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CERTAIN COEFFICIENT INEQUALITIES ASSOCIATED
WITH HANKEL DETERMINANT FOR A SPECIFIC
SUBFAMILY OF HOLOMORPHIC MAPPINGS

Vamshee Krishna Deekonda and Shalini Dasumahanthi

ABsTrRACT. We introduce a new subfamily of holomorphic functions and at-
tempt to estimate an upper bound for the Hankel determinant of the second
and third kind for the normalized regular mapping f, a member of this class.

1. Introduction

Let A represent the family of mappings f of the type

(1.1) f(z) :erZatzt

inUU = {z € C:1> |z|}, denotes the open unit disc and S is the subfamily
of A, possessing univalent (schlit) mappings. Pommerenke [15] characterized the
rt'_Hankel determinant of order n, for f with r, n € N= {1,2,3,...} namely

an An+41 T Ap4r—1
Ap+1 Ap+2 - Qptr
(12) Hoap=| 7T T @,
Ap4r—1 Ap+r et Ap+2r—2

The Fekete-Szego functional is obtained for r = 2 and n = 1 in (Z), denoted
by Hy(1). Further, sharp bounds to the functional |Hz2(f)|, obtained for r = 2
and n = 2 in ([C2)), called as Hankel determinant of order two, given by

Hys(f) =

@2 A3l _ asa a2
— u204 —
az Qa4 3

In recent years, research on estimation of an upper bound (UB) to |Hz 2(f)]
has been focused on by many authors. The exact estimates of |Hz o(f)| for the
functions namely, bounded turning, starlike and convex functions, subfamilies of
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130 DEEKONDA AND DASUMAHANTHI

S, symbolized as Re, S* and K respectively fulfilling the conditions Re f/(z) > 0,

Re { ZJ{ES) }>0and Re {1+ sz,/—;iz))} > 0 in the unit disc U, were proved by Janteng
et al. [9110] and derived the bounds as 4/9, 1, and 1/8 respectively. Choosing r = 2
and n = p+ 1 in ([2), we obtain the Hankel determinant of second order for the

p-valent function (see [20]), given by

ap+1  Gp42

Hz,(pﬂ)(f): Upra  Gpis

— 2
= Qp+10p43 — Qppo,

The case 7 = 3 seems to be much tough than r = 2. A small number of papers
have been dedicated to the study of the third order Hankel determinant denoted
by Hs 1(f), obtained for r = 3 and n = 1 in ([L2)), namely

ayp a2 as
(13) H371(f) = |a2y as a4
a3z a4 as

= a1(azas — a3) + as(azas — azas) + az(asay — a3),

The concept of estimation of an upper bound for |Hs 1(f)| was firstly introduced
and studied by Babalola [4], who tried to estimate for this functional to the classes
R, S* and IC, obtained as follows.

(i) f €St = |H3,1(f)| < 16.
(ii) f ek = |H371(f)| < 0.714.
(iii) f ER = |H371(f)| < 0.742.

As a result of the paper from Babalola [4], many articles containing results
associated with the Hankel determinant of order 3 and 4 for specific subfamilies
of holomorphic functions were obtained (see [1H3L[51[13L16l[18]). Motivated with
the results obtained by the authors specified here, those who are working in this
direction, for our study here, we are attempting to introduce and interpret a new
subfamily of holomorphic functions, derive an upper bound (UB) to the functionals
Hy3(f) = |22 & | = asas — a and Hs1(f) for the mapping f belongs to the class
defined as below.

DEFINITION 1.1. A mapping f € A to be in S*Ks(8) (0< 8 < 1), if

2{zf'(2) + B2f"(2)}
(1= B){f(2) = f(=2)} + B{zf"(2) + 2f'(=2)}

For 8 =0 and 8 =1 in ([4), we get S*Is(0) = S, consisting of starlike f
ets. with regard to symmetric points, interpreted and studied by Sakaguchi [17]
and S*Cs(1) = K4, consisting of convex f ets. about symmetric points, interpreted

and studied by Das and Singh [6] respectively.

(1.4) Re{ } >0, zel.

In proving our results, the required sharp estimates specified below, given in
the form of Lemmas, which holds suitable for f ets. possessing positive real part.

The collection P, of all functions g, each is called as Caratheodory function [7]
of the form, g(z) =1+ Y ;2 ¢;z", holomorphic in & and Reg(z) > 0 for z € U.
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LEMMA 1.1. [8] If g € P, then the estimate |c; —pc;ci—;| < 2, holds fori,j € N,
with i > j and p € [0,1].

LEMMA 1.2. [12] If g € P, then the estimate |c;—c;ci—;| < 2, holds fori,j € N,
with i > j.

LEMMA 1.3. [14] If g € P, then |c:| < 2, for t € N; equality occurs for the

function h(z) = ifi, z€eU.

LEMMA 1.4. [21] If g € P, then |cacs — c3| < 4 — S|ea? + Leof?.
We prove our results, following the procedure from Libera and Zlotkiewicz [11].

2. Important Outcomes

THEOREM 2.1. If f € S*K4(8) (0 < B < 1), then
—835 + 24085 + 73458 + 78233 + 37732 + 8483 + 7}
A1+ 8)2(1+20)°(1 +36)%(1 +45)
PROOF. For f € S*K4(B), there exists a function g € P such that
[ 2{2f'(2) + B2*f"(2)} } (2.
(L =BHf(2) = f(=2)} + B{zf'(2) + 2f"(—2)}

[Haa(f) < |

(2.1)

Equivalently
2{2f'(2) + B22f"(2)} = [(1 = B{F(2) = f(=2)} + B{zf"(2) + 2f'(=2)}]g(2).
Putting the values for f, f’, f” and g, this simplifies to
(2.2) [2(1+ B)ag +3(1 +2B8)azz + 4(1 4+ 3B8)asz* + 5(1 + 4B)asz> + - - -]
= ler + {2 + (1 +28)az}z + {e3 + (1 + 28)cra} 2
4+ {ca + (1 +2B)caaz + (1 +4B)as} 2>+ ---].

Comparing the coefficients of 20, 2!, 22and 23 respectively in ([Z2)), we obtain

c1 cy (2¢3 + c1e2) (2¢4 + c3)
(23) e =3a7 5 BT aa128° M7 s1+88) ¢ T S(1+45)
and substituting these values into ([3)), after simplifying, we get
coc —4B2 + 48 4+ 1)c3 c?
(24)  Hy(f) = - b K
ST 25)(1+48) 1601+ 281+ 45)  16(1 +35)
(=282 + 3B + 1)cicacs ey

16(1+B)(1+28)(1+3B8)2  16(1+ B)%(1 +4B)
N (—88* — 1083 + 1382 + 88 + 1)c2c3 }
64(1+ B)2(1+28)(1 +3B3)2(1 +48) )
On grouping the suitable terms in ([24]), we have
(2.5)

ca(ea —c3) 3 (1+58)

Hoalh) = [ 4 3pE o a5) e+ 8P T3 A0 13
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" (—48% + 48 + D)ea(ca — c3) C2 {c4 ) cre }
16(1 4 26)3(1 + 48) 8(1 +35)2 1+8)01+25""°
(—83% —108% + 1382 + 88 + 1)c2c3
64(1 + B)*(1+28)(1 +38)%(1 +45)
(—368% + 1232 + 2982 + 1083 + 1)0204}
16(1+28)3(1 + 38)%(1 + 4)

Applying the triangle inequality in (2.5), we obtain

|calles — F| |c3] (1+8)
(26) 1H:2 (NI < |505 pza . 48) " 16(1+ 38)? ‘03 S 1+p+ 25)0102‘
SETLES AL B - (-7 R
16(1 + 28)3(1 + 48) 81+382 1 1+p1+28) 7

(=88 —108° + 135> + 88 + 1)|c1[*|c2|?
64(1 4+ 8)2(1 +28)(1 + 36)2(1 +48)
(=368 4+ 1283 + 2952 + 108 + 1)|cQ||c4|}
16(1+25)3(1 + 38)2(1 + 45) '
By using Lemmas [[.1] and [[3 in inequality (28], it reduces to

1 1 (—4B%+48+1)
|H31(f)] < A1+ B)2(1 + 45) T 41+35)%2 41 +258)3(1+48)
1 (—88* —108° + 1352 + 86+ 1)

T o T9E T a1+ B2+ 28)(1 + 38)2(1 + 48)

(3684 + 1232 +296% + 1083 + 1)}
4(1 +2B)3(1 + 3B8)2(1 + 48)

Further simplification gives
—836 424085 4 7343* + 7823 + 37752 + 843 + 7}
414+ 8)2(1+28)3(1 + 38)%2(1 + 45)
REMARK 2.1. Choosing 8 = 0 in (I4), we get S*/C5(0) = S, for which from
(), we obtain [Hs 1 (f)| < I

REMARK 2.2. For 8 = 1 in (I4), we obtain S*/Cs(1) = Ky, in this case from
@), we get [Hs,1(f)| < 255

These two results are far better than those in Vamshee Krishna et al. [19].

THEOREM 2.2. If f € S*K(B) (0< B < 1), then

(27)  |Haa(f)] < | 0

1
H. = |azas — a2| < }
PRrROOF. Putting the values of a3, as and as from [Z3) into Hs 3(f), we get

1 2 1 ) 1

o) = Glarepasan @ T a3
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1 L, 1
4(1 n 36)20162 — (1 n 36)2010203}5
which is equivalent to
1 r(cees —€3) 3 (1+268)(1+48) ,
TN e R (e T Gl it o
2 (1+28)(1 +4p5)
T AT 49) {er- (1+38)° crca)

1 1
+ { 1+28)(1+45) (1+3D)2 }0204}’
Further, we have
_ L[(cwrc@ N & {627 (1+2ﬁ)(1+4ﬂ)cz}
160 (1+38)2 © (1+28)(1+48) 41+3832
c2 {c B (1+2ﬁ)(1+46)cc }
(1+28)(1+48) L (1+38)7 7

Hy3(f)

+

e )
CaCy |-
(1+28)(1+38)*(1+48) )
Applying the same method as we carried in Theorem 2.1l and then using Lemmas
2 I3, and 4, we obtain the result of Theorem O
REMARK 2.3. Choosing 8 = 0 in Theorem 2.2 we obtain
|Ha3(f)| = |asas — af] < 1,

it coincides with Zaprawa [21]. From this result, we conclude that the UB is the
same for the classes S*/C5(0) = S¥ and with as = 0 for the class S*. The extremal
function at this stage is

z

f(Z):l_—zg

REMARK 2.4. For 8 =1 in Theorem 22 we get |Hs 3(f)| = |asas — aj| < %,
it coincides with that of Zaprawa [21]. From this result, we observe that the UB is
same for the classes S*Ks(1) = K5 and with as = 0 for the class K. The extremal
function in this context is

1 1 1
f(z)10g< +Z)z+§zg+—z5+~~

=242+ 4.

1—=2 5
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