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THE SPACE OF OPERATOR VALUED FUNCTIONS
SEEN AS HILBERT H*-MODULE

Zlatko Lazovié

ABSTRACT. Let M be a space of weakly *-measurable functions F: Q@ — B(H)
on measure space (2, %, ), for which the function F*F is Gel’fand integrable
and Gel'fand integral [ o F*F du is a nuclear operator on Hilbert space H. We
show that M is a Hilbert H*-module, which contains an orthonormal basis.

1. Introduction

A Hilbert H*-module W over an H*-algebra A is a right A-module which
possesses a 7(A)-valued product, where 7(A) = {ab | a,b € A} is the trace-class.
At the same time, W is a Hilbert space with the inner product given by the action
of the trace on the 7(A)-valued product.

The notion of H*-module is introduced by Saworotnow in [7] under the name
of generalized Hilbert space. It has been studied by Smith [9], Giellis [4] Molnar
[6], Cabrera et al. [3], Baki¢ and Guljas [2] and others.

Unlike Hilbert C*-modules, it is well known that each Hilbert H*-module con-
tains basic elements, orthonormal systems and orthonormal bases (see [3] and [6]).
Moreover, all orthonormal bases for W have the same cardinal number.

In the present paper, we construct an example of right Hilbert H*-module over
the algebra of Hilbert—Schmidt operators and find basic elements, orthonormal
system and orthonormal basis.

2. Basic notations and preliminary results

We recall that an H*-algebra is a complex associative Banach algebra A with
an inner product (-,-) such that (a,a) = ||a||? for all a € A and for each a € A,
there exists some a* € A such that (ab,c) = (b,a*c) and (ba,c) = (b, ca*) for all
b,c € A. The adjoint a* of a need not be unique (see [1]). Throughout this paper,
A will always denote a proper H*-algebra, i.e., an H*-algebra where each element
has a unique adjoint.
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2 LAZOVIC

An idempotent in an H*-algebra is an element e such that e? = ¢ # 0. A
projection e is a selfadjoint idempotent in A. A projection e is minimal if e % 0
and eAe = Ce.

The trace-class in a H*-algebra A is defined as the set 7(A) = {ab | a,b € A}.
The trace-class is selfadjoint ideal of A and it is dense in A, with respect to norm
7(-). The norm 7 is related to the given norm || - || on A by 7(a*a) = ||a||? for all
a € A. There exists a continuous linear form sp on 7(A) (trace) satisfying sp(ab) =
sp(ba) = (a*,b). In particular, sp(a*a) = sp(aa*) = {(a,a) = ||a||* = 7(a*a).

Let Co(H) be the space of all compact and B(H) the space of all bounded
linear operators acting on a separable, infinite-dimensional and complex Hilbert
space H. In addition, let s;(A) be the sequence of singular values of the oper-
ator A. The algebra Cy = {4 € C(H) | ||A]3 = chxf s3(A) < 4oo} is H*-
algebra with minimal projections of rank one ©. ;, given by O, ;(g) = e (f, g), for
e, f,g € H; and with inner product (A, B) = sp(A*B) which satisfies (AB,C) =
sp(B*A*C) = (B, A*C) and (BA,C) = sp(A*B*C) = sp(B*CA*) = (B,CA*) for
all A, B,C € Cs.

A Hilbert A-module is a right module W over a H*-algebra A provided with
a mapping [-,-]: W x W — 7(A) which satisfies the following conditions: [z, ay] =
alz,yl, [z, y+2] = [z, y]+ [z, 2], [z,ya] = [2,y] a, [z,y]" = [y, z]; W is Hilbert space
with the inner product (z,y) = sp ([z,y]) for all « € C, z,y,z2 € W, a € A and for
all x € W, x # 0 there is a € A, a # 0 such that [z, 2] = a*a. Since M is a Hilbert
space, it is complete in the derived scalar-valued inner product sp ([z, y]).

An element v in a Hilbert H*-module W is said to be basic if there exists a
minimal projection e € A such that [u,u] = e. An orthonormal system in W is
a family of basic elements (ux),A € T, satistying [ux,u,] = 0, for all A,p € T,
A # p. An orthonormal basis in W is an orthonormal system generating a dense
submodule of W. It is well known that each Hilbert H*-module contains basic
elements, orthonormal systems and orthonormal bases (see [3] and [6]).

The following theorems are very important for Hilbert H*-module.

THEOREM 2.1. [3 Remark 1] Let W be a Hilbert H*-module over an algebra A.
Then for all z,y € W and a € A

l[|* = sp
Iz, ylll < 7([2,y]) <

THEOREM 2.2. [3, Theorem 1.6] If (ux),A € Y is orthonormal basis for a
Hilbert H*-module W over an algebra A, then for all x € W

([z,2]) = 7([z, z]);
|

=l - Nylls Nlzall < ol - [l]-

x = Zm\ [ux, x]; (Fourier expansion);

[z, 2] = Z[x,uk] [ux, x]; (Parseval’s identity);

2] = llfux, 2]
A
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For more details, we refer to Saworotnow [7], Smith [9], Giellis [4], Molnar [6],
Cabrera et al. [3], Baki¢ and Guljas [2] and others.

Next, we introduce weak *-integrals of operator valued functions and state some
preliminary results. Let (2, X, 1) be a measure space. A mapping A: Q — B(H) is
called weakly*-measurable if the scalar function ¢t — (A, f, f) is measurable for any
f € H. A mapping A is weak*-integrable if the function ¢ — (A;f, f) is integrable
for any f € H. Let C, = Cp(H) (1 < p < 4+00) be the space of all compact linear

operators acting on H with norm [|Al|, = (375 s(A)) YP 4 oo where s; are

s-numbers of the operator A, and let C, be the space of all compact operators
with norm [[Alec = [|4|l = s1(4). If A: Q@ — B(H) is weak*-integrable, then
the sesquilinear form o: H x H — C, defined by o(f, f) = [, (Acf, f) du(t), is
bounded, so there exists unique bounded operator A (or fQ Adp) which satisfies

AS.5) = [ (Aehf) dut) forall f e B
Q
We formalize this in the following definition.

DEFINITION 2.1. Let A: Q@ — B(H) be a weak*-integrable function. The
bounded operator fQ Adyp is unique operator for which

<</9Ad“)f’f> :/Q<Atf,f>du(t)

For p > 1, denote by 1% (£, du, C,) the set

holds for all f € H.

{}": () — B(H) | F*F is weak™-integrable ,/ FrFdue C’p}.
Q

On this set introduce the following equivalence relation F ~ G iff (F; — Gy)f =0
for all f € H, except on a set of zero measure. The quotient space denote by M,
for p > 1, and by M for p = 1.

The following theorem will be necessary for the proof of the main results.

THEOREM 2.3. [Bl Theorem 2.1] The space (M, || - ||) is a Banach space with
norm || - ||: M — [0, +00), defined by || F|la = HfQ]:*]:duHi/2 for all F € M.
3. Main result
Our aim in this section is to study an example of H*-module.
THEOREM 3.1. The space M is a right Hilbert H*-module over H*-algebra Cs,
with the inner product [-,-]: M x M — C1 defined by
[F,G] = / F*Gdu  for all F,G € M.
Q

PRrROOF. We shall prove that it satisfies the conditions of Hilbert H*-module.
For F € M, we have ([, F*Fduf,f) = [oIFfI>du(t) > 0, so [F,F] =
Jo F*Fdu > 0.
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If [F,F] =0, then 0 = ([, F*Fdu f, f) = [o | Fefl|*du(t) for all f € H, so
|[F:f|l =0 for all f € H, except on a set of zero measure. Therefore, 7 = 0.

We define the norm in the space M by || F|| = ||[F, .7-"]”}/2. We have ([F, oG] f, f)
= (Jo FraGduf, f)={a [, F*Gduf, ) = (a[F,Glf, [), for all F,G € M,a € C,
hence [F, oG] = afF, G|

For F,G,H € M, we have

(F.G+HIf, f) = / (F G+ H)of. f) dult)

- /Q (FLGof, ) dp(t) + /Q (FrH, 1 1) dult) = (FLG) £, 1) + (F HIf f)

Hence [F,G + H] = [F,G] + [F, H].

Next, we have ([F,GCOf, ) = [ (FfG.Cf, f) du(t) = ([F,GICf, f) for F.G €
M, C € (5. Thus [F,GC| = [F,G|C.

Let F,G € M. The function t — (F;G:f, f) is measurable for each f € H. In-
deed, it follows from the Parseval identity that (F7Gi f, f) = > o, (Ge S, en) (en, Fef)
for an orthonormal basis {e,, } of H, and thus the pointwise limit of measurable func-
tions is also a measurable one. Moreover, for each f € H the function above is
integrable since

[(FrGif, )| < (FrFf, 1YY (GrGf, 1)Y? <

For each orthonormal basis {e,} of H it holds

ni;l <</Q]:*gdu) e"’e">‘ :i /QU:t*gten,en}du‘

n=1

(FEFefs ) +(GEGef [)) -

|~

FiGren, en)| du < Z/ (.Ft*ften,en)l/Q (Qt*gten,en)l/Q du
n=1 Q

< i JAl
<§j ( /Q (]—'{‘]—'ten,en>du)l/2 ( /Q (G Grem, en) dp)1/2

1
1
Erm)e) (B o))
n=1 Q n=1 Q
1/2 1/2
/ FFd| - / GGy
Q 1 Q
hence [, F*Gdp, [, G*Fdp € Cy and

‘ / F*Gdy / F*Fdu / G*Gdu
Q Q Q

Next, <(fQ F*G du)* f,g> = [o (FiG, g, f)du(t) = <fQ G*Fdu f,g). We have
proved [F,G]* =[G, F].

1/2

)

1

1/2 1/2
1 ‘ 1

< ‘
1
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The space M is a Hilbert space with the scalar product (F,G) = sp([F,G]) =
Sp ( oF’g d,u) Indeed, since

Z [F,Glek, er) = Z([g,f]ek,ek>, Z([a]—',g]ek,ek):azq}',g]ek,ek),
k k

k k

S AF +H,Glex,ex) = > ([F.Glex,ex) + Y ([H, Glex, ex)
k

k k

for some orthonormal basis {ex} of H, we have (F,G) = (G, F), (aF,G) = a (F,G)
and (F+H,G) = (F,G) + (H,G), for all « € C, F,G € M. We proved that if
(F,F) =0, then F = 0. The completeness of the space M follows from Theorem
23 O

4. Applications

In this section we will show how the structure theorems for Hilbert H*-modules
can be applied to our case.

THEOREM 4.1. Let F,G € M and let X € Cy. Then
* % 1/2 1/2
D o7 gaull, < | Jo FFdull,™ [ Jo9*G dull,";
2) | Jo X FrFX dul|, < || fo F*F dull, - |1 X]3;
) JoFGdp o G Fdu < | [, g*ngHB(H) Jo F*F dp.
PROOF. Properties 1) and 2) follow directly from Theorem [ZIl To prove 3),
let 7,G € M and let ¢ be a positive linear functional on B(H). Applying the

Cauchy—Bunyakovskii inequality for the degenerate inner product ¢([-,:]) on M,
we obtain

p([F, 919, F])

@([‘Fag[ga}—“) < @([Ia}—])lm@([g[gv‘r]vg[gv]:]])lm
= o([F, F))*¢([F.Gl(G. GG, F))
< @([F, F) 721G, Gl oy o (1F, GG, F)2.

Therefore, we have the inequality ¢([F,G|[G, F]) < |9, 6]l pcmye([F, F]) for any
positive linear functional ¢, hence statement 3) is proved. O

In the following proposition we apply some properties of the Hilbert H-module
to the particular module M.

PROPOSITION 4.1. (a) The space M has orthonormal basis Ux which for all
F € M satisfies

) F=3 U (UhF); () [FF =) [FUb]th, F;
A A

(iif) HfflhfZII L, FIT
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(b) Let Fn,F,Gn, G, H € M. If (1) limy, o0 sp ([Fn — F,H]) = 0 holds for
each H € M, (2) limpoosp([Gn —G,Gn —G]) =0, then

i sp ([Fa, Gl — [F,G)) = 0.

(¢) Let F, F,Gn, G, H € M. If (1) limy,—, ||[Fn — F, H]||; = 0 holds for each
HeM, (2)limy,el|[Gn — G, Gn —G]ll; =0, then

nh_}rr;o [Fn, Gnl = [F, g]H1 =0.

(d) Let [F, F] be a projection in Cy (not necessarily minimal) for some F € M.
Then F|F,F|=F.

(e) Let ©f 4 € Co be a minimal projection for some f,g € H. Then there exists
an orthonormal basis (Ux) € M such that [Ux,U\] = Oy 4.

(f) If there exists N > 0 such that ||[Ux,Us]||; < N for some mutually orthog-
onal elements (Ux) in M, then ||[Ux, F||; converges to 0, for all F € M.

PrOOF. The property (a) follows directly from Theorem

Since M is a Hilbert space with inner product (F,G) = sp(|F,§G]), it satisfies
property (b).

The inequality (o, Gu] — [, GDI, < [ Fullas - [Gn — Gllyy + 150 — F, Gl
holds, as in the case of Hilbert spaces. From the uniform boundedness principle,
we have sup || F,,|| < oo, hence property (c) follows.

Properties (d), (e) and (f) follow from [2, Lemma 1.4 or Propositions 1.5,1.9]
applied to Hilbert H*-module M. ([

REMARK 4.1. Properties (b) and (c) hold for any Hilbert H*-module with the
trace replaced by the scalar product and the norm with the appropriate one.

REMARK 4.2. The special case of [5, Theorem 3.4 a)], for p = 1, is a corollary
of Theorems 3.1 and [4.11

Define the set Mr = {FX | X € (5}, for some F € M. The hilbertian
dimension Ce-dim Mz, generated by an element F, is equal to the cardinal number
of the set I of indices such that [, F*Fdu = > c; arOe, e, Where (O, ,) are
orthogonal minimal projections in Co and «y > 0. The hilbertian dimension of
a submodule Mz can be greater than 1. Hence F = ZAE[ Vo Fy for Fy =
(y/ax) "1 FOq, ,, and (Fy) is orthonormal basis in Mz (see [2]).

An operator A: M — M is called Ca-linear if it is linear and satisfies A(FX) =
A(F)X, for all F € M, X € Cy. The set of all bounded Cs-linear operators on M
is denoted by Be, (M).

THEOREM 4.2. Let X € B(H) and X € M, where sup,cq || X:|| = N < oo. The
operators Lx,Lx: M — M defined by

Lx(F)= XF, Lu(F)=XF,
belong to Be, (M) and the inequalities ||Lx|| < || X|, |[Lx|| < N hold.
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PROOF. The operators are well defined, because X F, X F € M when F € M.
Indeed, t — F; X* X F; is weak*-integrable since

< / f*X*deuf,f> / IXF 2 dpu(t) < X2 / | fIP dult) < +oo.
Q Q Q

From the inequality F; X* X F < | X ||2F; F; for all t € Q, we have [, F*Fdu € C
and

1L (F)lar = | X Fllar = H /Q XX Fdy XL

1/2 1/2
< ‘
1 1

/ F*Fdu
Q

Hence || Lx|| < | X]].
Next, F*X* X F is weak*-integrable since

< / f*X*deuf,f> [ 10F A dute) < [l - 1701 dute)
Q Q Q

<N /Q |Fof |2 du(t) = N /Q (FLF S ) du(t)

-N < | Franor, f>

gN‘/]—}*]—} du(t)
Q

112,

B(H)

Hence [, F*X*XFdu € B(H).
We will prove that [, F*X*XF dp € Cy. We have

+oo
=5, </ ]-'*X*X]-‘du>
Q

ILa(F)By = |XFIBy = H /Q FXFdu

1 j=1
+o0o +oo
< s (NQ/ .F*.de) =N?) s, (/ .F*.de) = N?|F|>.
j=1 Q2 j=1 Q
Therefore, ||Ly| < N. O
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