dB3.

This proves (c).
The component of the position vector of the curve ξ(s) along the binormal

vector to the curve is given by

〈~b, ξ(s)〉 = 〈C1ψx + C2ψy + C3 ~N, αψx + βψy + d ~N〉,

= αC1E + αC2F + βC1F + βC2G+ dC3,

= (αE + βF )C1 + (αF + βG)C2 + dC3.

This proves (d). �

Theorem 3.2. Let h : P → P̄ be an isometry and ξ(s) be a unit speed parametrized

curve on P whose position vector lies in the plane generated by ~T and ~N . Then the

following statements hold:

(a) The distance function is invariant under isometry.

(b) Tangential component of the position vector is given by

〈~̄t, ξ̄〉 − 〈~t, ξ〉 = (αE + βF )(α + dG− dF )(L̄− L)x′ + (αx′ + βy′dy′G− dx′F

− dy′F + dx′E)(M̄ −M) + (βy′ − dy′F + dy′E)(N̄ −N).

Proof. The distance function of the curve ξ̄ on P̄ is given by

ρ̄2 = α2Ē + 2αβF̄ + β2Ḡ+ d2

= α2E + 2αβF + β2G+ d2 = ρ2.

Hence (a) is proved.
Now

〈~̄t, ξ̄〉 − 〈~t, ξ〉 = (αE + βF )(Ā1 −A1) + (αF + βG)(Ā2 −A2) + d(Ā3 −A3)

Ā1 −A1 = dx′G(L̄ − L) + d(y′G− x′F )(M̄ −M) − dy′F (N̄ −N),

Ā2 −A2 = −dx′F (L̄− L) + d(y′F − x′E)(M̄ −M) − dy′E(N̄ −N),

Ā3 −A3 = αx′(L̄ − L) + (αy′ − βx′)(M̄ −M) − βy′(N̄ −N).
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Hence

〈~̄t, ξ̄〉 − 〈~t, ξ〉 = (αE + βF )(α + dG− dF )(L̄− L)x′ + (αx′ + βy′dy′G− dx′F

− dy′F + dx′E)(M̄ −M) + (βy′ − dy′F + dy′E)(N̄ −N).

Thus (b) is proved. �

Now let η(s) be a curve whose position vector lies in the plane generated by ~N

and ~T × ~N . Then the curve is given by

η(s) = e ~N + f ~T × ~N = e(ψx × ψy) + f{(aF + bG)ψx − (aE + bF )ψy}

= f(aF + bG)ψx + f(aE − bF )ψy + e(ψx × ψy),

where e and f are real constants not simultaneously zero. Since the curve η(s) is
a linear combination of ψx, ψy and ψx × ψy, it follows from (3.1) that the same
conclusion of Theorem 3.1 and Theorem 3.2 holds for the curve η(s) whose position
vector is lying in the plane generated by ψx, ψy and ψx × ψy.

Again if θ(s) is a curve whose position vector lies in the plane generated by ~T

and ~T × ~N . Then the curve is given by

θ(s) = g ~T + h~T × ~N = g(aψx + bψy) + h{(aF + bG)ψx − (aE + bF )ψy}

= (ga+ haF + hbG)ψx + (gb− haE − hbF )ψy,

where g and h are real constants not simultaneously zero. Since the curve θ(s) is
the linear combination of ψx and ψy, it follows that the position vector of the curve
θ(s) lies in the tangent plane. The properties of such type of a curve is described
in [11] by Shaikh and Ghosh.
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