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POLYNOMIAL OF A MEROMORPHIC FUNCTION
AND ITS k-th DERIVATIVE SHARING A SET

Abhijit Banerjee and Molla Basir Ahamed

ABSTRACT. With the help of weighted sharing of sets, we find out the class
of meromorphic functions f, when P(f) and [P(f)]®*) share a set Sy, of small
functions. Our results improve and extend the results of Zhang and Yang
[Ann. Acad. Sci. Fenn. Math. 34 (2009), 249-260] and Xu et al. [Rev. Mat.
Teor. Apl. 23(1) (2016), 291-308]. A number of examples are exhibited to
validate certain claims of the main results.

1. Introduction

Let f be a nonconstant meromorphic function in the whole complex plane C.
We shall use the following standard notations of the value distribution theory such
as m(r, f), the proxzimity function, N(r, f), the counting function and T(r, f), the
characteristic function of f, etc. (see [20]). We denote S(r, f) by any quantity
satisfying S(r, f) = O(T(r, f)), as r — +oo possibly outside of a set of finite
measure. A meromorphic function ¢ = a(z) is said to be a small function with
respect to f if T(r,a) = S(r, f). Let S(f) be the set of all small functions of f in
the complex plane C.

Let f be a nonconstant meromorphic function and a = a(z) € S(f) U{oo} and
S C S(f)U{oo}. We define

ES, f):= U {z: f(z) —a(z) =0, counting multiplicity},
a€S
ES, f) = U {z: f(z) —a(z) =0, ignoring multiplicity},
a€S
I E(S,f) = E(S,g), we say that f and g share the set S CM; if ES, f) =
E(S,g), we say that f and g share the set S IM. Especially, when a(z) is constant
and § = {a}, we say that f and g share the value a CM if E(S, f) = E(S, g); and
we say that f and ¢ share the value a IM if E(S, f) = E(S, g). For more details
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regarding values sharing by two meromorphic functions, we refer the reader to the
paper [11] and references therein.

In 1996, Brick [7] initiated the research of finding a relation between an en-
tire function f and its derivative f’ counterpart sharing a value. Briick [7] have
proposed the following conjecture which is famously known as Briick conjecture.

CONJECTURE 1.1. Let f be a nonconstant entire function. Suppose that p1(f)
is not a positive integer or infinite. If f and [’ share one finite value a CM, then
J;:g = ¢, for some nonzero constant c, where pi(f) is the first iterated order of f

which is defined by

: loglog T'(r, f)
= lim sup ——=>—"*2,
p1(f) imsup —— o

Since then a widely studied subtopic of uniqueness theory have been developed
as to find the relationship between a meromorphic function f and its derivative f*)
sharing some value or small functions (see e.g. [9l[151211[23]). A number of honest
attempts have been made by many researchers such as Gundersen and Yang [10],
Chen and Shon [8] and Al-Kahaladi [I] to solve the conjecture. In 2008, Yang and
Zhang [17] studied Briick conjecture for a slightly different class of function to give
the specific form of the function as the following.

THEOREM 1.1. [17] Let f be a nonconstant entire function, n > 7 be an
integer. Denote F = ™. If F and F' share 1 CM, then F = F' and f assumes
the form f(z) = ce?/™  where ¢ is a nonzero constant.

THEOREM 1.2. [I7|Let f be a nonconstant meromorphic function and n > 12
be an integer. Denote F = f™. If F and F' share 1 CM, then F = F', and f

Z .
assumes the form f(z) = cew, where ¢ is a nonzero constant.

In 2009, Zhang and Yang [22] improved further the above two theorems at a
large extent and proved the following results.

THEOREM 1.3. [22] Let f be a nonconstant entire function, n, k be positive
integers and a(z) be a small function of f such that a(z) # 0,00. If f* —a and

(f™)*) — a share the value 0 CM and n >k + 2, then f* = (f™)* and f assumes
the form f(z) = ce /™ where ¢ is a nonzero constant and \F = 1.

THEOREM 1.4. [22] Let f be nonconstant meromorphic function, n, k be pos-
itive integers and a(z) be a small function of f such that a(z) # 0,00. If f* —a
and (f™)*) — a share the value 0 CM and n > k +1++/k + 1, then the conclusion
of Theorem holds.

THEOREM 1.5. [22]Let f be a nonconstant entire function, n,k be positive
integers and a(z) be a small meromorphic function of f such that a(z) Z 0,00. If
" —a and (f*)*) —a share the value 0 IM and n > 2k + 3, then the conclusion of
Theorem holds.

THEOREM 1.6. [22]Let f be a nonconstant meromorphic function, n,k be
positive integers and a(z) be a small meromorphic function of f such that a(z) #
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0,00. If f* —a and (f™)*) — a share the value 0 IM and

n>2k+3++/(k+3)(2k + 3),

then the conclusion of Theorem [L3] holds.

Though the standard definitions and notations of the value distribution theory
are available in [3l[19], we explain the following definitions and notations which are
used in the paper.

DEFINITION 1.1. [3,19] When f and g share 1 IM, we denote by Nz (r,1; f)
the counting function of the 1-points of g. Similarly, we have Np(r,1;g). Let 2o
be a zero of f — 1 of multiplicity p and a zero of g — 1 of multiplicity ¢, we also
denote by N11(r,1; f) the counting function of those 1-points of f where p = ¢ = 1;
]\_f](;(r, 1; f) denotes the counting function of those 1—points of f where p = ¢ > 2,
each point in these counting functions is counted only once. In the same way, one
can define Ny1(r, 1;9), Ng(r, 1;9).

DEFINITION 1.2. [5] For a € CU {oo} and p a positive integer, let f be
a nonconstant meromorphic function, we denote by N(r,a; f |= 1) the counting
function of simple a-points of f, denote by N(r,a; f |< p) (N(r,a;f |> p)) the
counting functions of those a-points of f whose multiplicities are not greater (less)
than p where each a-point is counted according to its multiplicities. N (rya; f 1< p)
(N(r,a; f |> p)) are defined similarly, where in counting the a-points of f we ignore
the multiplicities.

DEFINITION 1.3. [5] For a € CU {oco} and a positive integer p we denote by
Ny(r,a; f) = N(r,a; f) + N(r,a; f |2 2) + -+ N(r,a; f |[> ).

Clearly, Ni(r,a; f) = N(r,a; ).
Next, we recall the following definition of weighted sharing of values which
generally measures how closed a shared value is to being sharing IM or CM.

DEFINITION 1.4. [12/[13] Let ¢ be a nonnegative integer or infinity. For
¢ € CU {0}, we denote by Ef(a,q) the set of all a—points of f where an a-point
of multiplicity m is counted m times if m < ¢ and ¢ 4+ 1 times if m > ¢. If
E¢(a,q) = Eq4(a,q), we say that f, g share the value a with weight g.

We write f,g share (a,q) to mean that f, g share the value a with weight q.
Clearly if f, g share (a,q), then f, g share (a,p) for all integer p (0 < p < ¢). Also,
we note that f, g share a value a IM or CM if and only if f, g share (a,0) and (a, c0)
respectively.

Let S be a subset of S(f) U {oo} and Ey (S, q) is defined (see [12]) by

E¢(S.q) = | Ef(a,q).
a€S
We say that f and g share the set S with weight ¢ if E¢(S, q) = E4(S, ¢). Recently,
Xu et al. [16] have raised the following question for further investigations in this
direction:
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QUESTION 1.1. [16] Can the nature of sharing 1 or a(z) CM be further relaxed
in Theorems [LT] and [L3]?

Define the set Sp, by S = {a(z),a(2)¢,a(2)¢?,...,a(z)¢™ 1}, where a(z) is
a small function of f and ¢ = cos(27/m) + isin(27/m) and m is a positive integer.
It is easy to see that S, is a set of small functions. Therefore, it is natural to ask
the following question.

QUESTION 1.2. [16] What will happen when 1 or a(z) are replaced by the set
S, in the Theorems [LIHIL.41?

In order to answer this question, Xu et al. [L6] have proved the following two
results which improved Theorems and [C4l

THEOREM 1.7. [16] Let f be a nonconstant entire function, n, k, m be positive
integers and a(z) be a small function of f such that a(z) # 0,00. If Efn(Sp,q) =
E(pnyw (Sm,q) and n > max{k+1,k+ L}, where n = k+q+2, then f* = t(fm)®
with t™ =1 and f assumes the form f(z) = ce™*/™where ¢ is a nonzero constant
and \F™ = 1.

THEOREM 1.8. [16] Let f be a nonconstant meromorphic function, n, k, m
be positive integers and a(z) be a small function of f such that a(z) # 0,00. If
Epn(Sm,q) = E(pny (Sm, q) and

gim+ 1)k + 27 N \/477(77 + gk) + (m — 1)2¢%k?
2qm 2qm ’

n>max{k+1,

where 1 = k + q + 2, then f* = t(f")*® with t™ = 1 and f assumes the form
f(2) = ce®*/™ where c is a nonzero constant and \*™ = 1.

Considering all the developments of Briick conjecture and research thereafter,
it is quite natural to expect certain extensions of Theorems up to a rela-
tion between P(f) and [P(f)]*) sharing a set of small functions, where P(f) is a
polynomial defined in Lemma

The above discussions motivate us to raise the following question.

QUESTION 1.3. Can the lower bounds of n in Theorems [L1l and [LLY be further
reduced?

NoTtE 1.1. It is worth noticing that the Theorems [I.7 and [I.§ are in fact valid
for the weight ¢ > 1.

A natural question thus arises as the following.
QUESTION 1.4. Can we obtain the same conclusions when the nature of sharing

in Theorems [ and [L8) is replaced by IM (¢ = 0) sharing?

2. Main results

In this paper, taking the possible answers of all the above mentioned questions
into background, our aim is to prove results such that Theorems [[.IHI.§ can be ac-
commodated under a single theorem. Henceforth, we adopt the following notations
from [6].



POLYNOMIAL OF A MEROMORPHIC FUNCTION... 155

Let P(z) = anz™ + -+ 4+ a1z + ag, where a; (i = 0,1,...,n) are all complex
numbers with a,, # 0 and n € N. Let

P(f) = an(f —di)" (f —di,)™ ... (f — di,)",

where a, # 0 and dj; (j = 1,2...,7) are distinct finite complex numbers and
li,l2,..., 1, 7, n and k are all positive integers with 77 l; = n. Let | =
max{li,la,...,lr} > k. In view of the factorization of P(f), we set a nonzero

polynomial Q(f1) by

T

QU =an [I (h+di—dy) =byfl+---+bifi+bo,
J=1,1;#

where a,, = by, f1 = f—d; and p = n—I. Then it is easy to see that P(f) = fiQ(f1).

We define x, by
0, ifp=0,
Xo = {1, itp>1.
We also define 4, ; and ;" ,, respectively, by

m N m . 1
Spri=@+k—i)m+k+3 and 7L, = (p+k—z)m+1+§,

where m, ¢,k € N and p,i € NU {0}.
For meromorphic functions, we prove the following result which are the main
results of this paper.

THEOREM 2.1. Let f be a nonconstant meromorphic function, k, (> k), n,
m be positive integers and a(z) be a small function of f such that a(z) £ 0,00. If
Ep(ry(Sm:q) = Ep(py (Sm, q) and
Tt +v0+/ (V0 —13)?+4C

(i) ¢ =2 andn > or

2m 5
m 1 r— — T
(11) q= 0 and n > 5pfi+50+ (Q‘ii;i 50)2+4D7
where C = (k+1+x,+3) (1+1) and D = (2k-+x, +3)(k+3), then fI* =t [f}*]®
for some i € {0,1,...,p} with t™ = 1. Furthermore, f assumes the form

F(2) = eert® 1 di
where c(# 0),d; € C and \™F = 1.
For entire functions, we prove the following result.

THEOREM 2.2. Let f be a nonconstant entire function, k, I(> k), n, m be
positive integers and a(z) be a small function of f such that a(z) # 0,00. If
Ep(5)(Smsq) = Ep()0 (Sm, q) and

(i)g=>2 andn>w+ﬁw, or (ii) ¢ =0 andn>wk_i)++k+3,
then the conclusions of Theorem 211 hold.

In Theorems 2T and 222 if we consider P(f) = f™, then it is easy to see that
X, = 0, hence we obtain some corollaries of our main results. It is worth noticing
that the lower bound of n is reduced as compared to Theorems [[.7] and [L.8
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COROLLARY 2.1. Let f be a nonconstant meromorphic function and k, n, m be
positive integers and a(z) be a small meromorphic function of f such that a(z) #
0,00. If Efn(Sm;q) = E(fnyo (Sm, q) and if

(mtDk+2r | /4 (kg+7)+(m—1)2g2k> .
2gm + 2gm ,» o7 Zf

+3)kA6 V/A(k+3) (2k+3)+ (m—1)2k?

2m 2m

(i) g=2andn > 12

(ii)q:()andn>(m , where T =q+ 1

then f = t(f™)*®), where t™ = 1. Furthermore, f assumes the form f(z) =
ce™*/™ where ¢ is a nonzero constant and \"* = 1.

REMARK 2.1. From Corollary 2Tl we see that 7 =g+ 1 < ¢+ k+2 =1n. Thus
the conclusion of Theorem [[.§ can be obtained under reduced lower bound of n.

COROLLARY 2.2. Let f be a nonconstant entire function and k, n, m be positive
integers and a(z) be a small meromorphic function of f such that a(z) # 0,00. If
Epn(Sm, q) = E(puyi) (Sm q) and if

(i)g=2 andn>kz+‘2im1, orif (i) ¢=0andn>k+ 23,
then the conclusions of Corollary 211 hold.

REMARK 2.2. From Corollary 2] it is easy to see that Theorem [ can be
obtained under reduced lower bound of n.

COROLLARY 2.3. Let f be a nonconstant meromorphic function and k, n be
positive integers and a = a(z) be a small meromorphic function of f such that
" —a and (f*)® — a share (0,q). If

(i) ¢g=2andn>k+1+;+/(1+1/q)(k+1+1/q), orif

(i) ¢ =0 and n > 2k +3+/(k + 3)(2k + 3),

then f* = (f")*) and f assumes the form f(z) = ce**/™, where ¢ is a nonzero
constant and \F = 1.

REMARK 2.3. From Corollary 2.3 we observe that if f be nonconstant mero-
morphic function, n, k be positive integers and a(z)(# 0,00) is a small function
such that f* —a and (f*)*) — a share (0,00) and n > k + 1 4+ vk + 1, then we
obtain the conclusion of Theorem [[.4]

COROLLARY 2.4. Let f be a nonconstant entire function and k, n be positive
integers and a = a(z) is a small meromorphic function of f such that f™ —a and
(fM)*) —a share (0,q). If

(i) g=2 andn>k+1+%, orif (ii)) ¢=0 and n > 2k+ 3,
then the conclusions of Corollary hold.

REMARK 2.4. From Corollary 2.4 we see that when f be nonconstant entire
function, n, k be positive integers and a(z)(# 0, 00) be a small function such that
" —aand (f*)*) —a share (0,2) and n > k 4 2, then we obtain the conclusion of
Theorem
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3. Some examples

The following two examples validate that the conclusions of Corollaries 2Tl and
fail to hold for nonconstant entire or meromorphic functions respectively when
the conditions over n are not satisfied.

ExXAMPLE 3.1. For n > 2, let the principal branch of f is given by f(z) =
(€% + 2a)w, where a # 0 is a constant and 6 is a root of the equation 2" + 1 = 0.
Let S,,, = {a} and P(f) = f™. Clearly, P(f) = €% 4 2a and [P(f)]®) = —e%* with
k = n. Therefore, we see that Ep(r)(Sm,00) = E[p(s)¢ (Sm,00) and

1 k+3
a+t + }:min{n+1,2n+3}:n+1.
m

ngmin{kz—i— , k+
qm

It is easy to see that P(f) # [P(f)]® and f(z) # ce™™ with \F = 1.

ExaMmpPLE 3.2. Consider the meromorphic function

z 4 667%2 o %(67%2)2

(1—e3%)3
A simple computations shows that P(f) = f and [P(f)]’ share (1,00). The con-

dition in Corollary [Z4] over n is not satisfied. Hence we see that P(f) # [P(f)] .
Also note that f(z) # ce*/™.

f(z) =

REMARK 3.1. In case of when (Q(z) is a nonconstant polynomial, the next two
examples show that for nonconstant entire or meromorphic functions, if conditions
over n are violating, the conclusion of Theorem [Z] fails to hold.

EXAMPLE 3.3. Let

—b 4 \/b% + 4a(ces” + e*
o) = LV Aol 1)

where a,b,¢c € C — {0}. Evidently, flaf + b] = ce® + €* and it is clear that
P(f) = flaf + b] and [P(f)] share (¢*,00). Heren =2, k=1, m=1,p=1
and ¢ = 0 and condition in main Theorem over n is not satisfied. Note that
p =17 0 and hence, x, = 1. Clearly, P(f) # [P(f)]’ and f(z) # ce*/™,

EXAMPLE 3.4. Let
=bVer T+ /(2 + 1) +4a(2e + 2+ 1)
N 2a+v/e* + 1 ’

where a,b,c € C — {0}. Then we see that flaf + 0] = %j{“ Therefore, it is
clear that P(f) = flaf + b] and [P(f)]’ share (1,00). Note that here n =2, k =1,
m =1, p=1and i = 0. The condition in main Theorem 2] over n is not satisfied.

Here p =1 # 0, so x, = 1. We see that P(f) # [P(f)]’ and f(z) # ce*/™.

f(2)

The next two examples show that in order to obtain the specific form of the
function from the assumption of the main results, the conditions over n are essential.
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EXAMPLE 3.5. Let P(f) = f where f(z) = sin(z or cos (z, where ( is a nonreal
m-th roots of unity and S,, = {a, a(, a(?,...,a{™ '}, where a = a(z)(# 0,0) is
a small function of a meromorphic function and m is an even positive integer. Here
we see that n =1, k = 25,V s € N, d; = 0 and Ep(y)(Sm,00) = Ejp(y) (S, ©0)
and

1 k+3 1 25+ 3 1
n < mm{k—i—i k+i}:min{23+—, 25 + St }:23—1——.
m m m m m

But P(f) =t [P(f)]® with t™ = 1. Also we see that f(z) # ce**/™ with A™* = 1.

EXAMPLE 3.6. Let P(f) = f where f(z) = sin(z or cos (z, where ( is a nonreal
m-th roots of unity and S,,, = {a, a¢, a¢?,...,a(™ '}, where a = a(2)(# 0,00) is a
small function of a meromorphic function and m is an odd positive integer. Here we
see that n =1, k =4s -2,V s € N, d; = 0 and Ep(5)(Sm,00) = Ejp(y) (S, 20)

and do 41 1
i }:45—2—1——.
m m

But P(f) =t [P(f)]™ with t™ = 1. Also we see that f(z) # ce**/™ with A™* =1

1
ngmin{4s—2+—, 4s — 2+
m

REMARK 3.2. The following example shows that the conclusion of Theorem
2.1l ceases to hold for n = 1.
Lomyp
EXAMPLE 3.7. Let P(f) = f, where f(z) = m and b,c (# 0) are

complex constants and m be a positive integer. Let a(z) = 2™, then it is clear
that P(f) — a and [P(f)]®) — a share (0, 00) with n = 1 = k and
n < min {k+1+é+\/(1 + %) (k Y14 %) 2h43++/(k + 3)(2k 1 3)} — kr14VE T L.

But we see that P(f) # [P(f)]*®). Also note that Also we see that f(z) # ce**/™
with A% = 1.

The following example shows that the conditions (i) and (ii) used in Corollaries
2T and are not necessary but sufficient.

EXAMPLE 3.8. Let S = {— 1,1, 1_5/§i, 1+5/§i, _1_2‘/§i, _“5\/51'} and f is given
by f(z) = /6, where X is a root of the equation 26 +1 = 0 and k = 6. Let
P(f) = f° We sece that Ep(s)(Ss,00) = Ejp(s)a (Ss,00) and

Tl B (3T 13T

qm m
But P(f) = t[P(f)]® with t™ = (=1)® = 1. Also here f assumes the form
f(2) = ce*/" where ¢ = 1 and A™* = \36 = 1.

EXAMPLE 3.9. Let S,, = {a,a(,ac?, al?, a(4} where (¢ is a nonreal 5th roots
of unity. Let P(f) = f", where f(z) = en< * where k = n. Then it is clear
that Ep(f)(Sm,oo) = E[P(f)](k)(sm, OO) with n < S min {k/’ + E, k+ %} =n-+ E
Although we see that P(f) = t[P(f)]*) with t™ =1/¢° = 1. Also here f assumes
the form f(z) = ce**/", where ¢ = 1 and \"* = (¢1/#)%F = (5 =

n < mln{k—l—
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The following examples show that the set S, in the Theorems [Z1] and can
not replaced by other set.

ExAMPLE 3.10. Let S,, = {0,—1,1,—4,i} and f(z) = e7?, where \ is a root of
the equation 2°+1 = 0. Let P(f) = f7 and k = 5. It is clear that Ep(s)(Spm,00) =
Eip(s)o (Sm,00) and n > max {k + L, k+ &3} = 233 But P(f) # t[P(f)]*
with ™ = 1, although f assumes the form f(z) = ce**/", with ¢ = 1. We also note
that A™F # 1.

ExXAMPLE 3.11. Let Si = (%%, %7, 2"7“, @, ?’“Tw, & ‘L‘IT“ , where a is an arbi-
trary nonzero complex number. Let f be such that f* = Bef? + aw, where n < 52
is a positive integer and @ and w are roots of the equations z"~7 + 1 = 0 and
23 — 1 = 0 respectively and B € C \ {0}. Let P(f) = f™. Then it is clear that
Ep(f) (Sm, OO) = E[P(f)]m(Sm, OO) where kK =n — 7 and

1 k+3
n>max{k:+]i, k:—i—i}
pm m

But we see that P(f) # t[P(f)]*® with t™ = land hence f does not assume the
form f(z) = ce**/™ with A™F = 1.

4. Key lemmas

In this section, we present some necessary lemmas which will be required to
prove the main results of this paper. Let F, G be two nonconstant meromorphic
functions. Henceforth, we shall denote H, V and U by the following functions

) =5 700 (G- 725)
(4.2) V:(;f?)*(gg_f%)’
(4.3) “:%‘gg—l‘

LEMMA 4.1. [16] Let f be a nonconstant meromorphic function and k,p are
positive integers. Then

Np(T,O;f(k)> g T(va(k)> - T(T7f> + Np+k(T70; f) + S(T7f>

Ny (r,0; f®) < kN (r, 005 f) + Npii(r, 05 f) + S(r, f).

LEMMA 4.2. [18] Let f be a nonconstant meromorphic function and P(f) =
anf" + an_1f" 1+ -+ ag, where ag, a1, ...,a, are constants with a, # 0. Then

T(r, P(f)) = nT(r, )+ S(r, f).

LEMMA 4.3. [18] Let H be given by [@I), F and G be two nonconstant mero-
morphic functions. If H # 0, then N11(r,1;F) < N(r,H) + S(r, F) + S(r, G).
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LEMMA 4.4. Let f and hence f, = f — d, be a nonconstant meromorphic
function and a = a(z) be a small meromorphic functions of f such that a(z) # 0,00
and let

_PU) AU IPUNY QU

toa(z) a(z) 7 T' alz) a(z)
Let V be given by [E2) and F = F" and G = G. Ifn, m, I and k are positive
integers such that n > k41 and V = 0, then fI7° = t[fIT®) for some i €

{0,1,...,p} and t"™ = 1. Furthermore, f assumes the form f(z) = ceTH® 4 d,,
where ¢ is a nonzero constant and \™F = 1.

ProOOF. Let V = 0. Then it is easy to see that

1 A
4.4 l—-—=A- —,
) TN T
where A is a nonzero constant. We now consider the following possible cases.
CASE 1. Let A # 1.

SUBCASE 1.1. If N(r,00; f) = S(r, f), then from ([@4]), we obtain

\T 1 m \T m
N(Tvm;]:l ) :N(r,oo;gl )ZS(T,f)
By the Second Fundamental Theorem and in view of the definitions of F,,G,, we
obtain

T(r, F7") < N(r,00: F) + N(r, 0 F) 4 N (1, =3 F") + (0, ),

1
1-A
which implies that

mn T(r, ) <N(r,0; flQ(f,)) + S(r, f) <n T(r, f) + S(r, ),

which is not possible.

SUBCASE 1.2. Let N(r,00; f) # S(r, f). Then there exists a zp which is not a
zero or pole of a(z) such that 1/f(z9) = 0. Therefore, a simple computation shows
that 1/F1(z0) = 1/G1(z0) = 0. Hence it follows from ([@4]) that A = 1, which is
not possible.

CASE 2. Let A = 1. Thus, from [@4) we obtain, F{* = G, i.e.,

P(f)=tP(NW ie, [QU) =tAQUY,
where t™ = 1. By the similar argument being used in [6] Page 160], we see that f,

assumes the form fi(z) = ceT1* for some i € {0,1,...,p} and \™* = 1. Hence f
assumes the form f(z) = ceﬁz—i—dl, where cis a nonzero constant and \™* = 1. [

LEMMA 4.5. Let V be given by (&2) and F,G,F1 and G1 be given by Lemma
A4 and n, m be positive integers. If V £ 0, then

(mnfl)N(r,oo,f)gN(r,oo,V)JrS(r,f)



POLYNOMIAL OF A MEROMORPHIC FUNCTION... 161

ProOOF. From ([£2]) and in view of the definitions of F, G, it is easy to see that
if zo is a pole of f with the multiplicity ¢ such that a(zg) # 0 and a(zg) # oo,
then zo is a zero of F'/(F — 1) — F'/F with the multiplicity mng — 1 and a zero
of G’'/(G — 1) — G’ /G with the multiplicity m(ng + k) — 1. Therefore, it is easy to
see that zg is zero of V with multiplicity p > min{mn —1,m(n+k) —1} = mn — 1,
Also, we note that m(r,V) = S(r, f). Therefore,

(mn —1)N(r,00; f) < N(r,0;V) + S(r, f)
<T(r,V)+S(r, f) < N(r,00V) + S(r, f). 0
LEMMA 4.6. Let U be given by @3) and F,G,F1 and G1 be given by Lemma
4. If n,m are psotive integers such that n >k and U = 0, then f{'” = t[f{'“](k)
for some i € {0,1,...,p} and t™ =1 and f assumes the form f(z) = ceTH® | d,
where ¢ is a nonzero constant and \™F = 1.
PROOF. Since U = 0, we obtain
(4.5) F=BG+1-58,
where B is a nonzero constant. By the definitions of F,G, F; and G;, we obtain
N(r,00; f) = S(r, f). We discuss the following cases.
CASE 1. Let B = 1. Then it is easy to see that F = G. Therefore, we have
1" = G1". Next proceeding exactly the same way as done in Case 2 of Lemma [£.4]
we obtain f{'” = t[f{“](k) for some i € {0,1,...,p} and ™ = 1 and f assumes the
form f(z) = ceT* + d,, where c is a nonzero constant and \™* = 1.
CASE 2. Let B # 1.

SUBCASE 2.1. If N(r,0; P(f)) # S(r, f), then there exists a point zy for which
P(f(20)) = 0 but a(zp) # 0. Since [ > k, then it is clear that F'(z9) = 0 = G(zp).
Now from (£, we obtain B = 1, which is clearly absurd.

SUBCASE 2.2. If N(r,0; P(f)) = S(r, f), then from ([£3) and using Lemma
AT we obtain

N(T,l—B;]:):N(T,O;g) <Nk+1(T,O;P(f))+kN(T,OO;f) <S(T’f)

By the Second Fundamental Theorem, in view of N(r,0; P(f)) = N(r,o00;f) =
S(r, f), a simple computation shows that

mnT(r,f) <T(r,F)+S(r f)

N(r,00; F) 4+ N(r,0; F) 4+ N(r,1 — B; F) + S(r, f)

N(r,0; P(f)) + N(r,00: f) + N(r,0:G) + S(r, ) < S(r, f),
which is not possible. (I

<
<

LEMMA 4.7. Let U be given by @3) and F,G,F1 and G1 be given by Lemma
4. If n, m, l, i and k are positive integers such that | >k and U Z 0, then

(1 +1i = k)m = 1N (r, 0; P(f)) < N(r,00;U) + S(r, f),
when b; is the last nonvanishing coefficient in Q(f1) for 0 < i < p.
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PROOF. Let 2 be a zero of f; with multiplicity ¢(> 1) such that a(zg) # 0, cc.
Then zg is a zero of F'/(F — 1) with the multiplicity (I+4)gm—1 and 2 is also a zero
of G’ /(G — 1) of multiplicity ((I+7)g—k)m—1 for some i € {0,1,...,p}. Therefore,
2o is a zero of U of multiplicity at least (I +4i — k)m — 1. Since m(r,U) = S(r, f),
we obtain

[(1+ 14— k)m — 1N (r, 0 P(f)) < N(r,0:U) + 5(r, f)
T(rt4) + (0. )

<
<
< N(r,00;U) + S(r, f)- O

LEMMA 4.8. Let F, G, Fi, G1 are as in Lemma A and V as in [&2). Now if
I >k and Ex(1,q) = Eg(1;q) and ¥V # 0, then the following hold:

(i) if ¢ = 2, then
(mnf 1—k— %)N(T,oo;f) < (k+1+xp T é)N(r,O;P(f))JrS(r,f).

(ii) if ¢ =0, then
(mn — 2k — 3)N(r, 00; f) < (2k + X, + 3)N(r,0; P(f)) + S(r, f).
PROOF. Let ¢ > 2 and V be defined by
/ /
V= J-“(]z:— 0 g(gg )
Since E4(1; F) = E4(1;G), hence it is easy to see that

N(r,00;V) < x,N(r,0;F) + N(r,0;G) + Ngy1(r, 1, F) + S(r, f),

where
_ 1 F 1 F'
N(q+1(T,1,f) < QN(T7 F) X gN(T,?) +S(raf)
< éN(r,oo;]:)JréN(ﬂO;}—)WLS(va)
1- 1=
< aN(r,oo;f)-i-a (r,0; P(f)) + S(r, f).

In view of Lemmas [£.1] and [£.5] we obtain

(mn =D (1,05 1) < (5%, )N 0: P(D)+ 2000 1) + N, 0:0) +(r.f)

< (éerp)N(r,O;P(f)HéN(hOO;f)+Nk+1(T,0;P(f))+k N(r,00; f)+S(r, f),
which implies that
(mnf 1—k— %)N(T,oo;f) < (k+ 1+, + é)N(r,O;P(f)) +S(r f).

Suppose that ¢ = 0. A simple computation shows that
N(r,00;V) < X, N(r,0; F) + N(r,0;G) + Np.(r, 1; F) + Np.(r,1;G) + S(r, ),
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where
N 7)< N(n 5) < N(n T) 4 56 p)
< N(r,00; F) + N(r,0; F) + S(r, f)
< N(r,00; f) + N(r,0; P(f)) + S(r, f).

Similarly, applying Lemma [£] and using a similar argument as above, we obtain
Ni(r,1;G) < N(r,00;G) + N(r,0:G) + S(r, f)
< (k+1)N(r,00; f) + (k + 1)N(r,0; P(f)) + S(r, ).
By Lemmas 1] and 3] we easily obtain
(mn — 1)N(r,00; f) < {2k + x, + 3}N(r,0; P(f)) + 2(k + 1)N(r,00; f) + S(r, f),
which implies that

(mn — 2k — 3)N(r,00; f) < (2k + x, + 3)N(r,0; P(f)) + S(r, f). O

LEMMA 4.9. Let F, G, F1, G1 are as in Lemma[{4 and U as in (&3). Ifl > k
and Ex(1,q) = Eg(1;q) and U £ 0, then the following hold:

(i) if ¢ = 2, then

((z ti—E)ym—1— é)N(r,O;P(f)) < (1 + é)N(r, o0 f) + S(r, f).

(ii) if ¢ =0, then
(U +i—k)ym —k = 3)N(r,0: P(f)) < (k + 3)N(r, 003 f) + S(r, f),
for some i € {0,1,...,p}.
PROOF. Let ¢ > 2. A simple computation now shows that
N(r,o0;U) < N(r, oo; F) + N(,Hl(r, 1, F)+ S(r, f)

< N(roo0: )+ (ZN0,0:PU) + 2N (o0 ) + 502 )

N

SN0 P(P) + (1 7) Nl o0: )+ (1),
Then applying Lemma [£7] we obtain

(@i = Bm = DN (10:P(£)) < 2N 0:P(N) + (14 7) (001 )+ (),
which turns out that

((z fi—E)ym—1— é)N(r,O;P(f)) < (1 + é)N(r, 00 f) + S(r, f).
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Let ¢ = 0. Applying Lemmas [£1] [£7] and following the similar argument as used
in the proof of Lemma A8 we obtain

N(r,00;U) < N(r,00; F) + Np(r,1; F) + Np(r,1;G) + S(r, f)
< N(r;00; ) + (N(r, 0; P(f)) + N(r,00; f)) + ((k + )N(r, 00; f)
+ (k+ DN (r,0; P(f))) + S(r, f),
which implies that
(L+i—k)ym—k—3)N(r,0; P(f)) < (k+ 3)N(r,00; f) + S(r, f).

This completes the proof. (I

LEMMA 4.10. [19] If F and G be two nonconstant meromorphic functions such
that they share (1,0) and H # 0, then N (r, 1,F) < N(r,H)+ S(r,F) + S(r,G).

LEMMA 4.11. [4] Let F and G be two nonconstant meromorphic functions
sharing (1,m) where 0 < m < oco. Then

N(r,1;F)+ N(r,1;G) — (r,l,]:)
1N - 1
+ (m =) N.n 1 F.9) < SINGL L F) + N 1:9).
LEMMA 4.12. [14] Let F and G be two nonconstant meromorphic function
sharing (1,0), (00,0) and H # 0. Then
N(r,H) < N(r,0; F| = 2) + N(r,0; G| > 2) + N.(r,00; F, G)
+ Nu(r,1; F,G) + No(r,0; F') + No(r,0;G"),

where No(r,0; F') is the reduced counting function of the zeros of F' which are not
the zeros of F(F — 1) and similarly, No(r,0;G") is defined.
LEMMA 4.13. Let F and G be two nonconstant meromorphic functions such
that Ex(1,q) = Eg(1,q) and H #£ 0 and ¢ = 0, then
T(r,F) 4+ T(r,G) < 2N5(r,0; F) + 2N2(r,0; G) + 6N (r, 00; F)
+3Np(r,1; F) + 3Np(r, 1;G) + S(r, F).

PROOF. Since S(r, F) = S(r,G), the Lemma can be proved by using Lemmas
10 £1T and Hence we omit the details. O

LEMMA 4.14. [2] If F and G are two nonconstant meromorphic functions
sharing (1,2) and (0o, k), where 0 < k < 0o, then one of the following two cases
holds:

(i) T(r

+
(i) F
(iii) F

r,
N

75

)+ T(r, g) 2[No(r,0; F) + No(r,0;G) + N(r, 00; F)
oog) N.(r,00; F,G) + S(r, F) + S(r,G)],

g
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LEMMA 4.15. Let F and G be two nonconstant meromorphic functions such
that Ex(1,q) = Eg(1,q) and H £ 0 and q > 2, then

T(r,F)+T(r,G) < 2Na(r,0; F) + 2N3(r,0; G) + 6]\7(7‘, 00; F) + S(r, F).

PROOF. Since F and G share (1, q) where ¢ > 2, hence it is easy to see that F
and G share (1,2). Now, the Lemma can be easily obtained using Lemma[ZT4 O

LEMMA 4.16. Let H be given by [@EI) and F,G, F1 and G1 be given by Lemma
44l If n, m, | and k are positive integers such that I > k and

N(T,Oo;f):N(T,O;P(f)):S(T,f)
and H = 0, then P(f) =t [P(f)]P ie, f1Q(f,) =t [F'Q(f )P, where t™ =1

and f assumes the form f(z) = ceTi® + d,, for some i € {0,1,...,p} and ¢ is a
nonzero constant and \™* = 1.

PRrROOF. Since H = 0, by integration, we obtain

1 C
(46) Fo1-G-1

+D,

where C(# 0) and D are constants. It follows from (L) that G = %,
which can be written as

(D-C)F"+(C—-D-1)

@7 Y 2 R

We now discuss the following possible cases.
CASE 1. Let D # 0,—1. Therefore, it follows from ([@1) that
_ D+1 _
N(T,;;f{”) = N(r,00; G").
D
By the Second Fundamental Theorem and in view of S(r, F) = S(r, f), a simple
computation shows that
mn T(r, f) = T(r, F{") + S(r, f)
\ m N m \ D+1 m
< N(r,00; F1") + N(r,0; Fy >+N(T’T;F1 ) +S(r, f)
< N(r, 00 f) + N(r,0; P(f)) + N(r,00,G1") + S(r, f) < S(r, f),
which is not possible.

CASE 2. Suppose D = 0. Then from (£7), it is easy to see that

]\7(7“, %;]—‘{") = N(r,0;G™).
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SUBCASE 2.1. Let C # 1. By the Second Fundamental Theorem and using
Lemma [ we obtain
mn T(r, f) =T(r, F{") + S(r, f)
= = -/ C—1
< N(ryoos F) + N(r, 0. ") + N (r, =55 7" ) + 5(r. f)

< N(r,00 f) + N(r,0; P(f)) + N(r,0,G") + S(r, f)
< (k+ DN (r,0; P(f)) + (k + 1)N(r, 00, f) + S(r, f) < S(r, ),
which is not possible.

SUBCASE 2.2. Let C = 1. Then it is easy to see that = G and this can be
written as P(f) =t [P(£)]® e, fLQ(f,) =t [F'Q(f,)]P By the same argument
used in Case 2 of Lemma .4 it is easy to see that f assumes the form

flz)= ceTH* + d,,
where c(# 0),d, € C and A™* = 1.

CASE 3. Let D = —1, then from ([@.T), we obtain

C+1)F™-C
F '
Following Case 2, it is easy to show that C = —1. Therefore, from ([&8]) we obtain

FmGr = 1 which turns out that P(f)[P(f)]®) = t a2, where t is a constant
satisfying t™ = 1.

Since N(r,o00; f) = S(r, f) = N(r,0; P(f)), a simple computation shows that

(4.8) g

nT(r, f)=2T|r, P((I ) (r, (Pt((}))Q) +0(1)
(k)
<7(r PIQ{?) ) +0(1)
[P(f)*) [P(HI™

m(r, P ) JrN(T, W) +0(1)
< N(r, 00 [P(F)]W) + N(r,0; P(f))) + O(1)
< N (1,00 f) + N1, 0; P(f)) + O(1)
< S f),

which is not possible. (I

5. Proof of the main results

PROOF OF THEOREM [2.1] Let F; = 1:((5)) = % and G; = [Pg{i])(k) =
! (k)
% and F = F*, G = G, where f and hence f; = f —d, is a nonconstant

meromorphic function. We discuss here the following cases.

CAse 1. If UV = 0, then by using Lemmas [£.4] and .6, we obtain the conclu-
sions of Theorem 2.1
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Casg 2. Let UV # 0, then from the assumption of Theorem 1] we see that

Er(1,q) = Eg(1,q).
SUBCASE 2.1. When ¢ > 2, then by using Lemmas [£.8 and [£.9] we obtain

(5.1) (mnflfkf 5) ((l+ifk:)mflf é)N(r,oo;f)

< (k:+1+xp+é)(1+é)ﬁ(noo;f)+5(r,f),

(5.2) (mn—1-k- é) (@+i-Kym—1- é)N(r,O;P(f))

1 1\ -
< (k41 + ) (14 2 ) N0 P(P)) + 50, ).
Therefore, it follows from (G.1) and (B.2) that
(5.3) ((mn — ;) (mn — ;) = C)YN(r,00; f) < S(r. f),
(5.4) ((mn — ;) (mn —3;";) = C)N(r,0; P(f)) < S(r. ),
where 7", = (p+k —i)m+1+ 1 and C = (k+1+x, +4)(1+ ).

q
It is easy to see that

(mn —yp ;) (mn — 73) —C=m’n?- m(yp; + vj)n + (737;1_1' -C)

7£i+701+\/(7171_i,701)2+40

_ o2
- (n 2m )
Vi e — \/(V;L -2 +4C
< (n- )
2m
In view of the assumptions of Theorem 2] it follows from (53)) and (5.4]) that
(5.5) N(r,0;P(f)) = S(r, ) = N(r,00; f).

We consider the following two cases:

CaSE 2.1.1. Let H # 0. Using Lemmas I3 and (B8], we obtain

T(r, f) = S(r, f), which is a contradiction.

CASE 2.1.2. Let H# = 0. Then from Lemma (.16, we obtain the conclusion
Theorem [Z11

of

SUBCASE 2.2. When ¢ = 0, using Lemmas [£.8 and [£9] a simple computation

shows that
(5.6) (mn —2k—3)((l+i—k)m —k—3)N(r,o00; f)
< (2k+x, +3)(k + 3)N(r,00; f) + S(r, f),

(5.7)  (mn —2k—3)((I +i—k)m —k —3)N(r,0; P(f))
< (26 + x, +3)(k +3)N(r, 0; P(f)) + S(r, f).
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In view of equations (5.6) and (5.7)) and following Subcase 2.1, rest of the proof can
be carried out, hence we omit the details. [l

PROOF OF THEOREM [2.2] Since f is an entire function, we have N(r,o0; f) =
S(r, f). U = 0, then using Lemma [L.6] we obtain the conclusion of Theorem 22
If U # 0, then using Lemma for ¢ > 2, we obtain

(mn — 6, )N (r,0; P(f)) < S(r, f).

: ki 1 : -
Since n > EFEZUmatatl o rrive at a contradiction.

mg
When ¢ = 0, applying Lemma L9 we obtain

(mn —6,;" )N (r, 0; P(f)) < S(r, f),

which is a contradiction since n > W++M.

Thus, N(r,0; P(f)) = S(r, f). Rest of the proof follows from Cases 1 and 2 of
the proof of Theorem 211 O

6. Some questions

In the study of sharing set problem by meromorphic functions, reducing cardi-
nality of the set is the main trend of the research. Hence, it is our utmost interest
to see the possible answer of the following question.

QUESTION 6.1. Can the lower bound of n be further reduced in Theorems 2.1
and 2217

To prove the main results of this paper, we have used Lemma [4.13 for ¢ = 0
and Lemma [L.13] for ¢ > 2. But we are unable to prove the main results for ¢ = 1.
Hence we have utmost interests to see the possible answer of the following question.

QUESTION 6.2. Can we prove Theorems 21l and 22 for ¢ =17
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