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NEW ESTIMATES FOR MEROMORPHIC FUNCTIONS

Biilent Nafi Ornek

ABSTRACT. A boundary version of the Schwarz lemma for meromorphic func-
tions is investigated. For the function I™ f(z) = % + Zzo:2 kmcp_0282 be-
longing to the class of W, we estimate from below the modulus of the angular
derivative of the function on the boundary point of the unit disc.

1. Introduction

One of the most investigated subjects is Schwarz lemma in complex analysis. It
is an important result which gives estimates about taking values of the holomorphic
functions defined in the unit disc in complex plane and whose image set in the unit
disc. In addition, it is a fundamental support to develop geometric function theory,
the fixed point theory of holomorphic map, hyperbolic geometry and many areas of
analysis. Schwarz lemma, which is a direct application of the maximum modulus
principle, is commonly stated as follows.

Let f be a holomorphic function in the unit disc U = {z : |2| < 1}, f(0) = 0 and
|f(2)] <1 for |z] < 1. For any point z in the unit disc U, we have |f(z)| < |z| and
|7/(0)] < 1. Equality in these inequalities (in the first one, for z # 0) occurs only if
f(z) = Az, |Al =1 [6] p.329]. For historical background about the Schwarz lemma
and its applications on the boundary of the unit disc, we refer to (see |2}, 20]). Also,
Mateljevi¢ [16] give an approach to Hyperbolic geometry via the Schwarz lemma.

In proving our main results, we shall need the following result due to Jack [7].

LEMMA 1.1 (Jack’s lemma). Let f(z) be a holomorphic function in the unit
disc U with f(0) = 0. If |f(2)| attains its mazimum value on the circle |z| = r at
the point zo, then zo0f'(20) = kf(z0) where k > 1 is a real number.

Let 7 denote the class of functions f(z) = i + o+ 1z + 922 + -+ that are
holomorphic in the punctured disc E = {z € C: 0 < |z| < 1}. Define I°f(2) = f(z),

I'f(z) = i +2c0 4 3c12 +4c2® + - = @a Pf(z) = I'(I' f(2)),
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and forn=1,2,3,...
1 1

I"f(z) = INI"7'f(2)) = = + 2o + 3 crz + 4"z + - = = + Y k"ep 022
z z

Also, let W be the class of T consisting of all the functions f(z) satisfying
(1.1) Re[—-22(I"f(2))'] >0, |z| < 1.

Let f(z) € W and consider the function
1+ 22(I"H(2))
1—22(I"H(2))"’

where H(z) = =% [5t°f(t)dt and Rec > 0, which is holomorphic in U and
¥(0) = 0, that is

(1.2) ¥(z) =

1 2c 3c 4c
I°H(z) = H(z), I'H(2) = - 4.
(2) (2), (2) z+c+100+ +201Z+C+3022 +...
2 _ lcql N (5) — k—2
I*H(z) = I'(I'H(z)), I"H _—+Z +k71ck_2,z :
o(2) S"CLclz +2-4" 5 C 022 +3 5";3032 + ...
Z) =
2-3"tHez? -2 4” Ci3 c22® — 3B meazt —
c
=3" 424" S
et ) T ey
Since f(z) € W, we have
(1.3) 2(I"H(2)) + (14 c)I"H(z) = cI" f(2).
Differentiating (L3]), we obtain z(I"H(2))" + (¢ + 2)(I"H(z)) = ¢(I" f(2))'. Dif-
ferentiating (I2)), we get 2(I"H (2))" + 2(I"H(z)) = % Thus, we have
2:9/(2)
2/1n / 2/1n /
—2°(I"f(2)) = —2"(I"H(?)) — ———"5-
(") = =) - D
Now, we show that [¢(z)] < 1 for |z| < 1. If there exists a point zg € U such that
max| <z [¥(2)] = [¥)(z0)| = 1, then Jack’s lemma gives us that (z9) = € and
20¥'(20) = kv(zp). Thus, we have
224" (z0)
—22(I"f(20)) = —22(I"H(20)) — ———s
I a0)) = =) — o s

_ 1-— ’lb(ZQ) _ 2]?’4&(20)
L+9(z0)  c(1+9(20))?
1— et 2ket?

L4+e®  c(1+e?)?

and

1—et 2ket? )

Re(fzg(]'nf(z()))/) =Re <1 + eia - C(l + ei9)2
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Therefore, we obtain

Re(—22(I" f(20))’) = Re <

1 —(cosf +isinf) 2ke?
1+4+cosf+ising  c(1+ )2

1 — (cosf + isinb) 1
=R -2k . ,
e< 1+ cosf +isinf c(2+e’9+e—19)>
_R 1 — (cosf +isinf) 2k
T\ Tt cosO 1 ising 2¢(1 + cos )

1
= — B —— <
WRe (c(lJrcosH)) S0

This contradicts (II)). Thus, there is no point zo € U such that |¢)(zp)] = 1 for
all zp € U. Consequently, we conclude that |1(z)] < 1 for |z| < 1. Thus, by the
Schwarz lemma, we obtain

2 c+2
(1.4) el < g l——1I
Moreover, the equality in (4] occurs for the solution of the equation
(H()Y =

22(1+ 22)
with the condition lim,_,o 22H(z) = 0 at z = 0. In particular, for n = 1, we have
(1.5 (MHE) =

22(1 4 22)

with the condition lim,_,o 22H(z) = 0 at z = 0 Thus, from (LX), we obtain
1 2c+2 2c+4 4 2c+6 5
3 e T e S tEm e
Now, we can find equality condition in (4.

1 c c c c .
I"H(z) =~ +2" 3m 4™ 240507 aand .
(2) z+ c—i—lcOJr c+2clz+ c—i—SCQZ + c+4632 + ’
-1 c c c
I"H(2)) = — + 3" 2. 4™ 3.5 2, ...
( (2)) 2 + C+201+ C+3C2Z+ 1% +
Therefore, we obtain
22 -1
InH /:
( (Z)) 22(1+22)7
-1 c c c 22 -1
—— 43" 9.4" 3.5" 2= -
=t c+201+ c+3622+ c+4°* + 22(1+ 22)’
c c c 22 -1
143" 24 9.yn 343.5m ot =2 -
+ c—i—ZClz + c+302z + c+463Z + 14 22’
gn_© 2 g 4n c 5.5 ¢ i ,22714_1 222
1z . Coz . Caz e — — - -
ctr2t c+3°2 c+4° 14 22 1422’
c c c 2
3n 9. 4" 3.5" 22 =
cra A et e 1422
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and passing to the limit in the last inequality yields

. n n c z n c 2 1 2
2%3 c+201+2 4 c+3022 +3-5 C+403z + —2%—1_’_22,
c 2 c+2
3" =2 = — .
C+201 ) |Cl| 3n| c |

Osserman [19] offered the following boundary refinement of the classical
Schwarz lemma. It is very much in the spirit of the sort of result, we wish to
consider here. In other words,

! 1*|C |
(16) G
(1.7) 1F'(®)l = p

under the assumption f(0) = 0, where f is a holomorphic function mapping of the
unit disc into itself and b is a boundary point which f extends continuosly, and
|f(b)| = 1. In addition, equality in (7)) holds if and only if f(z) = 2Pe'®, where
6 is a real number. Also, equality in (6] holds if and only if f is of the form
f(z)=—2P f_}zz, Vz € U, for some constant ¢ € (—1,0].

The following set is called a Stolz angle at b € OU

A={z€eU: |arg(l —b2)| < a, |z —b| < p}, <0<a<g, p<2cosa).

Let f be a function from U to C. It is said that f has an angular limit ¢ € C
at b € OU if f(z) — ¢ as z — b, z €A for each Stolz angle A at b. The number
2« which is length of A can be any number less than 7. It is said that f has the
unrestricted limit ¢ € C at b if f(2) — ¢ as z — b, z € U. Clearly, in the last fact,
if the function f which is continuous in U is defined at the point b as f(b) = q,
then f becomes continuous in U U {b}.

Let f be a function from U to U and + be its angular limit at the point b. If
there exists a point 5 such that lim. 5, .en u (ZZEZ’Y = [ for every Stolz anagle A at
the point b, then 3 is called the angular derivative of the function f at b and 3 is
shown with f/(b).

In proving our main results, we shall need the following lemma due to Julia—
Wolft and Corollary 3 [21].

LEMMA 1.2 (Julia—Wolff lemma). Let f be a holomorphic function in U, f(0) =
0 and f(U) C U. If, in addition, the function f has an angular limit f(b) at b € OU,
|£(b)] =1, then the angular derivative f'(b) exists and 1 < |f'(b)] < oo.

COROLLARY 1.1. The holomorphic function f has a finite angular derivative
f'(b) if and only if ' has the finite angular limit f'(b) at b € OU.

Inequality (IL7)) and its generalizations have important applications in geomet-
ric theory of functions (see, e.g., [6, 21]). Therefore, the interest to such type of
results have not vanished (see, e.g., [1, 2, 4, 5, 11}, 12}, 16l 17, 19, 20, 22] and
references therein).
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Dubinin has continued this line and has made a refinement on the boundary
Schwarz lemma under the assumption that f(z) = ¢,2? + ¢py12PT + -+, with a
zero set {z;} [4].

Krantz and Burns [10] and Chelst [3] studied the uniqueness part of the
Schwarz lemma. Similar types of results which are related with the subject of
the paper can be found in [13], 14, 15]. Also, Mateljevié¢’s [16] give an approach
to hyperbolic geometry via Schwarz lemma.

In addition, Jeong [9] showed some inequalities at a boundary point for different
form of holomorphic functions. He also found the condition for equality. In [8], a
holomorphic selfmap was defined on the closed unit disc with fixed points only on
the boundary of the disc. Wail and Shah [21] established some results by using a
boundary refinement of the classical Schwarz lemma.

2. Main Results

In this section, the meromorphic function I"f(z) = % + > pe g kmep_0zm 2,
belonging to W, is estimated from below by the modulus of the angular derivative
of the function on the boundary point of the unit disc.

THEOREM 2.1. Let f(z) € W. Assume that, for some b € OU, (I"f(2)) has

angular limit (I"f(2)),_, at b and (I"f(2)).=p = LI (ZE [ t9f(E)dL)) 2=
Then we have
(2.1) U ()] > ﬁ;.

The inequality [210) is sharp.
Proor. Consider the function

o) = L2 HE)Y

1— 22(I"H(2))"’

where H(z) = =5 [; t°f(t)dt and Rec > 0. The function 1(z) is holomorphic
in the unit disc U and 9(0) = 0. From Jack’s lemma and since f(z) € W, we
have [1(z)| < 1 for |z| < 1. Also, we have |[¢)(b)] = 1 for b € OU. That is, since
(I"f(2))z=b = (I (57 [y t°f(t)dt)) = < (I"H(2)).—, we have

b(I"H(2)),—p+ 1+ ) I"H(2)s=p = cI" f(2) 2=,
DI H (=), + (L )T H(2) ey = ¢t (I H (2))

and (I"H(z)),_, = 0. Therefore, we take |¢(b)| =1 for b € OU.
For p = 2, from (7)), we obtain

(2b(I"H(2)),_ + V2 (I"H(2))]_) (1~ BPI"H(2)),,)
=2 f (=), )
L @UIMHE)L, + P UﬂJO+WWHU))
(1 —2(I"H(z))_ ’

2< ()] =
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[4b(I"H (2)), _p + 202 (I"H(2))1_p| 100 m "
(1—02(I"H(2))._,)? = [2(I"H(2))%=|,
and |(I"H(z))Y_,| > 1. Since z(I"H(z))" + (¢ + 2)(I"H(z)) = c(I"f(2)) and
(I"H(2))_, = 0, we have b(I"H(2))!_, + (c+ 2)(I"H(2))'_, = c(I" f(2))/__, and
b(I™H (), = c(I" f(2)Y,,- Thus, we obtain |(I" f(2))\_y| > 1/l
Now, we show that the inequality ([2) is sharp. Let
22 -1
22(1 4 22)
with the condition lim, o 22H(z) = 0 at z = 0. Then, we have
22(24 + 22) — (423 +22)(22 - 1)
(2% + 22)2

2 <

(I"H(z)) =

(I"H(2))" = , (IMH(2))o =1

We know that
b(I"H (2)) =y + (e +2)(I"H(2))\—p = c(I" f(2)).ms

and since (I"H(2))/_; = 1 and (I"H(z ))Z 1 = 0, we obtain (I"H(z))/_, =
c(I™f(z)),—;. Thus, we get [(I"f(2)).— |: O

THEOREM 2.2. Under the same assumptzons as in Theorem 4, we have
n 1 (6le+ 2]+ 3"c]lei]
2.2 ("l > 57

2l \ 2]e + 2+ 37c][e:
The inequality Z2) is sharp.

PROOF. Let 9(z) be as in the proof of Theorem 4. For n = 2, using the
inequality (L6) for the function (z), we obtain

|d2| n

2+

Since |da| = W'Q(O)\ 37| e

—r3|le1], where dy is the coefficient in the Taylor expansion

of the function ¥(z), then we have

3n
1*2

1+ 3

sllal o 2let2 = 3dle| _
=5l 2lc+ 2+ 3"[clles|
1 2 2| —3" 2 "
TR ES (9SS EL TN IR YTZS RS |c||c1|)
2 2lc + 2| + 3™cl|ea] 2lc + 2| + 3™cl|ea]
To show that the inequality (22) is sharp, take the holomorphic function
14+ 22(I"H(2)) Z240
w(z) _ 2( — ( )), :ZQ ,
1—22(I"H(z)) 1+ 02
with the condition lim,_.q 22H(2) =0at z=0. Then
V() = G 22(I"H (2)) + 22(I"H(2))" _ (32”4 202)(1 + 02) — 02 + 02%)
I (s TP D E R 0+ 02P ’
1) = 2 IHED o+ THE) L, 340
(1—({"H(2)).=1)* 1+

2+

<2/(IMH (2))2=l;

(0<o<1)
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and |(I"H(2))"_,| = l(%g) Since 0 = 3| 25| lea| (see, () and (I"H(2))!_,
=c(I"f(2)),—1, @2) is satisfied with equality. O
THEOREM 2.3. Under the same assumptions as in Theorem 4, we have

1 e + 3] (2le + 2| — 3"|cllcr])”
2.3 I"f(2)) | > —
@3) 7= |c|< o+ 31(dle + 212 — 3 [cPler]?) — 47 le + 27 Jca]

The inequality Z3) is sharp.

PROOF. Let ¥(z) be as in the proof of Theorem 4. By the maximum principle,
for each z € U, we have |4(2)| < |22|. So, ¢(z) = 1(2)/2? is a holomorphic function
in U and [p(z)] <1 for |2] < 1. In particular we have

(2.4) 0(0)] = S| =5l <
and |¢/(0)] = 4™ e
beb) 2y _ )

The function
o) 2L =0 Faema T2 Vet - S
1—p(0)p(z) 1-3 (612)cl(3n2(c+2)cl+2 S D)
4n L —coz + -
(c+3) +3)

1= 3"t a (3 s + 2 gy eez + )
is holomorphic in the unit disc U, |®(z)| < 1 for |z| < 1, ®(0) = 0 and |®(b)| =
for b € OU. From (L8], we obtain

2 1 —[(0)?
o <[ (0)] = —— ()
+[2(0)] 11— ¢(0)p(b)|
1+ |p(0)] 1+ |p(0)]
< T2 ()] = TS {1 (1) 23,
l(0)] l(0)]
Since ®'(z) = %gp (z), we have
- O llel e et 2P
T TR ~ 1= (2|5 llea)’  let 3l(le+ 2P = 32 [cPlesF)’
wherefrom
2 2|e + 2| + 3"™|c]|ea] P
< {2[(I"H (2))7=s| — 2}
4nt1]el|e42]2|eo] —3n 2= ’
1+ [c+3[(4]c+2]2— 32n|(,|2 2[c12) 2|C+2| 3 |C||Cl|
2]c + 3| (4lc + 2J* — 3%"|c[?|e1]?) 2|c+ 2] — 3"[c]|e1 |

e+ 3[(4le+ 22 = 320 [cf?[e1[2) — dnHEe]le + 2% ea| 2e + 2] + 37 |c]|ea]
<2/(IMH (2)) | — 2,
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2|c + 3[(2]c + 2| — 3"|c[|e1])?
e+ 3[(4]e + 2] — 327[c[?[e1 [*) — 47 el |c 4 2/?[c2]
Therefore, we obtain

+2 < 2|(I"H(2))=y

e+ 3120 + 2| — 3°)ejea )2
I"H >1+ .
(H D= [T B[l + 2 — Blal?) — 4 e T 2Fe]

Also, since b(I"H(z)))_, = c(I" f(2)),_,, we have

n 1 e+ 3|(2lc + 2| — 37|c]|c1])”
|(I f( ))z b| 1+ 2 _ 92n|.|2 2\ _ An+1 2
[e] |+ 3|(4]c + 22 = 327 [c[er]?) — 47 el le + 2[?|ey

Now, we shall show that the inequality (23] is sharp. Consider the function

(I"H(2)) = ﬁ with the condition lim, 0 22H(z) = 0 at z = 0. We have
(" H(2))" = 22(2% + 22) — (423 + 22)(22 - 1)
B (24 + 22)2 ’
|(I”H(Z ))i=1 | =1, I(I”f(z ))ezil = 1/lcl.
Since |¢1] = . That is,
1

_<1 e+ 3)(2)e +2| = 3"l s ) )
I\ e Bl + 2 — B [cRla ) - 4 elle + 2Ples]

1 (1 e+ 3|(2]c + 2| — 3"|¢| 2 | <£2])? ) 1
lc| e + 3] (4] + 2|2 — 322[c|2 (| =2)%) — 47+ ¢][e + 2[2|ca] lc|
Thus, we obtain |(I™f(2))._,| = 1/|c|. O

If 22(I" f(2))’ has no zeros different from 2z = 0 in Theorem 6, the inequality
[23) can be further strengthened. This is given by the following Theorem.

THEOREM 2.4. Let f(z) € W(c > 0) and 22(I" f(2))’ has no zeros in U except
z =0 and ¢; > 0. Assume that, for some b € 9U, (I"f(z))" has angular limit
(I"f(2))ey at b and (I"f(2))zmp = LI (S [ t°f(t)dt)),_,. Then we have
the inequality

1 1 3" c1 In? (3" cl)
2.5 I"f(2) .yl = = (1= 247 2 o2 :
29 > (-

2 ¢+2cl) m|02|

The inequality [23) is sharp.

PROOF. Let ¢; > 0 and ¢ > 0 in the expression of the function f(z). Having
in mind the inequality (Z4) and the function z?(I" f(z))’ has no zeros in U except
U — {0}, we denote by In ¢(z) the holomorphic branch of the logarithm normed by
the condition

3" ¢
Inp(0) = ln( 5 c+201> < 0.

That is, since 22(I" f(2))’ has no zeros in U except U—{0}, we have that z2(I"H (z))’
has no zeros in U except z =0
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The auxiliary function
1 —1 0
F(2) = n¢(z) —Inp(0)

In p(z) + In p(0)
is holomorphic in the unit disc U, |F ()| < 1, F(0) = 0 and |F (b)| = 1 for b € IU.

For p =1, from (7)), we obtain
2 <IF'0)| = |21n ¢(0)] ‘(p (b) ‘
L+ |F(0)] | In (b) + In ¢(0)
—21
= ) {Iw’(b)l ~2).
I (0) + arg? ¢(b)

Replacing arg? w(b) by zero, we get

1 —1
e < e (A HE) ]~ 2),
1—— 2 n (% fz01)
22 (8 £5e)
3" ¢
_ 3" <,+201 hlc ( 2 c+20n1) |(InH( ))g:b _ 27
3 gsa In (% 12¢ c1) —4 c+3|62|
< In? (& <¢
. o2 . c ( o 1)c g |(InH(Z));/=b| - 17
2 3”—01 In ( 5 c+201) — 4"C+—3|02|
37— ¢ In? (2 c
((I"H(2))2=] 2 (1l — S 1)‘ )
23n¢:+2c1 ln( 2 c+2cl) 4n c+3|62|
Also, since (I"H(z))"7_, = c¢(I™ f(2)),_,, we have
3" 3" ¢
1 1 cq In?
s > (1 et Gee)
¢ 23n3 ln(2¢+2 c1) —4 —3lea
Equality in (ZH) occurs for the solution of the equation
22 -1
InH I —
with the condition lim, o 22H(z) = 0 at z = 0. O
References

1. T. Aliyev Azeroglu, B. N. Ornek, A refined Schwarz inequality on the boundary, Complex Var.
Elliptic Equ. 58 (2013), 571-577.

2. H.P. Boas, Julius and Julia: Mastering the Art of the Schwarz lemma, Am. Math. Monthly
117 (2010), 770-785.

3. D. Chelst, A generalized Schwarz lemma at the boundary, Proc. Am. Math. Soc. 129 (2001),
3275-3278.

4. V.N. Dubinin, The Schwarz inequality on the boundary for functions regular in the disc, J.
Math. Sci. 122 (2004), 3623-3629.

, Bounded holomorphic functions covering no concentric circles, J. Math. Sci. 207
(2015), 825-831.

6. G.M. Golusin, Geometric Theory of Functions of Complex Variable, 2" ed., Moscow, 1966.
[in Russian)]




162

10.

11.

12.

13.

14.
15.

16.
17.

18.

19.

20.

21.

22.

23.

ORNEK

. I.S. Jack, Function starlike and convez of order a, J. Lond. Math. Soc. 8 (1971), 469-474.
. M. Jeong, The Schwarz lemma and its applications at a boundary point, J. Korean Soc. Math.

Educ. Ser. B: Pure Appl. Math. 21 (2014), 275-284.

, The Schwarz lemma and boundary fixed points, J. Korean Soc. Math. Educ. Ser. B:
Pure Appl. Math. 18 (2011), 219-227.

S. G. Krantz, D. M. Burns, Rigidity of holomorphic mappings and a new Schwarz Lemma at
the boundary, J. Am. Math. Soc. 7 (1994), 661-676.

T. Liu, X. Tang, The Schwarz Lemma at the Boundary of the Egg Domain Bp, p, in C",
Canad. Math. Bull. 58 (2015), 381-392.

J. Lu, X. Tang, T. Liu, Schwarz lemma at the boundary of the unit polydisk in C™, Sci. China
Math. 58 (2015), 1-14.

M. Mateljevié, Schwarz lemma, the Carathéodory and Kobayashi Metrics and Applications in
Complex Analysis, XIX Geometrical Seminar, Zlatibor, August 28—September 4, 2016.

, Ahlfors-Schwarz lemma and curvature, Kragujevac J. Math. 25 (2003), 155-164.

, Note on Rigidity of Holomorphic Mappings €& Schwarz and Jack Lemma (in
preparation), ResearchGate, 2015.

, Hyperbolic geometry and Schwarz lemma, ResearchGate, November 2016.

M. Mateljevié, M. Svetlik, Hyperbolic metric on the strip and the Schwarz lemma for HQR
mappings, Appl. Anal. Discrete Math. 14 (2020), 150-168.

M. Mateljevié, Mutavdzié, B.N. Ornek, Estimates for some classes of holomorphic functions
in the unit disc, Appl. Anal. Discrete Math., submitted 2018.

R. Osserman, A sharp Schwarz inequality on the boundary, Proc. Am. Math. Soc. 128 (2000),
3513-3517.

B.N. Ornek, Sharpened forms of the Schwarz lemma on the boundary, Bull. Korean Math.
Soc. 50 (2013), 2053-2059.

Ch. Pommerenke, Boundary Behaviour of Conformal Maps, Springer-Verlag, Berlin, 1992.
M. Elin, F. Jacobzon, M. Levenshtein, D. Shoikhet The Schwarz lemma: Rigidity and Dy-
namics, in: A. Vasiliev ed., Harmonic and Complex Analysis and its Applications, Birkhduser
Basel, 2014, 135-230.

S. L Wail, W. M Shah, Applications of the Schwarz lemma to inequalities for rational functions
with prescribed poles, J. Anal. 25(1) (2017), 43-53.

Department of Computer Engineering (Received 08 08 2017)
Amasya University (Revised 11 10 2020)
Merkez- Amasya

Turkey

nafiornek@gmail.com
nafi.ornek@amasya.edu.tr



	1. Introduction
	2. Main Results
	References

