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ON THE STUDY OF THE WAVE EQUATION SET
ON A SINGULAR CYLINDRICAL DOMAIN

Belkacem Chaouchi and Marko Kostié

ABSTRACT. We give new regularity results of solutions for the linear wave
equation set in a nonsmooth cylindrical domain. Different types of conditions
are imposed on the boundary of the singular domain. Our study is performed
in some particular anisotropic Holder spaces.

1. Introduction and position of the problem

Set
(1.1) Q:={(z,y) ER?*:0< x < a, po(x) <y < @1(x)},
where a > 0 is a finite real number and @1, 2 are continuous real-valued functions
defined on [0, a] satisfying the following conditions:
(1) 1, @2 are of class C2 on [0, a],
(2; @ :=¢@1 — @2 >0o0n]0,al,

(3) fori e {1,2} : p;(0) = ¢L(0) =0,
(4) 1, 2 are strictly monotone functions.

We suppose that the boundary 9 of the cusp domain (1.1)) is given by 9Q =
Fl @] FQ @] Fg, where

I'i={(z,¢1(z)): 0<z<a}, Tp={(z,02(x):0<z<a},

L3 :={(0,y) : 92(0) <y < 1(0)} U{(a,y) : p2(a) <y < p1(a)}.

In the cylinder IT = [0, 1] x £, we consider the Cauchy problem for the linear wave
equation

(1.2) yxu=h, X>0,
equipped with the initial conditions
(1.3) Luloyxa =0, Lu[yxo =0.
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Here, O\u = 0?u — 0%u — 6§u — M and Lu := 02u + Oyu + u. In addition, we
impose the following boundary conditions to the problem (|1.2)):
(1.4) Oyu — uljo,1)xr, =0, Oulp,11xr, = 0,
(1.5) Ozu — uljo,11xry = 0, ul[0,1)x(r,ury) = 0.
Questions concerning the solvability of hyperbolic problems posed on nonsmooth
cylindrical domains have been studied by several authors. We cite particularly
[13l/14], where the LP-theory of such problems has been discussed for cylindrical
domains containing a cusp bases. The methods of investigation are derived from
the well known a priori estimates techniques and the potential theory.

In this paper, we analyze the solvability of problem (1.2)—(1.5)) in the case that
the right-hand side h belongs to the anisotropic Holder space C?([0, 1]; LP(Q)) with
0<f<1land 1< p< oo, endowed with the norm

o MO0l

(01 7() £t €[0,1] ¢ it =
Boundary conditions f involve the second derivative with respect to the
time variable and Robin type conditions with respect to the space variables. More-
over, in our study, we consider the anisotropic character of the functional frame-
work. The main novelty of this paper is a presentation of a new alternative abstract
method for the study of 7. The main idea of this method is to transform
our concrete problem to an abstract differential equation in an appropriately cho-
sen Banach space. The use of such an argument is very effective and provide
some interesting results concerning the maximal regularity of solutions for Prob-
lem f near the singular part of the boundary of the cylindrical domain
I1. For more details about this abstract point of view, we refer the reader to [2]
and [417], where some elliptic and parabolic problems on particular cusp domains
have been successfully studied.

The paper is organized as follows. In the next section, we show that our
problem can be transformed by a suitable changes of variables into a particular
abstract second order differential equation. Section [3]is devoted to the complete
study of the abstract version of the transformed problem. In Section [4] we come
back to the initial problem in the cusp domain and prove our main result. That is:

THEOREM 1.1. Let h € CY([0,1]; LP(Q)) with 0 < § < 1 and 1 < p < oo. Then,
problem f has a unique solution u such that
e ue C*([0,1]; LP(Q)) and O}u,02u,d; € C?([0,1]; LP(2)).
2. Change of variables and the abstract setting of the problem
Consider the following change of variables
dia Y- 902(93))

T:11— %, (t,x,y)»—>(t,§,n):=(t,—/zw((j), ()

with ¥ being the semi-infinite domain given by ¥ := [0, 1] x @, where
(2.1) Q =10, +o0] x )0, 1.
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Now, define the following change of functions

v(t,&,m) == (voT)(t,x,y) = u(t,z,y),

gt &m) = (go T)(t,2,y) = h(t, z,y).
We have

ou+ 0ju = Ofv + 0v + (s + 1) 07w — 2(py + ng')Ocv
+¢'9cv — (2¢'¢h — oy — 0" — 2(¢')?)) .
To avoid the use of weighted function spaces, we introduce the following change of
function pow = v, where o = */9 and q = p/(p — 1). Then we have
272
v+ v = 0w+ 0w + g(;(@')Q + @@”)w + (5 + ') 207w

4 2 2
- ?p’ﬁgw — 2(pp +n¢") (Bf,gw - 5@’&7@ + ¢’ (agw - ?p’w)
+ (2005 — o5 — nee” = 2(¢')%)) .
Consequently, problem (|1.2)) becomes
(2.2) 007w — ng — aﬁw —Aw—Pw=f inX,

where f = p?/%g and P is the second order differential operator with C*°-bounded
coeflicients in X, given by

292
Puw := 5(;(@’)2 + w”)w + (¢ + n¢') 22w

4 P 2
- ?P/aéw —2(p3 +n¢’) (@Q,gw - 6%0/3771”) +¢ (3510 - ?le)

+(2¢' ¢ — w0y — (e = 2(¢")%))Oyw.
It is easy to see that conditions (1.4) imply that J:w — wle=o = 0, W|¢=4oo = 0,
as well as that conditions (|1.5) lead to O,w — w|y=0 = 0, w|,=1 = 0. Taking into
account the conditions imposed on the functions of parametrization, the problem
(2.2) can be viewed as a certain perturbation of the following one:

(2.3) 007w — 8211} - 8211) —dw=f, inX,

accompanied with the following conditions:

(2.4) Lw|i=o =0, Lw|i=1 =0,

and

(2.5) Ocw —wle=0 =0, W|¢zjoo =0, Jpw —w|y=0 =0, w|y=1 =0.

In what follows, we will focus our attention to the study of the principal problem
(2.3)—(2.5)). First of all, we will present some information about the regularity of a
new hand term f:

LEMMA 2.1. Let 0 <6 <1 and 1 <p<oo. Then
h e CO([0,1); LP(Q)) & f € C°([0,1]; LP(Q)).
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PrROOF. The result is easily obtained by reiterating the same techniques used
in |7, Proposition 3.1] and [10} Section 2.2]. O

Now, let us write the abstract version of (2.3)—(2.5). Define the following
vector-valued functions:

w:[0,1] = B t —w(t); w(t)(n,v) = w(t,&n),
Fr0] = B & — f(1); f(OEn) = (€ n),

where E := LP(Q). Problem (2.3)—(2.5) can be reduced to the abstract differential
equation

ow" (t) — Aw(t) — Mw(t) = f(t), 0<t <1,
where the operator

(2.6) Aw = agw + 8%11)

acts with its natural domain D(A) consisting of all functions w € W*?(Q) for
which Jgw — wle—g = 0, Wemjoo = 0, Iqw — w|y=o = 0 and w|,—; = 0. To make
the notation less cluttered, we study the following problem

(2.7) w”(t) — Aw(t) — dw(t) = f(t), 0<t<1,
accompanied with the following boundary conditions:
(28) £w|t:0 = 07 EU)ltzl =0.

REMARK 2.1. In the remaining part of this work, the letter C' will denote a
generic positive constant not necessarily the same at each occurrence.

3. On the study of the abstract problem

In the semi-infinite strip @ defined by (22.1)), we consider the following spectral
problem

(3.1) 8521) + 631} — =k,
(32) aﬁv - U|77:0 = Oa U‘nzl = 07
(3.3) 3§U - U|E:0 = 0, U‘§:+oo = 07

where k € LP(Q) and ) is a positive spectral parameter. It is important here to note
that the spectral analysis of the linear operator defined by is based essentially
on the study of problem f. To this end, we use the sum’s operator theory
developed in [8].

3.1. On the sum’s operator theory. Let F a complex Banach space and
M, N be two closed linear operators with domains D(A), D(N). Let S be the
operator defined by

(3.4) Su = Mu+ Nu—Xu, u€ D(S):=D(M)nD(N),
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where M and N verify the assumptions

) p(M)Xy =Ap:lul =r |Arg(p)| <m—enm},
Ve Yy M = pl) g < C/lul,

(FL.1) i) p(N)Dd> ny=A{p:|pl>r|Arg(p)| <7 —en},
VpeYy NN —pl) e <O/lul,

iii) epm+eny <,

D(M) + D(N) = E,

iv

~—

and
Vi € p(M), Vuo € p(N) :
(H2) ¢ (M =y 1) (N = po )™ = (N = po ) 7N (M — pa 1)~
=[(M = I)"" (N = poI)~"] = 0,

with p(M) and p(N) being the resolvent sets of M and N and L(E) being the space
of all linear continuous operators from E into F. The main result proved in [§] is
given by the following

THEOREM 3.1. Assume (H.1)—(H.2). Then the operator S defined by (3.4) is

invertible and one has

(3.5) S™hiu— —i/(MJrz)*l(N—A—z)*ludz,
2im Jp

where T' is a suitable sectorial curve lying in p(M) N p(—N).

3.2. On the study of Laplace operator on unbounded strip. With a
little abuse of notation, the abstract version of (3.1))) is formulated as follows

(3.6) Hv+Bv—XM =k, veDB)NDH),
where

(3.7) (Hv)(n) :=v"(n), D(H):={ve W?P(0,1):'(0) —v(0) = 0,v(1) = 0},
(3.8)
(Bv)(€) :=1"(€), D(B):={ve W*P(R"):2'(0) — v(0) = 0,v(+00) = 0}.

First of all, let us observe the following:

LEMMA 3.1. Let H be the linear operator defined by (3.7). Then there exists
C > 0 such that

(3.9) (0,00) € p(H) and |[(H —pI) " rm) < C/p,  p>0.

PROOF. Asin [12], a direct computation shows that

“+oo
(H —pl) o= ; G1,yu(n,s)v(s) ds,
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where v € LP(0,1) and

sinh /(1 — n)[sinh \/fzs 4 /g cosh /1is]

. , 0<s<,
o (€.5) = VA[sinh \/z 4 /p cosh /1]
Lya\Ss sinh /(1 — s)[sinh \/un 4 \/p cosh | /in] h<s<l
VA[sinh \/p 4 /i cosh /11] T e
Here, \/j1 is the analytic determination defined by %,/z > 0. Observe that
. etV . e RV .
’smh\/ﬁ—l—\/ﬁcosh\//ﬂ: 5 (a\/ﬁ—l—zbﬁ)—i— 5 (c\/ﬁ—&—zd\/ﬁ),
where
ayp=1+RpcosSy/p— Sy/psin3y/1,
byp =1+ R/usin S/ + Sy/peos 3y/1,
cyn = Ry —1) cos S/ — Sy/psin /1,
dym = (1= Ry/p)sin S/ + S/ cos /1.
Then, we obtain
| sinh /@ + /@ cosh /1]
eRVE e RVE
> SRR+ (SYAPTV — S (- RV + Sy 2
> sinh R/l + (Ry/p)? + 2Ry /2
and

|sinh \/p + /g cosh \/p| = sinh R/l + (Ry/p)]

To obtain the desired result, it suffices to see that

sinh(1 — n)Ry/1 eRVE(=n) _ o= RyE(1=m)
sinh R/l + (Ry/n)]  (eBVF — e RVE)(1+ (Ryp))
e~ RVEN[] — e~ RVEQ—n)] Ce v

(e PVn 1+ (Rym) ~ 0+ Bym)|
from which we deduce that
/1 sinh(1 — n)Ry/1 1

o |sinhR/u[1 + (Ry/m)] PRI

Arguing as before, we may conclude that the following result holds true.

LEMMA 3.2. Let B the linear operator defined by (3.8). Then, there exists
C > 0 such that

P 1
dn < / ‘e_ER\/ﬁ”‘pdn <
0

(310)  (0,00) C p(B) and (B —pD) e < Cl, p>0.
PROOF. Let v € LP((0,00)). We have
+oo

(B—ul) tv= Ga, /u(§, 8)v(s) ds,
0
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where
2\1/ﬁe_ﬁs[eﬁ5 +ey/pe V] 0<s <&,
Gl = 1 e e — Vs
2\/;76 [eVH® + cy/1e ], &€<s<+oo,
and c(\/1) = (/o —1)/(y/+1). The estimate is handled by using the same
argument delivered in [9, p. 1916]. O

The following lemma is needed to justify the use of the commutative version
of the sum’s operator theory:

LEMMA 3.3. Let B and H be the linear operators defined by (3.7)—(3.8]). Then
Vi1 € p(B)Vpg € p(H) (B = pul) ™ (H — poI) ™" — (H — po ) "' (B — 1) ™" = 0.

PROOF. Let v € E. Then the required equality follows from the following
computation:

+oo
(B =) = D) 70(6) = [ G (€ s) (T = pal) 0l (5) s

—+oo

[ Grmies / Go, s (£,9)[0(3)) () dr dis

- | G (6.9) ( 6wl AN is ) ar

1 +oo
~ [ Gavmteo( [ Grmle s as)mar
0 0
— (H — 121 (B = D)~ (). O
We conclude this section with the following useful observation:

REMARK 3.1. It is necessary to note that:

(1) The use of a classical argument of analytic continuation of the resolvent
allows us to say that the previous estimates hold true in the sectors

Z:{:u ‘,U,| 2T,|Arg(,u)| <7T7€M}v
B

> =A{p:lul =7, Arg(p)| < 7 —en},
H
provided that ey + ey < .
(2) Thanks to [11, Proposition 2.1.1], we have that B and H are densely
defined.

Define a closed operator A by Aw := agw—l—@f,w, where D(A) is consisted of all
functions w € W2P(Q) such that dgw — wle—g = 0, W|¢= 400 = 0, Fyw — w|y—o = 0,
and w|,—1 = 0.
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LEMMA 3.4. Let A be defined as above. Then there exists C > 0 such that
(3.11) (0,00) C p(4) and [[(A= X)) < C/A, A>0.

PROOF. This result is a direct consequence of the commutative version of the
sum’s operator theory, showing that (A — AI)~! is well defined. Estimate (3.11)) is
easily handled from the formula (3.5). O

3.3. Some regularity results for the abstract problem. In order to give a
fairly complete study of abstract Cauchy problem 7, we follow the method
developed in |1]. We build the natural representation of the solution by using the
operational calculus and the Dunford integral. Towards this end, consider the
following scalar problem

(3.12) w”’(t) —zw(t) = f(t), 0<t<1,

equipped with the following boundary conditions:

(3.13) w”(0) + w'(0) +w(0) =0 and w"(1)+w'(1) +w(1) = 0.

A direct computation shows that the unique solution of f is given by

w(t) = - /1 e VEETSHY 1) ds
20— e 2505 o

1 ! —Vz2Z(5—
e oS R L

Z+\/>+1 s+t f+1 s—t)
(= vE+D) / TS (s) ds z+f+1/ VT f(s) ds

7/ e VEE=3) £ (g )dﬁi/ V=) £(g) ds.

It is well known that (3.11) implies the existence of numbers § € ] [ and r > 0
such that the resolvent set of A contains the following sector of the complex plane

IIs, ={z€C":|arg(z)| <0}U{ze€C: |z <7}

If ' denotes the sectorial boundary curve of 115, oriented positively, then the nat-
ural representation of the solution of (2.7)—(2.8)), in the abstract case, is given by

6
(3.14) w(t) = Z Si(t, f),
where

_ 1 ! 1 —VZ(2—s+t) -1
Sl(t’ﬁ_%/r/o me (A=A f(s)ds

1
Sz(t,f)=%// e =R TR U RO

Z+f+1 — zs t
S 227r// Z—f—i—l (A=A f(s)ds dz,
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Z_f+1 —VE(2-s—t) 1
2271// z+\f—|—1 D(A = NI)"1f(s)dsdz,

—Vz(t—s)
Ss(t, f) = 2m// (A= X"t f(s)ds
e f(s t) a
Sﬁ(t7f):%A[ W(A*)\I) 1f(8)d$

Observe that estimate (3.11) yields the convergence of the integrals occurring in
Furthermore, we have the following proposition:

PROPOSITION 3.1. Let f € C%([0,1]; E), with0 <0 < 1 and 1 < p < co. Then
we have

(1) forallt e€[0,1]:S;(t, f) € D(A), i=1,2,...,6;

(2) for allt €10,1]: AS;(t, f) € C*([0,1]; E), i = 1,2,...,6.

PROOF. The proof is carried out by analogy with the proof of Proposition 3.1
in [3]. O

As an immediate consequence of this proposition, the main result concerning
problem (2.7)—(2.8]) reads as follows:

THEOREM 3.2. Let f € C%([0,1]; LP(Q)) with 0 < 6 < 1 and 1 < p < oc.
Then Problem (2.7)-([2-8) has a unique solution w € C([0,1]; D(A)) N C?([0,1]; E)
satisfying w” and Aw € C?([0,1]; E).

Applying all the preceding abstract results to the transformed problem (2.2)—
(2.4)—(2.5)), we obtain the following proposition:

PROPOSITION 32 Let f e C%0,1]; LP(Q)), with 0 < § < 1 and 1 < p <
+00. Then, Problem ([2.2)~[2.4)~[2.5) has a unique solution w € C*([0,1]; LP(Q)).

Moreover, w satisfies the mazimal reqularity

007w, BFw+ dyw € C°([0,1]; LP(Q)).

4. Resolution of the original problem

Recall that w = ¢~2/9v = ¢©*/Pp~2u. Proposition allows us to conclude
that o =2u € C2%([0,1]; LP(2)). On the other hand, observe that

002w = /192w = /1™ 21920 = §2u,
aiw = <p_2/q<p285u = <p2/p8§u.
Keeping in mind that pd?w, 85210 + 872]10 € C%([0,1]; L?(Q)), we may deduce that

O7u, O2u+ 02 belong to C?([0,1]; LP(€2)). This, in turn, implies that d7u, d2u, 02
are in the class C?([0, 1]; LP(Q2)), which completes the proof of Theorem
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