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ASYMPTOTIC DOUBLE SUBSERIES

Richard F. Patterson, H. M. Srivastava, and
Ekrem Savag

ABSTRACT. In 1964 Salat presented a notion of asymptotic density of single
dimensional subseries. Using this notion he presented a series of theorems sim-
ilar to the following. If dy, be a decreasing sequence such that lim inf,, nd, > 0
and let the subseries (z) = ZZO:1 er(z)dy of the series Zzozl dy, be conver-

p(n,z)
n

gent, then p(z) = lim, = 0. Following Salat’s patten, we present a

notion of double subseries and a natural variation of Salat’s theorem.

1. Definitions, Notations, and Preliminary Results

The main goal of this paper is introduce the notion of double subseries. To that
end we begin with the following notions of convergence in the Pringshiem sense and
subsequence of a double sequence.

DEFINITION 1.1 (Pringsheim, 1900). A double sequence x = {z;} has a Pring-
sheim limit L (denoted by P-limxz = L) provided that, given an € > 0 there exists
an N € N such that |z;; — L| < ¢ whenever k,! > N. Such an {z} is described
more briefly as “P-convergent”.

In the later stage different classes of double sequences were introduced and
studied in [IL[7HIT].

DEFINITION 1.2. A double sequence is totally null provided that its Pringsheim,
rows, and columns limits are all zero.

Following this notion of convergent in the Pringsheim sense the author intro-
duce the following notion of subsequence of a double sequence.

DEFINITION 1.3 (Patterson, 2000). A double sequence {y} is a double subse-
quence of {x} provided that there exist increasing index sequences {n;} and {k;}
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such that, if {z;} = {zn, r, }, then {y} is formed by

xr1 T2 Ts5 T10
T4 X3 T - —
T9 TY T —

Using this notion the author present a series of natural characterization of
double sequences in [4]. In a similar manner the goal includes the introduce of new
notion of double subseries and the presentation of natural variation and implications
of the following theorem. If d,, be a decreasing sequence such that lim inf,, nd,, > 0
and let the subseries (z) = Y~ | ex(x)dy, of the series > -, dj be convergent then
lim, 1 37 €x(xz) = 0. It shall be observed that in 2012 Ganguly and Dafadar
presented a definition of double subseries similar to the one presented here and two
theorems that are similar to the main theorems below without proof in [3]. To that
end let us consider the following double series

a1 + a2 + a3z +
00,00 a1+ a2 + azz +---
1.1 S = = . . .
D 2 ama=l g ny +
m,n=1,1
+ + +
and let
d171 < d172 < d173 < e < dl,n <
do1 < dap < doz < - < doy <
<

d371 < d3zo < d373 < e < d37n

be an increasing sequence of natural numbers in each row and define k! = djq, K, =
dj72, k% = dj,3, e and li = dl,i; l% = dg,i, lé = dg,i, ey Where i,j = 1,2,3,4, e
The double series

ag: g1 + ag2 11 + ags 11 + + agp 11 +--

%000 ez ToGkzz T Ggaz T toakpz +

D akiy = + o+ 4 + 4
m,n=1,1

+ i+ + + 4

is called the double subseries of the double series (ILI]). Let us now consider a single
dimensional sequence of numbers of in the interval (0, 1] in their dyadic expansions
with infinity many digits to, thus to each element z* of the sequence of {xk},;”;l in
(0, 1], will yields following expression

(1.2) 2h =g (2)27
=1
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where oy (x) = 0 or 1 and for infinite number of | with fixed k, ag;(x) = 1. The
following double infinite series can be associated with (2]

00,00

(1.3) Sy = Z ak,l(x)am.

k=11

The method grants us to tools to transfer the set of all double series of a given
series into (0,1]. Let us consider the subseries (L3) of the series (I1]), and define
it in the following manner

K,
p(k,l,x) = ass (z).
5,6'=1,1

Then numbers

k,l k,l
p1(x) = P-lim inf pk,L,z) and pa(z) = P-limsup M,
k,l—00 kl k,l—00 Kl
shall be called the Pringsheim lower and upper asymptotic density of the series
([C3) in (TI). In addition if these limits exist we shall called the following number
the Pringsheim asymptotic density of the series (IL3) in (LI)):

_pk, 1, x)
z) = P-lim ———=.
p(x) k,l—00 kl
Let us now define lower and upper; row and column asymptotic densities and their
corresponding row and column densities. The respective pair of numbers defined
lower and upper row asymptotic densities and lower and upper column asymptotic
densities,

k,l k,l

pi(x) = lim inf M, for each k, pi(x) = limsup M, for each k,
l—o0 l—o0 l
k,l k,l

p§(z) = liminf M, for each I, p5(x) = limsup M, for each I.

k—o0 k k— o0 k

Corresponding to the lower and upper column and row densities we are granted the
following densities

k.l , ko,
p"(z) = lim M, for each k; p®(z) = lim pk.l,z)

, for each .
l—o0 l k— o0 l

It should be noted that pq(x),pg(x),pr(z),p‘f(l‘),pg(l‘),pr(z),pl (:L'),pg(l‘),p(l') are
all in [0,1]. The following is an example where the Pringsheim, row, and column
densities all exist.

EXAMPLE 1.1. If apy = 75; k,1=1,2,3,4,5,... and S, = domici ak(w)ag,
is convergent in the Pringsheim, row-wise, and column-wise sense them

pi(2), py (), p" (), pi(2), p5 (), p" (x), p1(2), p2(2), p(x)

are zero.
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2. Main Results
THEOREM 2.1. Let {ax,} be a totally null double sequence and

P—ligr} inf klag,; > 0.

Let the double subseries Sy = Zflgl ag(x)ak, of the double series Zzolgl ag,
be P-convergent. Then
p(k,l, )

0
W

p(x) = P—k111lm

implies that S, is divergent.

PROOF. Let us assume po(x) = P-limsupy ; p(k,;i’z) > 0, then there exist k
and ! such that p(k,l,x) > §'kl. In addition there exists ¢ > 0 such that klay; > §
for all k,1 =1,2,3,4,.... In a manner to Salat presentation in [6] we now consider
arbitrary natural numbers K and L and let € = %5’ 6 and choose kg and [y such
that ko > K and ly > L, p(ko,lo,x) > d'kolo, and K Lay,;, < %5’5 = ¢e. Now it is
clear for the kg and [y above we are granted the following estimation

ko,lo ko,lo
Z ar,s(x)ar,s 2 Akq,lo Z ar,s(x)
r,s=K+1,L+1 r,s=K+1,L+1
ko,lo K,L
= Qko,lo [ Z ar,s(x) — Z ar,S(@]
r,s=1,1 r,s=1,1
> Ak, lo [5%’010 — KL]
> €.

Thus via the Cauchy-Bolzano theorem [2] the double series S, is not convergent. [

The following corollaries are natural extension of the above theorem.

COROLLARY 2.1. Let {ax,} be a column null double sequence (i.e. each column
is a null sequence) and iminfy_ o kag,; > 0 for each l. Let the double subseries
S, = Zzolgl agi(z)ag,; of the double series Zzolgl ak,; be column convergent.
Then

o) = lim pk, 1 z)

Jim A =0, for each .

COROLLARY 2.2. Let {a,;} be a row null double sequence (i.e. each row is
a null sequence) and liminf; .o lag; > 0, for each k. Let the double subseries
S, = Zflgl ag,1(z)ak, of the double series Zflgl ax,; be row convergent. Then

p'(x) = lim Lk’l’x)

=0 l

=0, for each k.

That the conditions di,j 2 di,jJrl; di,j 2 diJrLj, and di,j 2 di+1,j+1 in the above
theorem are important, illustrates by the following example.



Now clearly the double subseries
asymptotic density in the original series is 4.
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ExaMPLE 2.1.

Z (1 " 1 " 1 )+<1 " 1 n 1)
a = _— _— _— -
BT\ T 201 T ez 2.1 " 22.1 " 24.1

+(1+1+1)+(1+1+1)
3-1 25.1 ' 26.1 4.1 7271281

+( Ly Ly )

n-1 ' 22n=1.1 " 22n.1
+1+1)+(1+1+1)
1.2 2.2 22.2 2.2 1 22.2 21

+(1+1+1)+(1+1+1)
3.2 25.2 " 26.2 4.2 7272 282

+
P
‘ =

+( Ly 1 )+( Lyt 1 )

1.2m "2 gm " 92.gm 2.9m " 22.9m " 91.]

+( Lyt )+( Loyt )
3.2m ' 25.gm " 26.9m 4.gm T 9T.gm " 8. gm

1 1 1
+ (n-2m T omT gm T 22n-2m)

00,00

1 ;
ij—1,1 3777 is a P-convergent sequence and its

9
We will also establish by example that the condition P-liminfy ; klay,; > 0 can

to be replace by the weaker condition Y ;> | ak; = +00.

ExampPLE 2.2. If we let m,n=1,2,3,4,...
1

Ammthm nntin = oy n¥2

where k,,, and [,, are integers such that 0 < k,, < (m + 1)"”‘1 —m™and 0 <[, <
(n+ 1"+t —nn,

For a double sequence with elements defined as follow k,,, = 2m™ and [,, = 2n"

we granted that P(2m™,2n", z) > m™n" which implies that ps(z) > 1 and with
kp = (m +1)™" and [,, = (n + 1)"*! and consider

P((m+ 1) — 1, (n+ 1) — 1,2)
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this implies that py(x) = 0. Thus Theorem 2.1] false.

THEOREM 2.2. Let Z;Olz 1 Gk, = 00, let there exist v and s such that

dpyp < dpys1 < dgytra < o < dpyp <
dot1p < dopr1ypr1 < dopryz < - < doyrgrr <
dpt2p < dpr2yt1 < doragpyr < o0 < dgpagr <
Aotk < doprhyts < doykprz < o0 < dpgrgrt <
Then
00,00
Sy = Z ok, (z)ag, < +oo
k=11

where a1 (z) is defined above. Then
k,l
p1(x) = P-liminf p(k, )

k,l— 00 kl

=0.

PROOF. Let us assume pp(z) > 0. Then there exists 6 > 0 such that for all
k>2r>d¢andl > s > ¢ withr > 2and s > 2, respectively, and p(k, [, z) > kl6 > 0.
Then by the following variation of double Able’s summation formula we obtain the
following

r+a’,s+3'
Z a;j(@)a;; =—p(r—1,s —1,z)ars—1 +p(r,s —1,2)(ars—1 — Gry1,5-1)

1,j=r,S

+p(r+1,s—1,2)(ar41,5-1 — Gry2,6-1)

+p(7" + CY, - 1; s = 131')(@7"4—0/—1,5—1 - ar—i—a’,s—l)
+ —p(r — 1,8, 2)ars + p(r, s, x)(ars — @ri1,s)
+p(7’ + 15 S, z)(arJrl,s - ar+2,s)

+p(7’ +a' — 1,s, z)(arJra’fl,s - ar+a/,s)
+ —p(?" - 1a s+ 151')017",5-{-1 +P(7"a s+ 1; x)(ar,s—i-l - a7‘+1,s+1)
+p(7" + 1; s+ 13 -T)(ar—i-l,s-l-l - ar+2,s+1)

+P(7“ + CY/ - 1; s+ 1ax)(ar+a’—1,s+1 - ar-l—o/,s—i—l)

+ —p(?" - 1a s+ BI - 1; x)ar,s—i-ﬂ’—l
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+p(7’, s+ ﬂl -1, x)(ar,erﬁ’fl - ar+1,s+ﬁ/71)
+p(r+ 1,548, 2)(ar11,508 — Gri2sp-1)

+p(7’ +a' — 1,s+ ﬂla z)(arJra’fl,erﬁ’fl - ar+a’,s+ﬁ’71)
> —[p(r— 1,s—1,2)+p(r—1,s8,2)+p(r—1,s+1,z)

r4a’,s+p’
oA pr =L+ - Lo +5 Y ay
1,J=T,S
it is clear the that right side sum to oo. Thus the theorem is proven. (]
Similar to Corollary 2.1l and theorem above we are granted the following:
COROLLARY 2.3. Let Z?L ax,; = oo for each k, let there exist r such that
dr,s < dr,s+1 < dr,s+2 < e < dr,s-i—n <
dr+1,s < dr+1,s+1 < dr+1,s+2 < e < dr—i—l,s-{-n <
dr+2,s < dr+2,s+1 < dr+2,s+2 < e < dr+2,s+n <
Then

o0
Sk = Zakyl(:c)akﬁl < +oo
=1

for each k where ay(x) is defined above. Then

fo

10.

L k l
pi(z) = liminf M =0
=0 l
r each k.
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