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GENERALIZATIONS OF SOME ZYGMUND-TYPE

INTEGRAL INEQUALITIES FOR POLAR

DERIVATIVES OF A COMPLEX POLYNOMIAL

Abdullah Mir

Abstract. We prove some results for algebraic polynomials in the complex
plane that relate the L

γ -norm of the polar derivative of a complex polynomial
and the polynomial under some conditions. The obtained results include sev-
eral interesting generalizations of some Zygmund-type integral inequalities for
polynomials and derive polar derivative analogues of some classical Bernstein-
type inequalities for the sup-norms on the unit disk as well.

1. Introduction

Let Pn be the class of complex polynomials P (z) :=
∑n

v=0 avzv of degree n.
The study of Bernstein-type inequalities that relate the norm of a polynomial to
that of its derivative and their various versions are a classical topic in analysis.
Over a period, these inequalities have been generalized in different domains, in
different norms and for different classes of functions. Here, we study some of the
new inequalities centered around Bernstein-type inequalities that relate the Lγ-
norm of the polar derivatives and the polynomial under some conditions.

For P ∈ Pn and α ∈ C, define

DαP (z) := nP (z) + (α − z)P ′(z).

Note that DαP (z) is a polynomial of degree at most n − 1. This is the so-called
polar derivative of P (z) with respect to α (see [16]). It generalizes the ordinary
derivative in the following sense:

lim
α→∞

DαP (z)

α
:= P ′(z),

uniformly with respect to z for |z| 6 R, R > 0.
We can construct a sequence of polar derivatives for P ∈ Pn as follows:

Dα1
P (z) = nP (z) + (α1 − z)P ′(z),
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...

Dαk
Dαk−1

. . . Dα1
P (z) = (n − k + 1)Dαk−1

Dαk−2
. . . Dα1

P (z)

+ (αk − z)(Dαk−1
Dαk−2

. . . Dα1
P (z))′, k = 2, 3, . . . , n.

The points α1, α2, . . . , αk ∈ C, k = 1, 2, 3, . . . , n may or may not be distinct. Like
the kth ordinary derivative P (k)(z) of P (z), the kth polar derivative Dαk

Dαk−1
. . .

Dα1
P (z) of P (z) is a polynomial of degree at most n − k.
For P ∈ Pn, we have

(1.1) max
|z|=1

|P ′(z)| 6 n max
|z|=1

|P (z)|

and for every r > 1,

(1.2)

{
∫ 2π

0

∣

∣

∣
P ′(eiθ)

∣

∣

r
dθ

}1/r

6 n

{
∫ 2π

0

∣

∣

∣
P (eiθ)

∣

∣

∣

r

dθ

}1/r

.

Inequality (1.1) is a classical result of Bernstein [17], whereas inequality (1.2) is
due to Zygmund [23]. Arestov [1] proved that (1.2) remains true for 0 < r < 1 as
well. If we let r → ∞ in (1.2), then we get (1.1). Equality holds in (1.1) and (1.2)
only for P (z) = λzn, λ 6= 0. Noting that these extremal polynomials have all zeros
at the origin, so it is natural to seek improvements under appropriate condition
on the zeros of P (z). If we restrict ourselves to the class of polynomials having
no zeros in |z| < 1, then (1.1) and (1.2) can be improved. In fact, if P ∈ Pn and
P (z) 6= 0 in |z| < 1, then (1.1) and (1.2) can be respectively replaced by

max
|z|=1

|P ′(z)| 6
n

2
max
|z|=1

|P (z)|,(1.3)

{
∫ 2π

0

∣

∣

∣
P ′(eiθ)

∣

∣

∣

r

dθ

}1/r

6 nCr

{
∫ 2π

0

∣

∣

∣
P (eiθ)

∣

∣

∣

r

dθ

}1/r

,(1.4)

where

(1.5) Cr =

{

1

2π

∫ 2π

0

∣

∣

∣
1 + eiγ

∣

∣

∣

r

dγ

}−1/r

.

Inequality (1.3) was conjectured by Erdös and later verified by Lax [15], whereas
(1.4) was proved by de-Bruijn [8] for r > 1. Further, Rahman and Schmeisser [21]
have shown that (1.4) holds for 0 < r < 1 as well. If we let r → ∞ in inequality
(1.4), we get (1.3).

The literature on polynomial inequalities is vast and growing and over the last
four decades many different authors produced a large number of different versions
and generalizations of the above inequalities. Many of these generalizations involve
the comparison of polar derivative DαP (z) with various choices of P (z), α and
other parameters. More information on this topic can be found in the books of
Milovanović et al. [17] and Marden [16]. Aziz was among the first to extend some
of the above inequalities by replacing the derivative with the polar derivatives of
polynomials. In fact in 1988, Aziz [2] extended (1.3) to the polar derivative of a
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polynomial and proved that if P ∈ Pn and P (z) 6= 0 in |z| < 1, then for every
α ∈ C with |α| > 1,

(1.6) max
|z|=1

|DαP (z)| 6
n

2
(|α| + 1) max

|z|=1
|P (z)|.

Inequality (1.6) was sharpened by Dewan et al. [9, Theorem 1 for t = k = 1], by
proving that if P ∈ Pn and P (z) 6= 0 in |z| < 1, then for every α ∈ C with |α| > 1,

(1.7) max
|z|=1

|DαP (z)| 6
n

2

{

(|α| + 1) max
|z|=1

|P (z)| − (|α| − 1) min
|z|=1

|P (z)|
}

.

As an Lr analogue of (1.6) and a generalization of (1.4), Aziz and Rather [5] proved
that if P ∈ Pn and P (z) 6= 0 in |z| < 1, then for every α ∈ C with |α| > 1 and
r > 1,

(1.8)

{
∫ 2π

0

∣

∣

∣
DαP (eiθ)

∣

∣

∣

r

dθ

}1/r

6 n(|α| + 1)Cr

{
∫ 2π

0

∣

∣

∣
P (eiθ)

∣

∣

∣

r

dθ

}1/r

,

where here and throughout Cr is defined by (1.5).
Further, the following more general result which besides provides an Lr ana-

logue of (1.7) also extends inequality (1.8) for r ∈ (0, 1) was proved by Mir and
Baba [20]. More precisely, they proved that if P ∈ Pn and P (z) 6= 0 in |z| < 1,
then for every α, δ ∈ C with |α| > 1, |δ| 6 1 and r > 0,

{
∫ 2π

0

∣

∣

∣
eiθDαP (eiθ) +

mn

2
δ
(

|α| − 1
)

∣

∣

∣

r

dθ

}1/r

(1.9)

6 nCr(|α| + 1)

{
∫ 2π

0

∣

∣

∣
P (eiθ)

∣

∣

∣

r

dθ

}1/r

,

where here and throughout m = min|z|=1 |P (z)|.
Recently, Mir and Hussain [19] proved the following generalization of (1.9) by

using a parameter β and established that if P ∈ Pn and P (z) 6= 0 in |z| < 1, then
for every α, β, δ ∈ C with |α| > 1, |β| 6 1, |δ| 6 1 and r > 1,

{
∫ 2π

0

∣

∣

∣

∣

eiθDαP (eiθ) + nβ
(|α| − 1)

2
P (eiθ)(1.10)

+
mn

2
δ
(∣

∣

∣
α + β

(|α| − 1)

2

∣

∣

∣
−

∣

∣

∣
eiθ + β

(|α| − 1)

2

∣

∣

∣

)

∣

∣

∣

∣

r

dθ

}1/r

6 nCr

(

(|α| + 1) + |β|(|α| − 1)

){
∫ 2π

0

∣

∣

∣
P (eiθ)

∣

∣

∣

r

dθ

}1/r

.

One can see in the literature (for example, refer [14, 18, 19, 22]), the latest research
and development in this direction. Ideally, it is natural to seek integral inequalities
analogous to the above inequalities for the kth polar derivative of polynomials. This
naturally leads us to establish some general Zygmund-type integral inequalities
which in particular yield the above mentioned inequalities and related inequalities
as special cases. Throughout this paper, we use the following notations:

Pk(z) := Dαk
Dαk−1

. . . Dα1
P (z),
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P0(z) := P (z), Λt := α1α2 . . . αt,

Aαt
:= (|α1| − 1)(|α2| − 1) . . . (|αt| − 1),

Bαt
:= (|α1| + 1)(|α2| + 1) · · · (|αt| + 1),

nt := n(n − 1) · · · (n − t + 1).

Definition. Given a polynomial P (z) =
∑n

v=0 avzv ∈ Pn, we associate with
it the polynomials

P̄ (z) := P (z̄) =

n
∑

v=0

avzv and Q(z) := znP (1/z̄) =

n
∑

v=0

an−vzv.

If P (z) ≡ ζQ(z), where |ζ| = 1, then P (z) is said to be self-inversive.

2. Lemmas

In this section, we provide the following lemmas that will be used in the later
sections for proving our main results.

Lemma 2.1. Let P and Q be two polynomials with Q ∈ Pn and deg P 6

deg Q(z). If Q(z) has all its zeros in |z| 6 1 and |P (z)| 6 |Q(z)| for |z| = 1,

then for all β, αj ∈ C with |β| 6 1, |αj | > 1, j = 1, 2, . . . , t and t 6 n − 1,
∣

∣

∣
ztPt(z) + β

ntAαt

2t
P (z)

∣

∣

∣
6

∣

∣

∣
ztQt(z) + β

ntAαt

2t
Q(z)

∣

∣

∣
for |z| > 1.

The above lemma is due to Bidkham and Soleiman Mezerji [7]. By applying it
to the polynomials P (z) and zn min|z|=1 P (z), we get the following result.

Lemma 2.2. If P ∈ Pn and P (z) has all its zeros in |z| 6 1, then for all

αj , β ∈ C with |αj | > 1, |β| 6 1, 1 6 j 6 t, t 6 n − 1 and |z| = 1,
∣

∣

∣
ztPt(z) + β

ntAαt

2t
P (z)

∣

∣

∣
> nt

∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
m.

Lemma 2.3. If P ∈ Pn, then for every α ∈ C and r > 0,
{

∫ 2π

0

∣

∣DαP (eiθ)
∣

∣

r
dθ

}1/r

6 n(|α| + 1)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

.

The above lemma is due to Aziz and Rather [5].

Lemma 2.4. If P ∈ Pn and Q(z) = znP (1/z̄), then for every r > 0 and γ real,
∫ 2π

0

∫ 2π

0

∣

∣P ′(eiθ) + eiγQ′(eiθ)
∣

∣

r
dθdγ 6 2πnr

∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ.

The above lemma is due to Aziz and Rather [4].

Lemma 2.5. If P ∈ Pn and P (z) 6= 0 in |z| < 1, then for all β, αj ∈ C,

1 6 j 6 t, t 6 n − 1 with |β| 6 1, |αj | > 1 and |z| = 1,
∣

∣

∣
ztPt(z) + β

ntAαt

2t
P (z)

∣

∣

∣
6

∣

∣

∣
ztQt(z) + β

ntAαt

2t
Q(z)

∣

∣

∣
(2.1)
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− mnt

{∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
zt + β

Aαt

2t

∣

∣

∣

}

,

where Q(z) = znP (1/z̄).

Proof. Recall that P (z) has all zeros in |z| > 1. If P (z) has a zero on
|z| = 1, then m = 0 and the result follows by Lemma 2.1 in this case. Henceforth,
we suppose that all the zeros of P (z) lie in |z| > 1 and so m > 0. We have
|λm| < |P (z)| on |z| = 1 for any λ with |λ| < 1. It follows by Rouche’s theorem
that the polynomial G(z) = P (z) − λm has no zeros in |z| < 1. Therefore, the

polynomial H(z) = znG(1/z̄) = Q(z)− λ̄mzn will have all its zeros in |z| 6 1. Also
|G(z)| = |H(z)| for |z| = 1. On applying Lemma 2.1, we get for every β, αj with
|β| 6 1, |αj | > 1, j = 1, 2, . . . , t and t 6 n − 1,

∣

∣

∣
ztGt(z) + β

ntAαt

2t
G(z)

∣

∣

∣
6

∣

∣

∣
ztHt(z) + β

ntAαt

2t
H(z)

∣

∣

∣
for |z| > 1.

Equivalently,
∣

∣

∣
ztPt(z) + β

ntAαt

2t
P (z) − λmnt

(

zt + β
Aαt

2t

)∣

∣

∣
(2.2)

6

∣

∣

∣
ztQt(z) + β

ntAαt

2t
Q(z) − λ̄mntz

n
(

Λt + β
Aαt

2t

)∣

∣

∣
.

Since Q(z) has all zeros in |z| 6 1 and min|z|=1 |Q(z)| = min|z|=1 |P (z)| = m, by
Lemma 2.2, we have

(2.3)
∣

∣

∣
ztQt(z) + β

ntAαt

2t
Q(z)

∣

∣

∣
> nt

∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
m|z|n for |z| > 1.

Now, by choosing a suitable argument of λ on the right-hand side of (2.2), in view
of (2.3), we get for |z| = 1,

∣

∣

∣
ztPt(z) + β

ntAαt

2t
P (z)

∣

∣

∣
− |λ|mnt

∣

∣

∣
zt + β

Aαt

2t

∣

∣

∣

6

∣

∣

∣
ztQt(z) + β

ntAαt

2t
Q(z)

∣

∣

∣
− |λ|mnt

∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
.

Letting |λ| → 1, we get for |z| = 1,
∣

∣

∣
ztPt(z) + β

ntAαt

2t
P (z)

∣

∣

∣
− mnt

∣

∣

∣
zt + β

Aαt

2t

∣

∣

∣

6

∣

∣

∣
ztQt(z) + β

ntAαt

2t
Q(z)

∣

∣

∣
− mnt

∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
,

which is equivalent to (2.1). �

Lemma 2.6. If A, B, C are non-negative real numbers such that B + C 6 A,

then for every real number α,
∣

∣(A − C)eiα + (B + C)
∣

∣ 6
∣

∣Aeiα + B
∣

∣.

The above lemma is due to Aziz and Shah [6].

Lemma 2.7. Let z1, z2 be two complex numbers independent of β, where β is

real. Then for r > 0,
∫ 2π

0

∣

∣z1 + z2eiβ
∣

∣

r
dβ =

∫ 2π

0

∣

∣|z1| + |z2|eiβ
∣

∣

r
dβ.
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The above lemma is due to Govil and Kumar [12].

Lemma 2.8. If a, b ∈ C with |b| > |a|, then for r > 0 and γ real, we have

(2.4)

∫ 2π

0

∣

∣a + eiγb
∣

∣

r
dγ > |a|r

∫ 2π

0

∣

∣1 + eiγ
∣

∣

r
dγ.

Proof. If a = 0, then (2.4) is obvious. Henceforth, we assume that a 6= 0.
Now for every real γ and t > 1, it can be easily verified that |t + eiγ | > |1 + eiγ |
which by using Lemma 2.7 gives
∫ 2π

0

∣

∣

∣
1 + eiγ b

a

∣

∣

∣

r

dγ =

∫ 2π

0

∣

∣

∣
1 + eiγ

∣

∣

∣

b

a

∣

∣

∣

∣

∣

∣

r

dγ =

∫ 2π

0

∣

∣

∣

∣

∣

∣

b

a

∣

∣

∣
+ eiγ

∣

∣

∣

r

dγ >

∫ 2π

0

∣

∣1 + eiγ
∣

∣

r
dγ,

which is equivalent to (2.4). �

Lemma 2.9. If P ∈ Pn is self-inversive, then for 0 6 θ < 2π, we have

|P ′(eiθ)| >
n

2

∣

∣P (eiθ)
∣

∣.

The above lemma is due to Govil and Nyuydinkong [10].

3. Main Results and Proofs

Here, we first prove the following more general result which as special cases
yield some interesting generalizations of (1.6)–(1.10).

Theorem 3.1. If P ∈ Pn and P (z) 6= 0 in |z| < 1, then for all β, δ, αj ∈ C

with |β| 6 1, |δ| 6 1, |αj | > 1, 1 6 j 6 t, t 6 n − 1 and r > 1,

{
∫ 2π

0

∣

∣

∣
eitθPt(e

iθ) + β
ntAαt

2t
P (eiθ)+

mnt

2
δ
(∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)

∣

∣

∣

∣

r

dθ

}1/r

6 ntCr

(

Bαt
+

|β|Aαt

2t−1

)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

.(3.1)

Proof. Recall that P ∈ Pn and P (z) 6= 0 in |z| < 1. If Q(z) = znP (1/z̄),

then P (z) = znQ(1/z̄) and it can be easily verified that for 0 6 θ < 2π,

nP (eiθ) − eiθP ′(eiθ) = ei(n−1)θQ′(eiθ),

nQ(eiθ) − eiθQ′(eiθ) = ei(n−1)θP ′(eiθ).

Hence

nP (eiθ) + eiγnQ(eiθ)

= eiθP ′(eiθ) + ei(n−1)θQ′(eiθ) + eiγ
(

eiθQ′(eiθ) + ei(n−1)θP ′(eiθ)
)

= eiθ
(

P ′(eiθ) + eiγQ′(eiθ)
)

+ ei(n−1)θ
(

Q′(eiθ) + eiγP ′(eiθ)
)

,

which gives

n
∣

∣P (eiθ) + eiγQ(eiθ)
∣

∣ 6
∣

∣P ′(eiθ) + eiγQ′(eiθ)
∣

∣ +
∣

∣Q′(eiθ) + eiγP ′(eiθ)
∣

∣

= 2
∣

∣P ′(eiθ) + eiγQ′(eiθ)
∣

∣.(3.2)
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Also, we have
∣

∣

∣
DαP (eiθ) + eiγDαQ(eiθ)

∣

∣

∣

=
∣

∣

∣
nP (eiθ) + (α − eiθ)P ′(eiθ) + eiγ

(

nQ(eiθ) + (α − eiθ)Q′(eiθ)
)

∣

∣

∣

=
∣

∣

∣

(

nP (eiθ) − eiθP ′(eiθ)
)

+ eiγ
(

nQ(eiθ) − eiθQ′(eiθ)
)

+ α
(

P ′(eiθ) + eiγQ′(eiθ)
)

∣

∣

∣

=
∣

∣

∣

(

Q′(eiθ) + eiγP ′(eiθ)
)

ei(n−1)θ + α
(

P ′(eiθ) + eiγQ′(eiθ)
)

∣

∣

∣

6

∣

∣

∣
P ′(eiθ) + eiγQ′(eiθ)

∣

∣

∣
+ |α|

∣

∣

∣
P ′(eiθ) + eiγQ′(eiθ)

∣

∣

∣

=
(

|α| + 1)
∣

∣

∣
P ′(eiθ) + eiγQ′(eiθ)

∣

∣

∣
.(3.3)

Further, since F (z) = P (z) + eiγQ(z) is a polynomial of degree n, so that Ft(z) =
Pt(z) + eiγQt(z) is a polynomial of degree at most n − t, t 6 n − 1, we have, by
repeated application of Lemma 2.3, for r > 1

∫ 2π

0

∣

∣Dαt
Dαt−1

. . . Dα1
F (eiθ)

∣

∣

r
dθ 6 (n − t + 1)r(|αt| + 1)r

×

∫ 2π

0

∣

∣Dαt−1
Dαt−2

. . . Dα1
F (eiθ)

∣

∣

r
dθ.

Equivalently,
∫ 2π

0

∣

∣Dαt
Dαt−1

· · · Dα1
P (eiθ) + eiγDαt

Dαt−1
· · · Dα1

Q(eiθ)
∣

∣

r
dθ(3.4)

6 (n − t + 1)r(|αt| + 1)r

×

∫ 2π

0

∣

∣Dαt−1
Dαt−2

. . . Dα1
P (eiθ) + eiγDαt−1

Dαt−2
. . . Dα1

Q(eiθ)
∣

∣

r
dθ

...

6 (n − t + 1)r(n − t + 2)r . . . (n − 1)r(|αt| + 1)r(|αt−1| + 1)r . . . (|α2| + 1)r

×

∫ 2π

0

∣

∣Dα1
P (eiθ) + eiγDα1

Q(eiθ)
∣

∣

r
dθ.

Integrating both sides of (3.4) with respect to γ from 0 to 2π, we get, with the help
of Lemma 2.4 and inequality (3.3), that for each r > 1,

∫ 2π

0

∫ 2π

0

∣

∣Pt(e
iθ) + eiγQt(e

iθ)
∣

∣

r
dθ dγ(3.5)

6 2π(n − t + 1)r(n − t + 2)r . . . (n − 1)rnr

× (|αt| + 1)r(|αt−1| + 1)r . . . (|α2| + 1)r(|α1| + 1)r

∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ.



64 MIR

By Lemma 2.5, we have for each θ, 0 6 θ < 2π and for all β, αj , 1 6 j 6 t, t 6 n−1
with |β| 6 1, |αj | > 1,

∣

∣

∣
eitθPt(e

iθ) + β
ntAαt

2t
P (eiθ)

∣

∣

∣
6

∣

∣

∣
eitθQt(e

iθ) + β
ntAαt

2t
Q(eiθ)

∣

∣

∣

− mnt

(∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)

.

This implies
∣

∣

∣
eitθPt(e

iθ) + β
ntAαt

2t
P (eiθ)

∣

∣

∣
+

mnt

2

(
∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)

6

∣

∣

∣
eitθQt(e

iθ) + β
ntAαt

2t
Q(eiθ)

∣

∣

∣
−

mnt

2

(
∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)

.(3.6)

Taking in Lemma 2.6

A =
∣

∣

∣
eitθQt(e

iθ) + β
ntAαt

2t
Q(eiθ)

∣

∣

∣
, B =

∣

∣

∣
eitθPt(e

iθ) + β
ntAαt

2t
P (eiθ)

∣

∣

∣
,

C =
mnt

2

(∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)

we get B + C 6 A − C 6 A. Hence for every real γ, by using Lemma 2.6, we get
∣

∣

∣

∣

{

∣

∣

∣
eitθQt(e

iθ) + β
ntAαt

2t
Q(eiθ)

∣

∣

∣
−

mnt

2

(
∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)

}

eiγ

+

{

∣

∣

∣
eitθPt(e

iθ) + β
ntAαt

2t
P (eiθ)

∣

∣

∣
+

mnt

2

(∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)

}∣

∣

∣

∣

6

∣

∣

∣

∣

∣

∣

∣
eitθQt(e

iθ) + β
ntAαt

2t
Q(eiθ)

∣

∣

∣
eiγ +

∣

∣

∣
eitθPt(e

iθ) + β
ntAαt

2t
P (eiθ)

∣

∣

∣

∣

∣

∣

∣

.

This implies for each r > 1,

(3.7)

∫ 2π

0

∣

∣F (θ) + eiγG(θ)
∣

∣

r
dθ

6

∫ 2π

0

∣

∣

∣

∣

∣

∣

∣
eitθPt(e

iθ) + β
ntAαt

2t
P (eiθ)

∣

∣

∣
+ eiγ

∣

∣

∣
eitθQt(e

iθ) + β
ntAαt

2t
Q(eiθ)

∣

∣

∣

∣

∣

∣

∣

r

dθ,

where

F (θ) =
∣

∣

∣
eitθPt(e

iθ) + β
ntAαt

2t
P (eiθ)

∣

∣

∣
+

mnt

2

(∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)

,

G(θ) =
∣

∣

∣
eitθQt(e

iθ) + β
ntAαt

2t
Q(eiθ)

∣

∣

∣
−

mnt

2

(
∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)

.

Integrating both sides of (3.7) with respect to γ from 0 to 2π, we get
∫

2π

0

∫

2π

0

∣

∣F (θ) + e
iγ

G(θ)
∣

∣

r
dθ dγ

6

∫

2π

0

{
∫

2π

0

∣

∣

∣

∣

∣

∣

∣
e

itθ
Pt(e

itθ) + β
ntAαt

2t
P (eiθ)

∣

∣

∣
+ e

iγ
∣

∣

∣
e

itθ
Qt(e

iθ) + β
ntAαt

2t
Q(eiθ)

∣

∣

∣

∣

∣

∣

∣

r

dγ

}

dθ
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=

∫

2π

0

{
∫

2π

0

∣

∣

∣

∣

e
itθ

Pt(e
iθ) + β

ntAαt

2t
P (eiθ) + e

iγ
(

e
itθ

Qt(e
iθ) + β

ntAαt

2t
Q(eiθ)

)

∣

∣

∣

∣

r

dγ

}

dθ

=

∫

2π

0

{
∫

2π

0

∣

∣

∣

∣

e
itθ

(

Pt(e
iθ) + e

iγ
Qt(e

iθ)
)

+ β
ntAαt

2t

(

P (eiθ) + e
iγ

Q(eiθ)
)

∣

∣

∣

∣

r

dθ

}

dγ.

Therefore, it follows by Minkowski’s inequality that

{
∫ 2π

0

∫ 2π

0

∣

∣F (θ) + eiγG(θ)
∣

∣

r
dθ dγ

}1/r

6

{
∫ 2π

0

∫ 2π

0

∣

∣

∣
eitθ

(

Pt(e
iθ) + eiγQt(e

iθ)
)

+ β
ntAαt

2t

(

P (eiθ) + eiγQ(eiθ)
)

∣

∣

∣

r

dθ dγ

}1/r

6

{
∫ 2π

0

∫ 2π

0

∣

∣

∣
Pt(e

iθ) + eiγQt(e
iθ)

∣

∣

∣

r

dθ dγ

}1/r

+ |β|
ntAαt

2t

{
∫ 2π

0

∫ 2π

0

∣

∣

∣
P (eiθ) + eiγQ(eiθ)

∣

∣

∣

r

dθ dγ

}1/r

,

which gives on using (3.2), (3.5) and Lemma 2.4 that for every β with |β| 6 1,
r > 1 and γ real,

(3.8)

{
∫ 2π

0

∫ 2π

0

∣

∣F (θ) + eiγG(θ)
∣

∣

r
dθ dγ

}1/r

6 (2π)1/rnt

{

Bαt
+ |β|

Aαt

2t−1

}

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

.

If we take a = F (θ) and b = G(θ), since |b| > |a| from (3.6), we get from Lemma
2.8 that

(3.9)

∫ 2π

0

∣

∣F (θ) + eiγG(θ)
∣

∣

r
dγ > |F (θ)|r

∫ 2π

0

∣

∣1 + eiγ
∣

∣

r
dγ.

Integrating both sides of (3.9) with respect to θ from 0 to 2π, we get from (3.8)
that

(3.10)

{
∫ 2π

0

∣

∣1 + eiγ
∣

∣

r
dγ

∫ 2π

0

∣

∣F (θ)
∣

∣

r
dθ

}1/r

6 (2π)1/rnt

{

Bαt
+ |β|

Aαt

2t−1

}

{
∫ 2π

0

∣

∣

∣
P (eiθ)

∣

∣

∣

r

dθ

}1/r

.

Now using the fact that for every δ ∈ C with |δ| 6 1,
∣

∣

∣
eitθPt(e

iθ) + β
ntAαt

2t
P (eiθ) +

δmnt

2

(
∣

∣

∣
Λt + β

Aαt

2t

∣

∣

∣
−

∣

∣

∣
eitθ + β

Aαt

2t

∣

∣

∣

)
∣

∣

∣
6 |F (θ)|,

the inequality (3.1) follows from (3.10). �

If we take α1 = α2 = . . . = αt = α, then dividing both sides of (3.1) by |α|t

and leting |α| → ∞, we get the following result.
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Corollary 3.1. If P ∈ Pn and P (z) 6= 0 in |z| < 1 then for all β, δ ∈ C with

|β| 6 1, |δ| 6 1, 1 6 t 6 n − 1 and r > 1,

(3.11)

{
∫ 2π

0

∣

∣

∣
eitθP t(eiθ) + β

nt

2t
P (eiθ) +

mnt

2
δ
(∣

∣

∣
1 +

β

2t

∣

∣

∣
−

∣

∣

∣

β

2t

∣

∣

∣

)∣

∣

∣

r

dθ

}1/r

6 ntCr

(

1 +
|β|

2t−1

)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

.

Now, we present and discuss some consequences of Theorem 3.1 and Corollary
3.1. First, we point out that inequalities involving polynomials in the sup-norm on
the unit circle in the complex plane are a special case of the polynomial inequalities
involving the integral norm. For example, if we let r → ∞ in (3.1) and (3.11) and
choose the argument of δ suitably with |δ| = 1, noting that Cr → 1

2 , we get the
following results.

Corollary 3.2. If P ∈ Pn and P (z) 6= 0 in |z| < 1, then for all β, αj ∈ C

with |β| 6 1, |αj | > 1, 1 6 j 6 t, t 6 n − 1,

(3.12) max
|z|=1

∣

∣

∣
ztPt(z) +

βntAαt

2t
P (z)

∣

∣

∣
6

nt

2

{(

Bαt +
|β|Aαt

2t−1

)

max
|z|=1

|P (z)|

−
(

∣

∣

∣
Λt +

βAαt

2t

∣

∣

∣
−

∣

∣

∣
zt +

βAαt

2t

∣

∣

∣

)

m
}

.

Corollary 3.3. If P ∈ Pn and P (z) 6= 0 in |z| < 1 then for all β ∈ C with

|β| 6 1, 1 6 t 6 n − 1,

(3.13) max
|z|=1

∣

∣

∣
ztP t(z) +

βnt

2t
P (z)

∣

∣

∣

6
nt

2

{(

1 +
|β|

2t−1

)

max
|z|=1

|P (z)| −
(

∣

∣

∣
1 +

β

2t

∣

∣

∣
−

∣

∣

∣

β

2t

∣

∣

∣

)

m
}

.

If we take t = 1 in (3.12), we get the following generalization of (1.7).

Corollary 3.4. If P ∈ Pn and P (z) 6= 0 in |z| < 1, then for every α, β ∈ C

with |β| 6 1 and |α| > 1,

(3.14) max
|z|=1

∣

∣

∣
zDαP (z) +

nβ

2
(|α| − 1)P (z)

∣

∣

∣

6
n

2

{(

(|α| + 1) + |β|(|α| − 1)
)

max
|z|=1

|P (z)|

−
(∣

∣

∣
α +

β(|α| − 1)

2

∣

∣

∣
−

∣

∣

∣
z +

β(|α| − 1)

2

∣

∣

∣

)

m
}

.

Remark 3.1. Clearly (3.14) is a generalization of (1.7). The special case of
Theorem 3.1 for t = 1 gives (1.10). Inequality (3.13) generalizes a result of Aziz
and Dawood [3]. If we take β = 0 and t = 1 in (3.1), we obtain (1.9) for r > 1.

We now mention the following result that follows by taking δ = 0 and t = 1 in
(3.1) and provides a generalization of (1.8).
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Corollary 3.5. If P ∈ Pn and P (z) 6= 0 in |z| < 1, then for every α, β ∈ C

with |α| > 1, |β| 6 1 and r > 1,

(3.15)

{
∫ 2π

0

∣

∣

∣
eiθDαP (eiθ) + nβ

(|α| − 1)

2
P (eiθ)

∣

∣

∣

r

dθ

}1/r

6 nCr

(

(|α| + 1) + |β|(|α| − 1)
)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

.

Remark 3.2. If we take β = 0 in (3.15), then we get (1.8).

For the class of self-inversive polynomials, we prove the following result.

Theorem 3.2. If P ∈ Pn is self-inversive and β ∈ C with |β| 6 1 and r > 1,

then for any α with |α| > 1,

n

2
(|α| − 1)(1 − |β|)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

(3.16)

6

{
∫ 2π

0

∣

∣

∣
eiθDα(eiθ) +

nβ(|α| − 1)

2
P (eiθ)

∣

∣

∣

r

dθ

}1/r

6 nCr

(

(|α| + 1) + |β|(|α| − 1)
)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

and for any α with |α| 6 1

n

2
(1 − |α|)(1 − |β|)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

(3.17)

6

{
∫ 2π

0

∣

∣

∣
eiθDα(eiθ) +

nβ(1 − |α|)

2
P (eiθ)

∣

∣

∣

r

dθ

}1/r

6 nCr

(

(|α| + 1) + |β|(|1 − α|)
)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

Proof. Since P ∈ Pn is a self-inversive polynomial, therefore, P (z) ≡ ζQ(z),

where |ζ| = 1 and Q(z) = znP (1z̄) ∈ Pn. Then for any α, β ∈ C with |α| > 1,
|β| 6 1, we have

(3.18)
∣

∣

∣
zDαP (z) +

nβ

2
(|α| − 1)P (z)

∣

∣

∣
=

∣

∣

∣
zDαQ(z) +

nβ

2
(|α| − 1)Q(z)

∣

∣

∣

and for any |α| 6 1, |β| 6 1, we have

(3.19)
∣

∣

∣
zDαP (z) +

nβ

2
(1 − |α|)P (z)

∣

∣

∣
=

∣

∣

∣
zDαQ(z) +

nβ

2
(1 − |α|)Q(z)

∣

∣

∣

for all z ∈ C. The inequalities on the right hand sides of (3.16) and (3.17) can be
obtained by proceeding similarly as in the proof of Theorem 3.1 and using (3.18)
and (3.19). To prove the inequalities on the left hand sides of (3.16) and (3.18),
note that for any α, β with |α| > 1, |β| 6 1, we have for 0 6 θ < 2π,

∣

∣

∣
eiθDαP (eiθ) +

nβ

2
(|α| − 1)P (eiθ)

∣

∣

∣
(3.20)
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>
∣

∣DαP (eiθ)
∣

∣ −
n|β|

2
(|α| − 1)|P (eiθ)|

= |αP ′(eiθ) + nP (eiθ) − eiθP ′(eiθ)| −
n|β|

2
(|α| − 1)|P (eiθ)|

> |α||P ′(eiθ)| − |nP (eiθ) − eiθP ′(eiθ)| −
n|β|

2
(|α| − 1)|P (eiθ)|.

It is easy to verify that for 0 6 θ < 2π, |P ′(eiθ)| = |nP (eiθ) − eiθP ′(eiθ)|, which on
using in (3.20) gives

(3.21)
∣

∣

∣
e

iθ
DαP (eiθ) +

nβ

2
(|α| − 1)P (eiθ)

∣

∣

∣
> (|α| − 1)|P ′(eiθ)| −

n|β|

2
(|α| − 1)|P (eiθ)|.

Similarly, for |α| 6 1, we have

(3.22)
∣

∣

∣
e

iθ
DαP (eiθ) +

nβ

2
(1 − |α|)P (eiθ)

∣

∣

∣
> (1 − |α|)|P ′(eiθ)| −

n|β|

2
(1 − |α|)|P (eiθ)|.

Inequalities (3.21) and (3.22) when combined with Lemma 2.9, give

∣

∣

∣
eiθDαP (eiθ) +

nβ

2
(|α| − 1)P (eiθ)

∣

∣

∣
>

n

2
(|α| − 1)(1 − |β|)|P (eiθ)| for |α| > 1,

∣

∣

∣
eiθDαP (eiθ) +

nβ

2
(1 − |α|)P (eiθ)

∣

∣

∣
>

n

2
(1 − |α|)(1 − |β|)|P (eiθ)| for |α| 6 1,

wherefrom we can obtain the inequalities on the left-hand sides of (3.16) and (3.17).
�

If in (3.16), we divide throughout by |α| and make |α| → ∞, then we get the
following result.

Corollary 3.6. If P ∈ Pn is self-inversive, then for every β ∈ C, with |β| 6 1
and r > 1,

n

2
(1 − |β|)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

6

{
∫ 2π

0

∣

∣

∣
eiθP ′(eiθ) +

nβ

2
P (eiθ)

∣

∣

∣

r

dθ

}1/r

(3.23)

6 nCr(1 + |β|)

{
∫ 2π

0

∣

∣P (eiθ)
∣

∣

r
dθ

}1/r

.

Remark 3.3. For β = 0, Corollary 3.6 reduces to a result of Govil and Jain
[11, Corollary 1]. Inequalities (3.16) and (3.17) also represent a generalization of a
result due to Aziz and Rather [5, Theorem 3].

Making r → ∞ in (3.23) and noting that Cr → 1
2 as r → ∞, we get the

following generalization of a result due to O’Hara and Rodriguez [13].

Corollary 3.7. If P ∈ Pn is self-inversive, then for any |β| 6 1, we have

n

2
(1 − |β|) max

|z|=1
|P (z)| 6 max

|z|=1

∣

∣

∣
zP ′(z) + n

β

2
P (z)

∣

∣

∣
6

n

2
(1 + |β|) max

|z|=1
|P (z)|.
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