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UPPER BOUND ESTIMATES FOR THE
POLAR DERIVATIVE OF A POLYNOMIAL
WITH RESTRICTED ZEROS

Abdullah Mir, Adil Hussain, and Imtiaz Hussain

ABSTRACT. The polar derivative of a polynomial P(z) of degree n with respect
to a complex number v is a polynomial nP(z) + (v — 2)P’(2) of degree at
most n — 1 and is denoted by D, P(z). We consider the class of polynomials
P(z) = ap + ZZ:H ayz¥, u > 1, of degree n such that P(z) # 0 in |z| < k,
k > 1 and establish some upper bound estimates for the maximum modulus
of Dy P(z) on the unit disk by involving some of the coeflicients of P(z). The
obtained results refine and generalize some well known polynomial inequalities.

1. Introduction

One of the interesting and fruitful subject in geometry of polynomials is the
geometrical relation between the modulus of a complex polynomial on a circle and
the position of the zeros of this polynomial inside or outside this circle. Many
propositions in the area of polynomial inequalities are presented by Bernstein-type
inequalities. We start with the following well known result of Bernstein [3]. Let
P(z) be a polynomial of degree n, then on |z| = 1, we have

(1.1) [P/(2)] < nma | P(2).

The above inequality (1) was proved by Bernstein in 1912 and has been the
starting point of a considerable literature in polynomial approximations and, over
a period, various versions and generalizations of this inequality are produced by
introducing restrictions on the multiplicity of zero at z = 0, the modulus of largest
root of P(z), restrictions on coefficients etc.

One would expect a relationship between the bound n and the distance of the
zeros of the polynomial P(z) from the origin. This fact was observed by Erdés and
later proved by Lax [7] by proving that, if P(z) is a polynomial of degree n which
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does not vanish in |z| < 1, then (1) can be replaced by

(1.2) max | P'(2)] < ﬂmaX|P(zz)|.
|z|=1 2 |z|=1
On the other hand Malik [8] proved an extension of (IL2)) by proving that if P(z) # 0
in |z| <k, k> 1, then
n

1.3 max | P’ ()] < —— max |P(2)].

(1.3 max [P(2)] < 1o max | P(:)
As a generalization of (L3]), Aziz and Shah [2] proved that, if P(z) has no zeros in
|z| < k, k > 1 with t-fold zeros at the origin, then

n+tk

1.4 max |P'(2)] < max |P(z)].

(14) max | P(2)] < 5w (o)
Chan and Malik [4] generalized (L3) in different direction and proved that, if
P(z) =ag+ ZZ:# ayz¥, 1 < p < n, is a polynomial of degree n such that P(z) #0
in|z| <k, k> 1, then

n
1.5 max |P'(z)|
(15) ma |P/(2)] < 1

As a refinement of (LH), Pukhta [13] proved that, if P(z) = ao + >, a2,
1 < p < n, is a polynomial of degree n such that P(z) # 0 in |2| < k, k > 1, then

P(2)|.
o x| P(2)]

, n
(1.6) max |P'(2)] < 1 (max 1PG)] = o),
where
(1.7) my, = min |P(z)].

|z|=k

Further, Kumar and Lal [6] generalized inequality (L8] by proving that, if P(z) =
2t(ao + ZZ;Z ayz¥), 1 < p < n—t, is a polynomial of degree n such that P(z) # 0
in |z| < k, k > 1 with ¢-fold zeros at the origin, then

, n+ tkt my(n —t)
(1.8) glfgll’ ) < T glfgIP(Z)l— TR
where my, is defined in (L7). Although the inequality (L6 sharpens the inequality
(T3H) but it has a drawback that if there is even only one zero of P(z) on |z| = k,
then my, = min|;—, |[P(z)| = 0, and so it fails to give any improvement over
So it is natural to ask is there any way to overcome this deficiency, for example can
we express the bound in terms of coefficients of a polynomial? By intuition, one may
try to answer in different ways at different levels. In this paper, we approach this
problem by using the information on some coefficients of the underlying polynomial.
In this direction we mention a result due to Qazi [14] in which he uses some of the
coefficients of a polynomial by proving that, if P(z) = ag + ZZ:# apz¥, 1 < pu<n,
is a polynomial of degree n such that P(z) # 0 in |z| < k, k > 1, then

(1.9) ngi |P'(2)

H max |P(2)],
z =1

|< L
L+ Ao(p) |2l
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where

then %%k“ < 1, which can be taken as equivalent to Ag(u) > k*, u > 1. Hence
inequality (L9) is an improvement of (LH).

We define D, P(z), the polar derivative of the polynomial P(z) of degree n with
respect to a complex number v by

D, P(z) :=nP(z) + (y — 2)P'(2).

It is easy to see that polynomial D, P(z) is of degree at most n—1 and it generalizes
the ordinary derivative in the sense that

lim {M} = P'(2),
y—00 ¥

uniformly with respect to z for |z| < R, R > 0. For more information on the polar
derivative of a polynomial, one can consult the books of Milovanovié et al. [11],
Rahman and Schmeisser [15], and Marden [9]. Inequalities between polynomials
with restricted zeros in the sup-norm have been extended widely in the literature
from ordinary derivative to their polar derivatives. Very recently, Mir and Wani [12]
obtained the following polar derivative analogue of (LJ) by proving the following
result.

THEOREM 1.1. If P(z) = aO‘*‘ZZ:# a,2%, 1 < < n, is a polynomial of degree
n such that P(z) # 0 in |z| < k, k > 1 with t-fold zeros at the origin, then for every
complex number v with |y| > 1,

n(lv[ +&*) + (v - DE*
(110)  max|D,P(:)] < ( T ) max |P(z)]
(=) = Dy
kt(1 4+ kr) 7

where my, is defined in (LT).

The authors are intrested to know how the inequality in Theorem [[I] and
other inequalities mentioned in the introduction can be sharpened by using some
of the coefficients of P(z). Indeed, this paper is mainly motivated by the desire
to establish some new inequalities in the plane that relate the sup-norm of the
polar derivative and the polynomial under some conditions. Obtained results in
particular give more refined bounds than given by (L), (I9) and (LI0).

2. Lemmas

We need the following lemmas to prove our theorems. The following lemma is
a special case of a result due to Aziz and Aliya [1].
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LEMMA 2.1. If P(z) = ap + ZZ:H a,z%, 1 < p < nis a polynomial of degree n
such that P(z) # 0 in |z| <k, k> 1 and 0 < { < 1, we have for |z| =1,

(2.1) Q" (2)] — nmyC = 1bo(p)| P’ (2)],
py lag |k
(E) lao| = Cmy, sh
where

(5) ot B+ 1
(ﬁ) laul k“+1+1 ’

n/ Jag[—Cmy

Yo(p) = kH* {

Q(z) = 2"P(%) and my, is defined in (L7).
The following lemma is a special case of a result due to Govil and Rahman [5].
LEMMA 2.2. If P(z) is a polynomial of degree n, then for |z| =1,
PG +1Q' ()] < mamax PG

where Q(z) = 2" P(2).

On combining Lemma and inequality (21 of Lemma [ZT] we get the fol-
lowing result.

LEMMA 2.3. If P(z) = ap+ ZZ:H a,2%, 1 < p < nis a polynomial of degree n
such that P(z) 20 in |z| <k, k21 and 0 < { < 1, then for |z| =1,

ﬁow ( max |P(z)]| - ¢ ).

where o () is defined in Lemma 2] and my, is defined in (LT).

[P'(2)] <

LEMMA 2.4. If P(z) = ao+ ZZ:H a,z", 1 < p < nis a polynomial of degree n
such that P(z) 20 in |z| <k, k > 1 and 0 < { < 1, then for any complex number
v with |y| > 1,

max | D P(2)] < m((m +20(0) max |P(2)] = (] = 1)¢my )

where o () is defined in Lemma 2] and my, is defined in (LT).
PRrROOF. By hypothesis P(z) = ag + ZZ:H a,z¥, 1 < p < m is a polynomial

of degree n which does not vanish in |z| < k, ¥ > 1. Applying Lemma 23] to the
polynomial P(z), we have for |z| =1,

(2.2) P'(2)] < max | P(2)| - Cmy. ).

1+ 1o () (\Z\:
Now for v € C, with |y| > 1

|DyP(2)| = [nP(2) + (v — 2) P'(2)]
InP(2) +AP'(2) — 2P'(2)]
|

nP(z) — 2P'(2)| + VIIP'(2)].

<
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It can be easily seen that
nP() — 2P/() = |Q()] for |+ =1.
Therefore we have for |z| = 1,
DA P(2)] < 1Q'(2)] + WIIP'(2)] = 1Q' ()] + [P (2)] = [P (2)] + || P’ (2)]-
Using Lemma [Z2] we get for |z| =1,
|DyP(2)] < n|P(2)] + (7] = DIP'(2)],
which on using ([2.2)), we get

n
max | D, P(z gi( + max |P(z)| — —1 m),
max [D; P < s (] 4+ Vo) max [P(2)] = (1] = 1
which is the desired inequality and hence proved Lemma 2.4 (I
LEMMA 2.5. If P(z) = z'(ap + ZZ;L ap2?), 1< p<n—t0<t<n—-1isa

polynomial of degree n such that P(z) #0 in |z| <k, k > 1 with tfold zeros at the
origin, then for 0 < (<1,
(L) lag| frtt=1 4

—t/) ktlag|—Cmy

(ﬁ) lap ku-{-t-{-l +1

R7Taol—Crx

lﬁt(ﬂ):k”l{ }>/€“ =1,

where my, is defined in (L1).

The above lemma is due to Milovanovi¢ and Mir [10, Lemma 3.5].

3. Main results and proofs

THEOREM 3.1. If P(z) = z%(ag JFZZ;L ay2¥), 1< p<n—t,0<t<n—1,is
a polynomial of degree n such that P(z) # 0 in |z| <k, k > 1 with t fold zeros at
the origin, then for every complex number v with |y] 21 and 0 < { < 1,

n(|v] + ¥ (p) + (v = Dpe(p)
( 14 9y (p) )\ = 1|P( 2l
(n —t)(]v] = 1)¢my
KL+ ¢u(p)

(3.1) max|D,P(z)] <

where
(_L) la frtt=1 4
n—t/ kt|ag|—Cmy
(32 i) = Wl{ T e }
(nft)kf|ag|7g“mkk +1
and my, is defined in (LT).
PROOF. Since P(z) = z'p(z) where p(z) = ag + >__ vi<pu<n—tis
a polynomial of degree n — ¢ which does not vanish in |z | < k: k > 1. Applying

Lemma [24] to the polynomial p(z), we get for |y| > 1,

n—t , /
(3:3) x| Dap()] < s (9] + v o) max ()] = (] = 16m ).
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where
oy el pp-1
7/)/( ) =t (”*t) \ao\jgm;k +1
olH (L) laul Ertl 1
n—t/ |ao|—Cm],
and mj, = min, ;| lp(z)] = k—lt min, ;| —p |P(2)| = TE.

Also for |z| = 1, max|;— |p(z)| = max,— |P(z)| and therefore

laol Kt

)
(
(L) lay] krtl 4
(

) Tk 1 }

C .
lao| =1

lag| —
— e U Pr(p)
( ) lau] Jeptt+1 +1 ¢ ’

R7Taol—Crx

=

n—t
Using these observations in [33]), we get
< n—t
S+ ()

Now for any complex number v with |y| > 1, we have

D,P(z) = nP(z) + (y — 2)P'(:)
— nztp(z) + (v — 2t Lp(2) + 21 (2)
= 2'Dyp(2) + 712" p(2),

(3.4)  max|Dyp(z)

2|

(1 ) max |P()] = (] = 1)¢).

which gives

(3.5) 2D, P(2) = 2" D, p(2) + 4tP(2).

Hence for |z| = 1, we get from above inequality (3.5]) that
1D, P()| < [Dypl2)] + | PC2)],

which in particular implies,

(3.6) maxx| D, P(2)] < max D p(2)] + 3] max | P(2)]

Inequality (36) when combined with ([B.4]), gives

maxc D, P(2)] < (2O LliD) UL DOy o
|zI=1 1+ () B!
(= t)(ly[ = 1)¢my
RH(L+ ()
which is (B) and this completes the proof of Theorem Bl O
If we do not have the knowledge of m; = minj,—; |P(z)[, we can use the

following result, whose proof is similar to that of Theorem B.11
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THEOREM 3.2. If P(z) = zt(ao + ZZ;L avz”), 1<pu<<n—t0<t<n—1,
is a polynomial of degree n such that P(z) # 0 in |z| < k, k > 1 with t-fold zeros
at the origin, then for every complex number v with |y| > 1,

n(yl + Ae(p) + tlyl = 1)At(u))
|2l

1+ A(p) mzi>§|P(z)|,

(37 max|D,P(2)| <

|2l

where

(%) kLLTZi\k“+t_1 +1
(_u_) lau] fertt+l 41 '

n—t/) kt|ao]

Ay(p) = k”+1{

REMARK 3.1. Independently inequality ([B.7)) was recently established by Milo-
vanovi¢ and Mir [10, Remark 2.12], by first proving an integral norm estimate of
D, P(z) with |y| > 1 and then the result so obtained produced (B as a special
case. Dividing both sides of inequality 1) by |y| and let |y| — oo, we get the
following generalization of (L9]).

COROLLARY 3.1. If P(z) = zt(ao +ZL:Z avz”), 1<ps<n—t,0<t<n—1,
is a polynomial of degree n such that P(z) # 0 in |z| < k, k = 1 with t-fold zeros
at the origin, then

/ n+tAt(M)
(3.8) max |P(2)] < (m) max | P(z),

where Ai(u) is defined in Theorem 3.2.

REMARK 3.2. By taking ¢t = 0 in (B8], yields A:(p) = Ao(p) and hence (B.])
reduces to (L)). Several other interesting results easily follows from Theorem B.11
Here, we mention few of these. It is easy to verify that for every complex number
~ with || > 1, the function

o o (M2 il =y (e ii=ty,

is a non-increasing function of z. If we combine this fact with Lemma 5 according
to which ¥ () > k*, u > 1, we observe that the right hand side of (3] does not
exceed the right hand side of (ILI0). Thus Theorem Bl represents a refinement of
Theorem [Tl Dividing both sides of inequality (B) by |v| and let |y| — oo, we
get the following result.

‘m‘aX|P(z)| -
z|=1

COROLLARY 3.2. If P(z) = 2*(ao —I—ZZ;E apz?), 1< p<n—t, 0<t<n—1,
is a polynomial of degree n such that P(z) # 0 in |z| < k, k > 1 with t-fold zeros
at the origin, then for 0 < ( <1,

n + t () ~ (n—=t)Cmy,
( 1+ i (1) ) o (=)l k(L + ()
where VY(p) is defined in B2) and my, is defined in [(LT). The above corollary

represents a refinement of inequality (LE)). Setting t = 0 in BH), we get the
following refinement of (L4)).

(3.9) max |P'(2)] <
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COROLLARY 3.3. If P(2) = ap + ZZ:H a,2%, 1 < p < n, is a polynomial of
degree n such that P(z) # 0 in |z| <k, k > 1, then for 0 < <1,
n ndmy
max | P'(2)| < (7)max Pz)| - ——,
ey S o) e PO 10500
where o () is defined in Lemma 2] and my, is defined in (LT).
REMARK 3.3. For p = 1 and ¢ = 0, inequality (83) provides a refinement

to (L4).
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