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A THEORY OF VARIATIONS
VIA P-STATISTICAL CONVERGENCE
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ABSTRACT. We introduce some notions of variation using the statistical con-
vergence with respect to power series method. By the use of the notions of
variation, we prove criterions that can be used to verify convergence without
using limit value. Also, some results that give relations between P-statistical
variations are studied.

1. Introduction

The subject of regular variation was initiated by Jovan Karamata in 1930 in
his pioneering paper [21] (see also [201[221[23]). The theory deals with asymptotic
analysis of divergent processes and the results are very important in Tauberian
theorems. The Karamata theory was released by Bingham et al. whose book [4] is
a nice exposition of the subject (see also [1825129]). The concept of rapid variation
was defined and investigated by de Haan [19] in his 1970 thesis. These two concepts
motivated significant developments in asymptotic analysis. Another concept is O-
regularly varying sequences. This concept with the theory of regularly varying
functions that first appeared in [3] (see also [9]). Bojanié¢ and Seneta [5] have
showed that Karamata’s original theory of regularly varying functions is similar
to the theory of regularly varying sequences. They also studied the properties of
regularly varying sequences without proofs. Djur¢i¢ and Bozin [10] showed similar
connection for the concept O-regularly varying functions and sequences.

The idea of statistical convergence first appeared (under the name “almost
convergence”) in the first edition (1935) of the famous monograph [34] of Zygmund.
In an explicit form statistical convergence was introduced, independently, by Fast
in [15] and Steinhaus in [31], in 1951. There are many variants of statistical
convergence in the literature. Recently, Unver and Orhan in [33] introduced another
interesting convergence method called statistical convergence with respect to a
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12 DEMIRCI, DJURCIC, KOCINAC, AND YILDIZ

power series or shortly P,-statistical convergence. Unver and Orhan have showed
that statistical convergence and P,-statistical convergence are different from each
other.

On the other side, Di Maio et al. introduced and studied the statistical rapid
convergence in [8]. It was the first paper dealing with variations by using sta-
tistical convergence. More recently, Dutta and Das [14] have continued such an
investigation of variation via statistical convergence. Our aim here is to define and
study P,-statistical analogues of these concepts. We find out criterions that can be
used to verify convergence without using limit value. Also, some results that give
relations among P,-statistical variations are studied.

2. Preliminaries

We shall be concerned initially with certain properties related to the statistical
convergence and the convergence in the sense of power series method of a sequence

x ={zn}.

NoTE 2.1. In what follows x = {2, }, ¥ = {yn}, 2 = {2, } will denote sequences
of positive real numbers. Sometimes we simply write x or {z,,} instead of x = {x,, }.

As usually, N and R denote the set of natural numbers and real numbers,
respectively. By 2N and 2N + 1 denote the sets of even and odd natural numbers,
respectively, and by Ny the set NU {0}.

2.1. Statistical convergence. Let E be a subset of N. The natural density
of E, denoted by §(F), is given by

1
0(E) := lim E|{n <k:neFE}

k—o0
whenever the limit exists, where |.| denotes the cardinality of a set [28].
A sequence x = {z,} is statistically convergent to ¢ provided that for every

e >0,

lim S{n <k:|on—0 e} =0

k—oo k
that is,

Ey(e):={n<k: |z, — ¥ > ¢}

has its natural density zero. This is denoted by st-lim,, z,, = ¢ [7LI5L27,31]. It
is worth noting that every convergent sequence (in the usual sense) is statistically
convergent to the same limit, while a statistically convergent sequence need not be
convergent.

2.2. Power series method. In what follows p = {p,} will be a given non-
negative real sequence such that py > 0 and the corresponding power series

p(u) := anu”
n=0

has a radius of convergence R, with 0 < R, < oo.
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The power series methods, include both Abel and Borel methods, are well
known and are more effective than ordinary convergence. We turn now to these
methods.

Let x = {x,,} be a sequence of positive real numbers. If the limit

anu Ty =4

exists then we say that x is convergent in the sense of power series method |26, 30].

0<u~>R p

pwu

It is worth to point out that the method is regular if and only if lim;_,,_, p- o (w)
P

= 0 for every n (see, e.g. [6]).

REMARK 2.1. Let us notice ﬁrst that in the case of R, = 1, it is not difficult
see that if p, = 1 and p, = +1, the power series methods c01nc1de with the
Abel summability method and the logarlthmlc summability method, respectively.
Furthermore, in the case of R, = oo and p,, = the power series method coincides
with the Borel summability method.

nl)

In this article the power series method is always assumed to be regular.

2.3. Statistical power series method. Unver and Orhan [33] have recently
introduced P,-statistical convergence.

DEFINITION 2.1. [33] Let p = {p,} be a given sequence. A real sequence
x = {xy,} is P,-strongly convergent to ¢ if

anu |z, — £] = 0.
O<u—>R p

DEFINITION 2.2. [33] Let E C Ny. If the limit

5PP(E) = an

O<u—>R p
exists, then dp (E) is said to be the P,-density of E.

Notice that, from the definition, it follows that 0 < dp, (E) < 1 whenever it
exists.

DEFINITION 2.3. [33] A sequence x = {z,} is statistically convergent with
respect to power series method (given by a sequence p), shortly, P,-statistically
convergent, to ¢ provided that for any e>0

an =0,

O<u—>R p nGE

where E. = {n € Ny : |z, — {| > €}, that is §p,(E.) = 0 for any € > 0.
In this case we write stp_-limx, = £.

The notion of statistically Cauchy sequence has been first introduced by Fridy
n [16]. In the following definitions we give the notion of P,-statistically Cauchy
sequence, and the notion of P,-statistical boundedness of sequences.
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DEFINITION 2.4. A sequence x = {z,} is a P,-statistically Cauchy sequence
provided that for every € > 0 there exists a number N such that

1 o0

im pru”x({n € Ng : |z, —xn| = €}) = 0.
o<u—r, P(u) =

DEFINITION 2.5. A sequence x = {z,} is P,-statistically bounded if for some
M >0 it holds dp,({n : [xn| > M}) =0.

The notions of statistical limit superior and statistical limit inferior have been
introduced by Fridy and Orhan [17]. Now, in view of this study, we can introduce
the concepts of P,-statistical limit superior and P,-statistical limit inferior. The
P,-statistical limit superior of a sequence x = {x,}, denoted by stp — limsup z,,
is defined by

T _ [supB,, if B, #0,
stp, — limsupz,, = {oo, i B, =0,
where B, := {b € R: dp ({n:x, > b}) > 0 or does not exist in R}. Similarly, the
P,-statistical limit inferior of {x,} denoted by stp — liminf z,,, is defined by

inf C,, if Cp # 0,

stp, — liminf z,, = {—i—oo o =0
) xr — b

where C,, := {c€ R : dp,({n:x, < c}) > 0 or does not exist in R}.

Clearly,

stp, — liminf z,, < stp, — limsup x,,.

Also, x = {z,} is P,-statistically bounded and stp, — limz,, = ¢ if and only if
stp, — liminf x,, = stp_ — limsup z,, = /.

THEOREM 2.1. If 3 = stp, — limsupx, is finite, then for every e >0
(2.1) op,({n:xn > B —€}) #0 and dp,,({n : x, > B+€}) =0.
Conversely, if (Z1) hold for every positive e, then 3 = stp, — lim sup x,,.

THEOREM 2.2. If stp, — limz,, = {1, stp, — limy, = {2, then:

(a) stp, —lim(zn + yn) = {1 + Co.
(b) stp, — lim(xpyn) = £1fo.

2.4. Regular and rapid variations. Now, we pause to collect some basic
concepts and notations about variations.

Here and throughout the paper L is always assumed to be a positive function
and (as we have already mentioned) x = {z,} is always assumed to be a positive
real sequence.

DEFINITION 2.6. [4] Let L be a measurable function, defined on [a, 00), a > 0.
Then we say that L is regularly varying provided that for each ¢ > 0

lim L(¢z)
00 L(g;)

If (¢) =1 for each ¢ > 0, then L is called slowly varying.

= h(¢) < 0.
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It is known that the function h(¢) is a power (* for some p € R; the number p
is called the index of variability of L.

DEFINITION 2.7. [4] A sequence x = {z,,} is regularly varying provided that

lim 27— k(¢) < oo for all ¢ > 0.

n—oo I,

If k(¢) =1 for each ¢ > 0, then x is called slowly varying.

It is known (see [4]) that k({) = ¢” for some p € R; p is called the index of
variability of x.

By RV; (resp. SVs) we denote the class of regularly varying (resp. slowly
varying) sequences, and RV , stands for the class of regularly varying sequences of
index of variability p.

DEerFINITION 2.8. [13l132] A sequence x = {z,} is in the class Tr(RV;) of
translationally regularly varying sequences provided that for each ( > 1

lim 2+ _ r(¢) < oo.

n—oo I,

THeOREM 2.3. [13124] If x = {x,} € Tr(RVy), then r(¢) = e”l¥l for some
pEeR.

The number p in the previous theorem is called the index of variability of x.
The symbol Tr(RVs ,) stands for the class all sequences in Tr(RV;s) of index of
variability p.

DEFINITION 2.9. [3] A measurable function L defined on [a, c0), a > 0, is said
to be O-regularly varying provided that for each { > 0

lim sup Ii(f;))

The function v(¢), ¢ > 0, is said to be the indezx function of L.

=(() < o0.

DEFINITION 2.10. [3] A sequence x = {z,} is said to be O-regularly varying
provided that, for each { > 0

lim sup —— (S0
n—oo In

=t(¢) < oc.

It is evident from the definitions that every regularly varying sequence is O-
regularly varying, but the converse may not be true (see [9]).

Denote by ORV; the class of all O-regularly varying sequences.

The main features and various aspects of O)-regularly varying functions and
sequences can be found in [1L2/9L[10].

A measurable function L defined on [a,00), a > 0, is rapidly varying of index
el

T

L is said to be rapidly varying of index of variability —oo provided that for

each ¢ > 1 it satisfies limg_s o0 LL((C;E)) —0.

of variability oo provided that for each ¢ > 1 it satisfies lim, o



16 DEMIRCI, DJURCIC, KOCINAC, AND YILDIZ

DEFINITION 2.11. [11112] A sequence x = {z,} belongs to the class Rs o of
rapidly varying sequences of index of variability oo provided that for each ¢ > 1

x
lim —kn 0,
n—oo I,

or, equivalently

lim 27— 0 for 0 < ¢ < 1.

n—oo ITL
A sequence x = {z,} is rapidly varying of index of variability —oc provided that
for each ¢ > 1 the following condition is satisfied

lim 2Ll _ g,
n—oo I,

Denote by Rs,—« the class of rapidly varying sequences of index of variability —oo.

3. P,-statistical regular variations

In this section we define and study P,-statistical regular variations for sequences
considering P,-statistical analogues of regular variation, translational regular vari-
ation, O-regular variation.

3.1. Pp,-statistical regular variation.

DEFINITION 3.1. We say that a sequence x = {z,} is in the class P,SRV; of
P,-statistically reqularly varying sequences provided that

x
stp, — lim —<" = & (¢) < 00 for all ¢ > 0.
Tp
From the definition, it is easy to verify that every regularly varying sequence is
P,-statistically regularly varying, but the converse may not be true as the following

example shows.
EXAMPLE 3.1. Consider the sequence x = {x,,} defined by

o eV, ne 2N,
T, n € 2N+ 1.

Also, let the power series method is given with the sequence

_J0, ne?2N,
Pn = {1, n € 2N+ 1.
First observe that dp,(2N+1) = 1 (and dp, (2N) = 0), and that for the sequence p,
R,=1.
We have stp, — limz, = 1.
Further, we have that for any € > 0

1
lim — Z ppu’ = 0.
{neNp:| L2l 1| >¢}

Tn

This means that x is a P,-statistically regularly varying sequence. However, since
lim,, o0 % does not exist, x is not a regularly varying sequence.
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DEFINITION 3.2. It is said that a sequence x = {z,,} is a P,-statistically regu-
larly varying Cauchy sequence provided that for every € > 0 there exists a number
N (depending on 5) such that for each { > 0

R

Our first result concerns regular variation and can be used to verify convergence
without using limit value.

THEOREM 3.1. For a sequence x the following conditions are equivalent:
(a) x is a Py-statistically reqularly varying sequence;
(b) x is a P,-statistically reqularly varying Cauchy sequence;
(c) xisa sequence for which there is a reqularly varying sequence 'y such that
p,({n € Ny : 2zl £ ygw }) =0 for each ¢ > 0.

Tn

PROOF. Everywhere in the proof of this theorem we suppose that ¢ > 0 is
arbitrary and fixed.

(a) = (b) Let stp, — lim 2 =k, (¢) and € > 0. Then
5pp({n €Ny : ‘@ - k,,s(g)‘ < %}) ~ 1.

Choose N = N(g) so that |z3[f—£’] — kps(¢)] < 5. The triangle inequality now yields
or, ({n e N+ |22k — x[cN]‘ <e})=1.
LTn

Since € was arbitrary, x is a P,—statistically regularly varying Cauchy sequence.

(b) = (c) Choose N so that the closed interval I = [Z¥ —1, x[i]v\” +1] contains

cn for n belonging to the set of all k satisfying 0p, ({k € Ny ‘f:J el}) =1

Also choose M so that the interval I’ = [ — 1 ZIM 4 1] contains l‘" for
n belonging to the set of all k satisfying dp, ({k € No : x[g’“] erl'}) =1 We
claim that Iy = I NI’ contains x# for n belonging to the set of all k£ for which
p,({k €No: L e 1}) = 1.

Since

{nGNO:xJ[;:] ¢Il}:{n€N0:%¢I}U{n€NO:%¢I’},

we have

5pp({n€ON0:% ¢0}) gapp({neNoz@ ¢1})
+(51%({7’L€N02%¢I’}) =0.

Therefore, I; is a closed interval of length less than or equal to 1 which contains

Znl for n belonging to the set of all k with dp, ({k € Ny : x[“] €h})=1.
We proceed by choosing N'* so that I" = [xg[f—;j,/] -5 x;g;w] + 3]

belonging to the set of all k satisfying dp, ({k € Np : ;: €1”"}) =1 and by a

Z(cn)
Tn
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similar argument Iy = I, N 1" -
op,({k € No : x%:] € I}) =1, and I has length not greater than 3.
Continuing in this way, we inductively can construct a sequence {I,,}>>_; of
closed intervals having the properties:
(i) for each m, Ipp41 C Iy
(ii) the length of Im is less than or equal to 21=m;
(iii) I,

5Pp({keN0 3[;’“] €lnf) =1

By the well-known Nested Intervals Theorem there exists a real number, say, u
such that {u} = (-_, . By construction of I,,’s we can choose an increasing
sequence { Py, }m_1 such that
1) <s
m’

Define a subsequence z of x consisting of all terms z,, such that

(3.1) anu x({n eNg:n> Pm,

Ll¢n]
n> Py and Py, <n < P41 then —— ¢ I,,.
T

n

Let y = {yn} defined by

Yien] {u, if z,, is a term of z,

T .
Un Ll otherwise.

Then for each ¢ > 0, lim,_, y[“‘] = p. For if P, <nand 0 < i < g, then either

vl _ = p, or Ll — Zlnl T and |y<" p| is not

T, is a term of z, namely, m -

greater than the length of I,
Next, we assert that “L£2l — y[C” for n that belongs to the set of all k satisfying

dp,({k € No : =t = Zeil }) =1. We note at this point that for P,, < n < Py,

we have Zgn) _, Yien) Li¢n]
{nGNO: . #y—n}g{nENO:Z§Z[m}.

This implies

7 S 22

plu n

<t Smer({remo S gn)) < & ovem)

Taking 0 <u — R, we get
lim anu X({nEN Zlen) #+ M}) =0
0<u—R, p( ) Tn Yn ’

ie., Znl — C"] for n in the set of all k such that dp, ({k: €Ny : x“’“] = % ) =1.
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(c¢) = (a) Let (c) be satisfied, i.e.
Llgnl _ Yin)
In Yn
for n in the set of all k satisfying
op, ({n €Ny : Tk _ Yickiz }) —1 and lim M = kps(Q).
Tk Yk n—oo Yi
Let € > 0. Then

{nGNO : ‘% —kps(C)‘ 25}

’ Q{nGNO:%;«éM}U{nENO:‘%—kps(@‘>E}

Yn
Therefore, 0p, ({n € Ny ‘ m"] - kzps((j)‘ > 5}) = 0, which means that x is a
P,-statistically regularly varying sequence. O

By Theorem Bl and observation after Definition 27, it is straightforward to
get the following result.

COROLLARY 3.1. If a sequence X is such that stp, — lim % = kps(¢), ¢ >0,
then x has a subsequence'y = {y,} such that lim,, % = kps(¢) and kps(¢) =
¢?, for some p € R.

Now, we give a decomposition theorem for P,-statistically regularly varying
sequences.

THEOREM 3.2. The following conditions for a sequence X are equivalent:
(a) L = kps(¢) < 0o for each ¢ > 0;

(b) There are sequences y = {yn} and z = {z,} such that "L = % enl,
hmn o0 yl[f” = kps(¢) and p, (supp Zen] ) =0, where supp ={ne

S A 0)
PROOF. Throughout the proof we assume that ¢ > 0 is arbitrary (and fixed).
(a) = (b) Since (a) is satisfied, there exists a set K = {ng <ni; <ng < -+ <
ng < ...} C Nwith 6p, (K) = 1, such that lim,_,c "% = k,(¢). Now define the
sequence y = {y,} as

Z[¢n] K
(3.2) Yienl { o, 0 MER,

Yn kps(C), n € Ng \ K.

It can be easily seen that lim,, y;“'] = kps(C). Further, put @ = @ — %,

n € Ny. It is evident from {n € Ny : % %+ %} C Ng\ K and dp,(Nog N\ K) =0,
we have dp,({n € Ny : % # 0}) = 0. It follows that dp, (supp el ) = 0 and

Ten] _ Yign] Z[¢n]
T, :

Yn Zn
(b) = ( ) Now suppose that there exist two sequences y = {y,} and z = {z,,}
such that Znl = K"] + 2l Timy, o0 22 = Ky (¢) and 6p, (supp 2<) = 0, where

Zn Yn

supp(z) = {n € No : ;: # 0}. We will prove that stp, — lim%:] = kps(Q).



20 DEMIRCI, DJURCIC, KOCINAC, AND YILDIZ

Define K = {n} to be a subset of Ny such that K = {n € No : 221 = 0}. Since
§p, (supp 21) = 0, we have dp, (K) = 1, hence 22l = % if n € K. Thus, we
conclude that there exists a set K = {ng < ni <ng < ...} with ép, (K) = 1 such

that limg_, o % = kps(¢). Hence, we get the result. U
e

COROLLARY 3.2. Let x = {x,} be a sequence of positive real numbers. Then,
stp, — lim C”] = kps(¢), ¢ > 0, if and only if there existy = {yn} and z = {z,}

such that K” = yg:'] + Z[;n” limy, 00 yK” = kps(¢) and stp, — lim [4”] =0.

PROOF. Let 2tk = =l _ Henl wwhere {y,} is the sequence defined by (B2).

T Un
Then lim,,_ o0 yg[f"] = kps(¢) and TheoremIZZL we conclude that stp, —lim [C” =0.
Let <" = y[c"] + K" , where lim,,_, oo yg" = kyps(¢) and stp, — lim = enl — O Since

stp, — Tim ;"] = k ((:) then by Theorem 2] we get stp— lim Z% = kps(C). O
By Theorem [Z1] we get the following result.

THEOREM 3.3. If n(¢) = stp, — limsup C" is finite for each ¢ > 0, then for
every € >0

(3.3) op, ({n : %ﬂ > () — g}) £0 and op, ({n Tenl ) + 5}) —o.

Tn

Conversely, if B.3) holds for every positive €, then n(¢) = stp, — limsup C" for
each ¢ > 0.

THEOREM 3.4. If ¥(¢) = stp, — liminf mf:] is finite for each ¢ > 0, then for
every € >0

(3.4) 5pp({n: zon) <)+ }) #0 and Jp, ({ , Zlen) <(¢) —5}) = 0.

Tn Tn

Conversely, if (3.4) holds for every positive €, then v(() = stp, — lim inf C"] for
each ¢ > 0.

DEFINITION 3.3. A sequence x = {x,} is P,-statistically RV-bounded provided
that for each ¢ > 0 there is a number B such that dp, ({n : % > B}) =0.

THEOREM 3.5. The P,-statistically RV-bounded sequence x is P,-statistically
reqularly varying if and only if

x x
Zlenl _ stp, — lim sup [Cn)
n n

stp, — lim inf for ¢ > 0.

PROOF. Let n(¢) = stp, (¢) = stp, —
lim inf <" for each ( > 0. Assume that stp —lim C"] = kps(¢) and € > 0. Then
5p, ({n G No : ‘ 17 — kps(C) ‘ >e}) =0, sodp, ({n : mgn] > kys(¢) +€}) =0,
which implies 7(¢) < kps(¢), ¢ > 0. We also have 6p, ({n : % < kps(¢)—€}) =0,
which implies that k,s(¢) < v(¢), ¢ > 0. Therefore n(¢) < v(¢), ¢ > 0. Using
the fact that v(¢) < n(¢) always holds, we can conclude that n(¢) = v(¢) for each
¢>0.
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Next, suppose that n(¢) = v(¢), ¢ > 0, and define kps(¢) = v(¢), ¢ > 0. If
g > 0, then from 3] and (4] of Theorem B3] and Theorem [34] respectively, we
have

5pp({n : ”%] > ks (C) + ;}) =0 and op, ({ f’” < kps(C) — %}) —0.

n

Hence, stp, — lim C"] = kps(€). -

3.2. Pp-statlstlcal translational regular variation. In this subsection we
define P,-statistically translationally regularly varying sequences, give some exam-
ples and prove results relate to this kind of sequences.

DEFINITION 3.4. We say that a sequence x = {x,} belongs to the class
PpSTr(RVs) of Pp,-statistically translationally regularly varying sequences provided

that for each { > 1
Lln+(]

stp, — lim
Tn

= 7ps(() < 00.

It is clear from the definition that if a sequence is in the class Tr(RVs), then it
belongs to the class P,STr(RVs). However, by the following example, the converse
is not true in general.

EXAMPLE 3.2. Consider the sequence x = {x,,} defined by
_fnl, ne2N,
=11, neoN+1.
Take the sequence p = {p,,} defined by
_J0, ne?2N,
Pn=11, neaN+1.
Clearly, R, = 1, and 7,5(¢) = 1.
For ( > 1 and € > 0 set

EEZ{HGN()Z‘Mfl‘}E}.

T
Since for ( > 1

Z pnu”

u—>1* neE
we obtain "
stp, — lim Zntdl 1,
Tn

that is, the sequence x is Pp-statistically translationally regularly varying. As for
¢ 2 11limy00 "“ does not exist, the sequence x is not translationally regularly
varying.

DEFINITION 3.5. It is said that a sequence x = {x,} is a P,-statistically trans-

lationally regularly varying Cauchy sequence if for each € > 0 there exists a number
N = N(e) such that for each ( >0

0<11}LHR o anu X({n €Ny ‘IE[;-FC] _ M‘ > 5}) —0

n TN
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We omit the proof of the following theorem because it is similar to the proof
of Theorem [3.1]

THEOREM 3.6. For a sequence x the following conditions are equivalent:
(a) x is a Py-statistically translationally regularly varying sequence;
(b) x is a P,-statistically translationally reqularly varying Cauchy sequence;
(¢c) x is a sequence for which there is translationally regularly varying sequence

y such thatépp({neNozm[;—:"] + % ) =0 for each ¢ > 1.

It is a simple matter to see that, by Theorem and Theorem 2.3} we have
the following result.

COROLLARY 3.3. If a sequence x = {x,} is P,-statistically translationally reg-
ularly varying to rps(¢), ¢ > 1, then x has a subsequence y = {yn} which is trans-
lationally regularly varying to rps(¢) and rps(¢) = e’ldl ¢ > 1, for some p € R.

By PpSTr(RVs ,) we denote the class of all P,-statistically translationally reg-
ularly varying sequences of index of variability p.
The following theorem is a P,-statistical generalization of [13], 3.6].

THEOREM 3.7. A sequence x = {z,,} € P,STr(RVs,), p € R, if and only if

n—1
xn=$0-62i=0 @i n>1a

b
where {a,} is a real sequence such that stp, — lime®" = e” and ag > 0.

PrOOF. Let x = {x,} € P,STr(RV;,), p € R. Immediate, by Corollary B3]

we get
Tn41

stp, — lim =7rps(1l) = e < o0,

n

which means that there is a sequence {b,} of positive real numbers such that

T
stp, — lim b, = rps(1) and ntl bn, n € Ng.

n
Also, for n > 0, we have x, 11 = bz, = bybp—1...boxo. Now, putting a; = Inb;,
i € No, we have stp, — lime® = stp, — limb,, = e, and for each n € Ny we get

n
T+l = To * 621:0 % namely, for each n > 1

n—1
Ty = To - eZi:O a7,7 where Sth — lim %" = e”.

n—1
For the converse part, we assume that z, = zq - ezz:o % n > 1, where

stp, — lime®" = e holds. Then, we have

I'nJrl

Tps(1) = stp, — lim = stp, — lim e = .

Tn
Therefore, for each ¢ > 1

stp, — lim % = rps(C) = el

Hence, x = {z,,} € P,STr(RVs,). =
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3.3. Pp-statistical O-regular variation. This subsection deals with P,-
statistically O-regular variation for sequences.

DEFINITION 3.6. We say that a sequence x = {z,} is P,-statistically O-
regularly varying provided that for each ¢ > 0

x n
stp, — lim sup Zlenl _ tps(C) < 0.
x

n
By P,SORV, we denote the class of all P,-statistically O-regularly varying
sequences.
It is easy to verify that
liminf z,, <stp, —liminf z, <stp, — limsup z, < limsup z,.
n— 00 n—00
Moreover, every O-regularly varying sequence is also P,-statistically O-regularly
varying. Example [3.]] shows that the converse need not be true.

PROBLEM 3.1. Find out a suitable definition of P,-statistically O-regularly
varying Cauchy sequences. Would a theorem similar to Theorem Bl hold in such
a case?

4. P,-statistical rapid variation

In this section we discuss Pp-statistical rapid variation in the spirit of the
previous section.

DEFINITION 4.1. It is said that a sequence x = {z,,} is P,-statistically rapidly
varying of index of variability oo provided that for each ¢ € (0,1)

stp, — lim
Tn

The symbol P,SRs o stands for the class of P,-statistically rapidly varying
sequences of index of variability co.

EXAMPLE 4.1. There is P,-statistically rapidly varying sequence of index of
variability oo which is not rapidly varying (of index of variability co).
The power series corresponding to the sequence p = {p,} defined by

_ J0, ne?2N,
Pn=11, neoN+1.

has the radius of convergence R, = 1. We prove that the sequence x = {z,}
defined by

e”, ne2N+1
is a required sequence. For 0 < { < 1 and any € > 0 we have
1
lim — Z ppu” =0,

u—1- p(u) o
{n€Ng: >~ >¢}

Tn

{n, n € 2N,
Tp =
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i.e.
stp flimM:O, 0< (<1

P
Tn
Therefore, the sequence x is P,-statistically rapidly varying. Since for ¢ € (0,1)
limy, 00 % does not exist, the sequence x is not rapidly varying.

DEFINITION 4.2. It is said that a sequence x = {z,} is a P,-rapidly varying
Cauchy sequence if for each € > 0 there exists a number N = N(¢e) such that for
each ¢ € (0,1)

lim i:: U X({nGN ‘xj[;:] TN 25}) =0.

0<u—R, p TN

By a small modification in the proof of Theorem [B.Ilone can prove the following
result.

THEOREM 4.1. For a sequence x the following conditions are equivalent:
(a) x is a Py,-statistically rapidly varying sequence;
(b) x is a P,-statistically rapidly varying Cauchy sequence;
(c) xisa sequence for which there is a rapidly varying sequence y such that
ép, ({n €Ny i" # K" }) =0 for each ¢ € (0,1).

5. Relation between Pp-statistical variation and P,-strong variation

In this final section we introduce the definition of P,-strongly g-regularly vary-
ing sequences and give a relation between P,-statistically regularly varying se-
quences and P,-strongly g-regularly varying sequences.

DEFINITION 5.1. Let ¢ be a positive real number. Then a sequence x = {z,,}
is said to be a P,-strongly g-regularly varying sequence if for each ¢ > 0 it satisfies

the condition
lim Pl
0<u—R, p Z "

— kps(0)] =0,

We denote the set of all P,-strongly g-regularly varying sequences by sP,RV; 4.

REMARK 5.1. If 0 < ¢; < g2 < 00, then sP RV 4, C sP RV, 4, and sP RV, 4 N
RVb., = sP,RVs 1 N RVb,, where RVb, is the space of all RV-bounded sequences
of positive real numbers.

The main result in this section is the following theorem.

THEOREM 5.1. Let q be a positive real number. Then:
(a) If a sequence x = {zyn} is P,-strongly q-regqularly varying, then it is P,-
statistically regularly varying;
(b) sPyRVsq N RVbs = PSRV N RVb,

PROOF. In the proof of the theorem we suppose that ( > 0 is arbitrary and
fixed.
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(a) Let E.(q) = {n € Ny : |% - kps(()‘q > e}. Since x is P,-strongly
g-regularly varying, we have

1 (oo}
0= Ilim ——= pru”
0<u—R, p(u) 7;0

=i S ko s S e k'

o<umity PO L, S " ngE.(q)

(SO a
8] — ke (0)

1
> lim —— pru’e.
- 0<u—R, p(u) Z "

Therefore, x is P,-statistically regularly varying.

1
(b) Denote F.(q) = {n € No : |22 — K, (¢)] > (5)7}. Since x is a RV-
bounded sequence, M = |l%w] + }kps(()}, ¢ > 0, is finite.
Since x is also a P,-statistically regularly varying sequence, for all u € (0, R,)

we have

neF.(q) ng¢Fe(q)
< 1 (u) € e n 1 ( )5 -
u U)— = €.
p(w) 2T )2
Hence, x is P,-strongly g-regularly varying. (]
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