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INFINITE TRIPLE SERIES BY INTEGRALS

Chunli Li and Wenchang Chu

ABSTRACT. A large class of infinite triple series are explicitly evaluated by
computing definite double integrals. Several remarkable formulae are pre-
sented in terms of 7 and In 2.

1. Introduction and Outline
For A € Z and u,v € Ny, define the triple series

(1.1) S (p,v) = i (_nA) [i rffz');; i 7511;11”}

n=0 =1 j=1

where the two sums with respect to 2 and j can also be expressed by Hurwitz—Lerch
transcendent (also called Hurwitz—Lerch zeta function).

The aim of this article is to establish closed formulae for this series. Firstly, it
is trivial to see that there holds the following symmetry:

(1'2) S/\(May):Sk(V’M)-
Then for m € Ny and n € Z, recall the binomial identity
-A . k— A
()= () )
n Py n+m
which can be explained by the finite differences (i.e., the mth difference of a polyno-

mial of degree m+n). When m < min{y, v}, we can manipulate the series Sy (u, )
as follows:

s =S5 (1) 5 (47 S

k=0 n=0 i=1 j=1
. _ (=2 — (1) & (-1t
Eor () -
l;)() <anO n ;n+i+u—m;n+j+v—m

This gives rise to the recurrence relation.
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LEMMA 1.1. Let m be an integer subject to 0 < m < min{u,v}. Then we have

the following recurrence relation:

m

$30m) = " (1) Sacslp = o m).

k=0
In particular for m = 1, we have the following simpler recurrence
(1.3) Sxa(p,v) =Sna(p—1Lv—1)=S\(u—1,v—1).

By writing the two inner sums as definite integrals

S . SN T
Y ————=> () [ ety
Sntitp 0

i=1
1 00
:/ x”*“[Z(—l)ilxil} dx
0 i=1
1 n+p
:/ z dzr
o 14+
and
— (=1)7! i PR
S A S [ty
= n+j+v = 0
/ n+u|:z ] lyj1:|dy
j=1

1, ntv
= / =y,
o I+y
we can express Sy(u,v) as

oo

-\ 1$n+,u 1yn+u
S = d d
A, v) = Z(n)/()1+zw/()1+yy
sy’ dedy o= [—A n n
// (1+2) 1+y)z<n)$y'

Evaluating the inner sum by the binomial theorem
(=2

> (e =
n=0 n

leads us to the following double integral representation.

LEMMA 1.2. Let A\ pu,v be three integers with A € Z and pu,v € Np.

following integral representation holds:

// xHy? dzx dy
(I+2)(1+y) (1 +ay)

According to Lemmas [[LT and [[L2] we have the following observations.

The
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e Case A = 0. In this case, the corresponding double integral becomes a product
of two single integrals

zhy” /1 at /1 y
drdy = d d
// (1+2x) 1+y)$y 0 1+xz0 1+yy

Both integrals are computable since their integrands are simple rational functions.
e Case A\ < 0. According to the binomial theorem, by expanding (1 4+ xy)~* in
Lemma [[2] we can express Si(u, ) in terms of So(u/, ).
e Case A > 0. In view of Lemma [[LT| we can reduce Sy(u,v) to a linear com-
bination of Sy (¢',0) or Sy (0,v'), where X' € Z and p/,v" € Nyg. By symmetry,
the only series remains to be evaluated is Sy(p,0) for A € Z and p € Ny.

By making use of the algebraic relation
at = (=1)

we can express

S)\(,LL, 0) (

where

/ / zt dx dy
1+y)(1+ (1491 +ay)

Therefore, the problem of evaluating Sy(u,v) is reduced to doing that for two
series S»(0,0) and Th(p). They will separately be dealt with in the next two
sections. Finally, the paper will end in Section 4, where a conclusive theorem will
be presented together with several tabulated sample formulae. In order to assure
the accuracy of computations, numerical tests for all the equations have been made
by appropriately devised Mathematica commands.

Throughout the paper, the following notations will be utilized. For an indeter-
minate z and n € Ny, the rising factorials are defined by

()o=1 and (@), =z(xz+1)---(z+n—-1) for neN.
For n € Ny, the skew harmonic numbers (cf. [1L[2,[7.[9]) are defined by

_ _ n (_1)k—1
Hy=0 and anzi.

Differently from classical harmonic numbers that can be treated by generating
functions [3], partial fractions [5] and hypergeometric series [4,[6], the following
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two known integral representations will be useful in this paper

1 n
. _
1.4 dex = (—-1)"(In2 — H,
(1.4 | tide = 1r (2= 11,),
. i 0, n — odd;
n n n+1
(1.5) / y"In(l +y)dy = (-1 —= ++1 21n2
0 , N —even.
n+1

2. Evaluation of Sx(0,0)
Consider the difference

(1 —zy)dxdy
25 (0,00 =5 (0,0) = // e [T

By applying the equation

l-—ay=(0+2)+(1+y)-(A+2)(1+y)

and then the symmetry, we can reduce the double integral to a single one

dx dy
2
S14+2(0,0) — S(0,0) = // AT )1+ 2y

dx dy dx dy
/,/ (1+y)(1 +ay) ! / / (1+ay) M+t
72// dx dy // dx dy
(14 z)(1 4 xy) 1 (1 4 xy) 1
(1 —2a)dzdy
// (14 2)(1 + zy)r !
/‘1xnﬂ+x) qu
0 by (1+$))\+1

Now reformulating the integrand

(1—3@)[(1—}—30)/\—1}_ (1—x) A
Az(1 + z) M1 A1 )M =

we can evaluate, by separating the term with k = A, explicitly

1u—xnu+xy—qd 1—m2
/0 Az(1 + z) M1 T

., —1—k+M

YA —k+1)

M

k=1

In general, we have the following general statement.
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PRrROPOSITION 2.1. For \ € Z, we have the following formulae:

-

(14 zy)~ A —\2
<0: dxdy = In2 — Hy);
ASO A(0,0) // (1+2x) 1+y)xy kz_o(k)(n ¢)
A=1: 51(0,0) = (Furdui and Bradie [8])

A—1

24
1_ln2+ (2FA —1—k+))
2\ 2N -k -k +1)

1
A 2 1: Sl+)\(0,0) = §SA(0,0) +

REMARK. By iterating A times the recurrence in Proposition[2.I] we can derive,
for A > 1, the following explicit formula

2 A—1 A—17—-1 A/ok—
T 1—In2 2772(2 J—l—k—f—j)
SA(O’O)*12x2A+;jx2Aﬂ lekl KYG—k+1)

PROOF. For the A > 0 case, the series Sx(0,0) can be evaluated explicitly by
the recurrence relation as long as the initial value S;(0,0) is determined. First we
reduce it to a single integral by

51(0,0) = /01 /01 (1 +:c)(1didyy)(1 + zy)

/1 2  In(l+z) /1 In 2= dz
= — dr = —_—.
0o [1—a? 1— a2 o 1—2a?

Then making the change of variables by z — T’ we can evaluate
1 2
In(l+y)dy =
1(0,0) /0 2y 24

We remark that evaluating the above triple series S1(0,0) was proposed as a
Monthly problem [8] by Furdui and resolved by Bradie subsequently. This has
been the primary inspiration for the author to work on this subject.

The A < 0 case can be verified as follows:

-
(1+xy)? .Y A\ k&
1(0,0) // i+ 1+y)dmdy [Where(l—i—xy) :Z g )T Y

k=0

S e e G

k=0

where the last passage is justified by the integral formula (L4). O
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According to Proposition 1] we deduce in succession the following explicit
formulae:

51(0,0)12—2, S-1(0,0) =142In*2 - 2In2,
52(0,0):%+gfh172, 572(0a0):§+4ln2275ln2,
33(0,0)—1_9“”_;,11172, 5_3(0,0):%%11122_32?2,
&(o,op%nﬂ_;f%’ 50,0 = 281 ggppp - L2
S5(0,0) = % n 3%; - h% 5_5(0.0) = 31080607 Caom?e 6611?12'

3. Evaluation of T(u)

According to the partial fraction decomposition

1 1 A z
(T+y)(+azy)*  O—2P(1+y) ; (1 =) AR (1 4 )™

we can integrate with respect to y

/1 1 gy BT +Z 1— (14!
o T+y)(1+azy)r v= (1—x)* E—1)(1 +2)k—1(1 — z)ttAr—k"
This reduces T (i) to a single integral
1
T = [ RO pia)da,
0

where the integrand is given by

A —
. 14z 1.#[17(14»%)]“ 1]
R(A, g ) = ﬁ + (k= 1)(1+ 2)k=1(1 — z)t+A=k"

Observing that

R i) =R p+1Lz) =R =1, p32) +
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and

1 . 1—(1+ A—1 1 1 n
/ z [ ( )\z)l }dz/ x“dz+/ xi“dx
0 (1+a)~ 0 o (I+x)*

k=070
1 M In 2, k=XA—2;
- = _1)r—k H _
k=0 2+k—)\, 7& -4

We find the explicit formulae as in the following proposition.

PROPOSITION 3.1. For A € Z and p € Ny, we have the following formulae:

A<0: To(p //x”l—l—xy Admdy:%(ln2—ﬁ_>\)

1—\
+Z(71)/\k )‘—zk: #
— k)A=A+p—kl = \i-1/1-2A A—1i’
72 In?2
A=1:T; =_— -
10 =5 -
In2 I_{ 1
Ti(p+1) —Ti(p) = (-1 — (=1L
1+ 1) = Ti(p) = ( )MJr1 ( )qul
A—1
1—27F
A>1:T5(0
> 110 2 kA1)’
Ta(p+1) = Tx(p) — Tr-1(p)
" _ 1112, k/’:)\—27
e R Ve (§ | P -
- 2+ k-~ '

PROOF. The recurrence relation for A > 1 is already determined. But we have
to check the case A = 1. It is not hard to compute the initial value

// _dzdy /1ln(1+y)d 7 In®2
Aryltay) Jo v0ty W 12 2

Next, by reducing the integral

M):/Ol/olmm:dy
1 pl L R
:// [1—$)(1+y)(1—x)(1+xy) dx dy

:/ IE'U'IHH_—md
o l—=
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and then invoking (L)), we confirm the difference respect to u

When A <

()

1 1
Ti(p+1)—T1(p) :/ x”ln(1+z)dz—ln2/ atdx
0 0

u In2 Hu+1

0, the integral can be done as follows:

M 1 =X
//ac —l—xy dedy [writing 14+ 2y =(14+y) —y(1l — )]

e | ,j) [ =t [ty

H(=M)!
L)) (ln2—H_,) (the initial term with k& = 0)

e (Nt e e e () e

For the remaining case A > 1, we have

By writing

Y A R
// A +y) T +ay /o(A—l)y(ler)Ady'

we can evaluate

A—1
L+t —1=y) ([1+yF"
k=1
2 J B0 T 2R

According to Proposition Bl it is possible to compute T)(u) when A € Z and
u € Ny are specified by small values. For —3 < A < 3 and 0 < p < 3, we tabulate
the values of T (u) below, which shows that the corresponding integrals result in
rational numbers when A — p > 2.
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TABLE 1. Values for Ty ()

-3 | i+ 2+ 58 384 2 oL 4 o2
2 s | it ) 12412
Ll st | 5+ it 14 In2

0 In2 In2 L2 2

3 % 136 %7%+1%27# %7%+¥7%

4. Evaluation of Sx(u,v)

Finally, we are ready to evaluate Sx(u,v) in general. Since Sy(p, V) is symmet-
ric with respect to pu and v where u, v € Ny, we assume that p > v. By making use
of Lemma [[LT we can write

v

$3m) = Y1 ()10 - .0)

k=0

In view of the algebraic relation

n—v
B = (S (L) 3 (1),
j=1
we can proceed further with
1 1 v
Sx—k(pp—v,0) = dzx d
st = [ T
n—v
= (—=1)"7"Sx_k(0,0) + Y (=1)F I Th k(G — 1)
j=1

By substitution, we arrive at the following general theorem.

THEOREM 4.1 (A € Z and p,v € Ny). For any triplet integers A, p,v with
A €Z and p,v € Ny, the corresponding triple series Sx(p,v) has always the value
in Q(1,In2,1n%2) and Q(1,72,1n2,1n?2), respectively, for A <0 and A > 0, where
Q(A) is the Q-linear space generated by A C R. More precisely, assuming Sx(0,0)
and Tx(p) as in Propositions 21 and [31], respectively, the following infinite series
identity holds:

Sa(p,v) = D (—1)n=* v Sx_1(0,0) + ~ (v #7U(71)“_k_jT,,('71).
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Sx(u,v) with —4 < A < 5 and 0 < g, v < 3 in the following two tables.

TABLE 2. Values for Sx(p,r) with —4 <A <0

L [n\v] 0 | 1 | 2 | 3 |

0 n2 2

ﬁ 1 In2—1In2 2 1+In22-21In2

<| 2 n2 2132 3p2_ 1 12> L+inZ2-1n2
3 g2 -wm?2 §+n? 2z Hgn2 Hp2 -2 3§ +w?2-5lp2
0 1421n22-21n2

‘T 1 51;27%721&2 242m22-312

’ll 2 242m22-Tln2 1rln2_ 1l 2122 L+2m22-8ln2
3 29002 T _21n22 4212235002 Uln2_ 62 _5m22 1942122112
0 %+41;122751nz

CT] 1 16102 1741525 9 4a1n? 2 17102

J<| 2 42141222102 ST1p2 131 _41n22 98 1412 2 1lln2
3 317in2 187 41022 10 441022337002 83ln2 443 _4in22 189 441022167102
0 %+81n2 P 32;12

‘? 1| 181n2_ 233 51,25 801 4 g1n2 2 6T1n2

’1 2 L5 451022 163102 671022639 g1n22 | 3371 s1n22— 166102
3 6531n2 619 _g1n2 2 2899 15102 2 167 In2 1831n2 889 _g1u2z | LTL g1,2 5 111in2
0 1241 _131In2 416102 2

T 1 661in2 4969 16102 2 | 29300 _ 66TIn2 4161n2 2

’|<| 2 P38 t16m22-221n2 | 1llIn2 8873 161522 | 1807 133102 4161n2 2

w

23111ln2 5171
0

200353 _ 23321n2

25200 105
+161n2 2

46571n2 _ 37817
2 5040
—161n%2

1382131

176400

1

70
+161n2 2

5531n 2
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TABLE 3. Values for Sy(u,v) with 1 <A <5

L [ev] 0 | 1 | 2 | 3 ]
0 z2
22
i 2 2 2
I In“ 2 2 I
I 1 T In®2-57
2 2 .2 2
~ 2 In2+%5 -1 102—72"—4—1"T2 1457 —21n2
2 .2 2 . 2 2 . 2 .
1 I In“ 2 In2 I 2 3ln2 I In< 2 In2 1 2 I 3
3 itor "7 o 1= 57 +In®2—=5= Tt 3 In®2+In2— 57 -3
2
1,72 In2
0 2 + 48 2
(o} 2 2
In2 x= 2 In2 1
I 1 3 48 st 3 3
~ 3 x2 1?22 3In2 x2 122 In2 1_x2 1,25 In2
2 3T Tet z 6 2 2 316 TIn"2-73
2 2 . 2 2 . 2 2
1 572,22 , n2 | 522 _5_In22 5In2 3ln2 bz 1,572 1.2, 3In2
3 27748 T3 T 3 8 "2 3 T2 2 18 3t ~InT2-5
2
9 , x2 In2
0 6t "z
2
o] 1 n2_ x2_ 1 n~ 1
I 96 8 6 16
~ 5  x2 In2 1_ =2 x2  In2 7
2 161096 2 8706 96t 2 ~16
2 2 .2 2 2. . 2 .
7x2 _In22 9 19 722 In%2 772 22 1_In2 | 15_7x 2,5
3 96 3 —stn2 | 15—tz "2 | 56 3 872 16~ 96 TIn"2-In2
0 151 4«2 5In2
288 7192 ~ 12
= 1 5n2_ 13 _ z2 11, 22 In2
I 12 796 192 288 7162 ~ 12
~< 85 , x2 5ln2 1 x2 ,In2 x2 20 ,In2
2 288 T192 ~ 12 56 “ 192 T 12 192 388 T 1
3 5In2_19 _ x2 5 +7r271112 11_ 72 _In2 2 _ 97 4+5In2
12 96 192 288 192 12 96 192 12 192 288 12
0 1075 | 72 _In2
2304 T 38 3
0 1 In2_ 67 _ =2 133+7r271112
|| 3 576 384 2304 384 12
~< 2 587 | x2 In2 In2 11 =2 2 5
2304 T 38 3 13 576 384 384 ~ 350
3 m2_ 11 z2 31 a2 In2 17 x2 z2 187 L In2
3 T 64 384 765 7384 1 576 384 384 2304 T 12
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