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CLOSED FORMULAS FOR SPECIAL BELL

POLYNOMIALS BY STIRLING NUMBERS

AND ASSOCIATE STIRLING NUMBERS

Feng Qi and Dongkyu Lim

Dedicated to Professor Hari Mohan Srivastava on the occasion of his 80th birthday

Abstract. We derive two explicit formulas for two sequences of special values
of the Bell polynomials of the second kind in terms of associate Stirling num-
bers of the second kind, give an explicit formula for associate Stirling numbers
of the second kind in terms of the Stirling numbers of the second kind, and,
consequently, present two explicit formulas for two sequences of special values
of the Bell polynomials of the second kind in terms of the Stirling numbers of
the second kind.

1. Preliminaries

The Bell polynomials of the second kind, denoted by Bn,k(x1, x2, . . . , xn−k+1)
for n ≥ k ≥ 0 and variables xi ∈ C with i ≥ 1, can be defined by

Bn,k(x1, x2, . . . , xn−k+1) =
∑

1≤i≤n−k+1
ℓi∈{0}∪N

∑
n−k+1

i=1
iℓi=n

∑
n−k+1

i=1
ℓi=k

n!
∏n−k+1

i=1 ℓi!

n−k+1∏

i=1

(
xi

i!

)ℓi

,

can be generated by

(1.1)
1

k!

(
∞∑

i=1

xi

ti

i!

)k

=

∞∑

n=k

Bn,k(x1, x2, . . . , xn−k+1)
tn

n!
,
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and can be applied in the famous Faà di Bruno formula which states that the n-th
derivative of the composite function f(h(t)) can be computed by

dn

dtn
f ◦ h(t) =

n∑

k=0

f (k)(h(t)) Bn,k

(
h′(t), h′′(t), . . . , h(n−k+1)(t)

)
,

where f and h are both n-time differentiable functions. See [1, Definition 11.2 and
Theorem 11.4], [2, p. 134, Theorem A; p. 139, Theorem C], the papers [7–10] and
closely related references therein.

In analytic combinatorics [1, 2], the Stirling numbers of the second kind, de-
noted by S(n, k) for n ≥ k ≥ 0, can be computed by

S(n, k) =
1

k!

k∑

ℓ=0

(−1)k−ℓ

(
k

ℓ

)

ℓn

and can be generated by

(1.2)
(ex − 1)k

k!
=

∞∑

n=k

S(n, k)
xn

n!
.

In [5, p. 303, eq. (1.2)], the r-associate Stirling numbers of the second kind, denoted
by S(n, k; r), were defined by

(1.3)

(

ex
−

r∑

i=0

xi

i!

)k

=

(
∞∑

i=r+1

xi

i!

)k

= k!

∞∑

n=(r+1)k

S(n, k; r)
xn

n!
.

2. Motivations

In [2, p. 135], it is given that Bn,k(1, 1, . . . , 1) = S(n, k). See also [11, Sec-
tion 1.1]. In [3, Theorem 1], the formula

Bn,k(0, 1, . . . , 1) =

k∑

ℓ=0

(−1)ℓ

(
n

ℓ

)

S(n − ℓ, k − ℓ)

was established. See also [11, Section 1.8]. In general, what is the general and
closed formula of

Bn,k(0, . . . , 0
︸ ︷︷ ︸

s−1

, 1, 1, . . . , 1)

for n ≥ k + s − 1 ≥ s − 1 ≥ 2 in terms of the Stirling numbers of the second kind
S(n, k)?

In [11, Remark 4.4], it was deduced that

Bn,k(1, 2, 3, 4, . . . , n − k + 1) =
n!

(n − k)!

k∑

ℓ=0

S(n − k, ℓ)

(k − ℓ)!
.

In [4, Section 2, eq. (2.2)], the closed formula

Bn,k(0, 2, 3, . . . , n − k + 1) =
n!

(n − k)!
S(n − k, k)
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was listed. In [4, p. 978, eq. (2.3)], the formula

(2.1) Bn,k(0, 0, 3, 4, . . . , n − k + 1) =
n!

(n − k)!
S(n − k, k; 1)

was claimed. In [6, Theorem 2.1], the formula 2.1 was alternatively expressed as

Bn,k(0, 0, 3, 4, . . . , n − k + 1) = n!

k∑

ℓ=0

(−1)ℓ

ℓ!

S(n − k − ℓ, k − ℓ)

(n − k − ℓ)!

for n ≥ k + 2 ≥ 2. As did in [6, Remark 2.1], we ask again a question: what is the
general and closed formula of

Bn,k(0, . . . , 0
︸ ︷︷ ︸

s−1

, s, s + 1, . . . , n − k + 1)

for n ≥ k + s − 1 ≥ s − 1 ≥ 3 in terms of the Stirling numbers of the second kind
S(n, k)?

From (1.1) and (1.3), it follows that

∞∑

n=k

Bn,k(0, . . . , 0
︸ ︷︷ ︸

s−1

, 1, 1, . . . , 1)
tn

n!
=

1

k!

(
∞∑

i=s

ti

i!

)k

=
1

k!

(

et
−

s−1∑

i=0

ti

i!

)k

=
∞∑

n=sk

S(n, k; s − 1)
xn

n!
.

This means that

(2.2) Bn,k(0, . . . , 0
︸ ︷︷ ︸

s−1

, 1, 1, . . . , 1) = S(n, k; s − 1).

From (1.1) and (1.3), it follows that

∞∑

n=k

Bn,k(0, . . . , 0
︸ ︷︷ ︸

s−1

, s, s + 1, . . . , n − k + 1)
tn

n!
=

1

k!

[
∞∑

i=s

ti

(i − 1)!

]k

=
tk

k!

(

et
−

s−2∑

i=0

ti

i!

)k

= tk

∞∑

n=(s−1)k

S(n, k; s − 2)
tn

n!

=

∞∑

n=(s−1)k

S(n, k; s − 2)
tn+k

n!
=

∞∑

n=sk

n!

(n − k)!
S(n − k, k; s − 2)

tn

n!
.

This means that

(2.3) Bn,k(0, . . . , 0
︸ ︷︷ ︸

s−1

, s, s + 1, . . . , n − k + 1) =
n!

(n − k)!
S(n − k, k; s − 2).

The equations (2.2) and (2.3) tell us that, in order to give solutions to the
above two problems, it is sufficient to represent the associate Stirling numbers
of the second kind S(n, k; r) in terms of the Stirling numbers of the second kind
S(n, k).
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3. An explicit formula of associate Stirling numbers

In this section, we establish an explicit formula for the r-associate Stirling
numbers of the second kind S(n, k; r) in terms of the Stirling numbers of the second
kind S(n, k).

Theorem 3.1. For integers n ≥ k ≥ 0 and r ≥ 0, the r-associate Stirling

numbers of the second kind S(n, k; r) can be computed by

(3.1) S(n, k; r)

= n!
∑

m−q+
∑

r

i=1
iji=n−k

j1+j2+···+jr=q
0≤ji≤q,1≤i≤r

∑

j1+j2+···+jr=q
0≤ji≤q,1≤i≤r

(−1)q

∏r

i=1[(i!)ji ji!]

S(m + k − q, k − q)

(m + k − q)!
.

Proof. From (1.2) and (1.3), it follows that

∞∑

n=(r+1)k

S(n, k; r)
xn

n!
=

1

k!

[

(ex
− 1) −

r∑

i=1

xi

i!

]k

=
1

k!

k∑

ℓ=0

(
k

ℓ

)

(ex
− 1)ℓ(−1)k−ℓ

(
r∑

i=1

xi

i!

)k−ℓ

=
1

k!

k∑

ℓ=0

(
k

ℓ

)
(ex − 1)ℓ

ℓ!
ℓ!(−1)k−ℓ

(
r∑

i=1

xi

i!

)k−ℓ

=

k∑

ℓ=0

(−1)k−ℓ

(k − ℓ)!

[
∞∑

m=ℓ

S(m, ℓ)
xm

m!

](
r∑

i=1

xi

i!

)k−ℓ

=
k∑

ℓ=0

(−1)k−ℓ

(k − ℓ)!

[
∞∑

m=0

S(m + ℓ, ℓ)
xm+ℓ

(m + ℓ)!

](
r∑

i=1

xi

i!

)k−ℓ

=

∞∑

m=0

k∑

ℓ=0

(−1)k−ℓ

(k − ℓ)!

S(m + ℓ, ℓ)

(m + ℓ)!
xm+ℓ

(
r∑

i=1

xi

i!

)k−ℓ

=

∞∑

m=0

k∑

ℓ=0

(−1)k−ℓ

(k − ℓ)!

S(m + ℓ, ℓ)

(m + ℓ)!
xm+ℓ

∑

j1+j2+···+jr=k−ℓ
0≤ji≤k−ℓ,1≤i≤r

(
k − ℓ

j1, j2, . . . , jr

) r∏

i=1

(
xi

i!

)ji

=
∞∑

m=0

k∑

ℓ=0

(−1)k−ℓ

(k − ℓ)!

S(m + ℓ, ℓ)

(m + ℓ)!
xm+ℓ

∑

j1+j2+···+jr=k−ℓ
0≤ji≤k−ℓ,1≤i≤r

(
k − ℓ

j1, j2, . . . , jr

)
x

∑
r

i=1
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∏r

i=1(i!)ji

=

∞∑

m=0
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ℓ=0

(−1)k−ℓ

(k − ℓ)!

S(m + ℓ, ℓ)

(m + ℓ)!
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j1+j2+···+jr=k−ℓ
0≤ji≤k−ℓ,1≤i≤r

(
k − ℓ

j1, j2, . . . , jr

)
x

m+ℓ+
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r

i=1
iji

∏r

i=1(i!)ji
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=

∞∑

m=0

k∑

q=0

(−1)q

q!

S(m + k − q, k − q)

(m + k − q)!

×
∑

j1+j2+···+jr=q
0≤ji≤q,1≤i≤r

(
q

j1, j2, . . . , jr

)
x

m+k−q+
∑

r

i=1
iji

∏r

i=1(i!)ji

=

∞∑

n=k

∑

m−q+
∑

r

i=1
iji=n−k

j1+j2+···+jr=q
0≤ji≤q,1≤i≤r

(−1)q

q!

S(m + k − q, k − q)

(m + k − q)!

×
∑

j1+j2+···+jr=q
0≤ji≤q,1≤i≤r

(
q

j1, j2, . . . , jr

)
xn

∏r

i=1(i!)ji

.

This means that the formula (3.1) is thus proved. �

Theorem 3.2. For integers n ≥ k ≥ 0 and s ≥ 1, the Bell polynomials of the

second kind Bn,k satisfy

Bn,k(0, . . . , 0
︸ ︷︷ ︸

s−1

, 1, 1, . . . , 1)

= n!
∑

m−q+
∑

s−1

i=1
iji=n−k

j1+j2+···+js−1=q
0≤ji≤q,1≤i≤s−1

∑

j1+j2+···+js−1=q
0≤ji≤q,1≤i≤s−1

(−1)q

∏s−1
i=1 [(i!)ji ji!]

S(m + k − q, k − q)

(m + k − q)!

Bn,k(0, . . . , 0
︸ ︷︷ ︸

s−1

, s, s + 1, . . . , n − k + 1)

= n!
∑

m−q+
∑

s−2

i=1
iji=n−2k

j1+j2+···+js−2=q
0≤ji≤q,1≤i≤s−2

∑

j1+j2+···+js−2=q
0≤ji≤q,1≤i≤s−2

(−1)q

∏s−2
i=1 [(i!)ji ji!]

S(m + k − q, k − q)

(m + k − q)!
,

where the empty product is understood to be 1, while the empty sum is understood

to be 0.

Proof. This follows from substituting the formula (3.1) into (2.2) and (2.3).
�

4. A remark

Motivated by Section 2 in this paper, one can naturally pose another problem:
what is the general and closed formula of

Bn,k(ℓ, ℓ + 1, . . . , ℓ + n − k)
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for n ≥ k ≥ 0 and ℓ ≥ 1 in terms of the Stirling numbers of the second kind S(n, k)
or other closed quantities? In fact, more general solutions to this problem have
been established in Theorem 3.1 and Remark 4.3 in [11].

References

1. C. A. Charalambides, Enumerative Combinatorics, CRC Press Ser. Discrete Math. Appl.,
Chapman and Hall / CRC, Boca Raton, FL, 2002.

2. L. Comtet, Advanced Combinatorics: The Art of Finite and Infinite Expansions, Revised and
Enlarged Edition, Reidel, 1974; https://doi.org/10.1007/978-94-010-2196-8.

3. B.-N. Guo, F. Qi, An explicit formula for Bernoulli numbers in terms of Stir-

ling numbers of the second kind, J. Anal. Number Theory 3(1) (2015), 27–30;
https://doi.org/10.12785/jant/030105.

4. F. T. Howard, A special class of Bell polynomials, Math. Comp. 35(151) (1980), 977–989;
https://doi.org/10.2307/2006208.

5. F. T. Howard, Associated Stirling numbers, Fibonacci Quart. 18(4) (1980), 303–315.
6. F. Qi, P. Natalini, P. E. Ricci, Recurrences of Stirling and Lah numbers via second kind Bell

polynomials, Discrete Math. Lett. 3 (2020), 31–36.
7. F. Qi, Some inequalities and an application of exponential polynomials, Math. Inequal. Appl.

23(1) (2020), 123–135; https://doi.org/10.7153/mia-2020-23-10.
8. F. Qi, B.-N. Guo, Several explicit and recursive formulas for generalized Motzkin numbers,

AIMS Math. 5(2) (2020), 1333–1345; https://doi.org/10.3934/math.2020091.
9. F. Qi, D.-W. Niu, D. Lim, B.-N. Guo, Closed formulas and identities for the Bell

polynomials and falling factorials, Contrib. Discrete Math. 15(1) (2020), 163–174;
https://doi.org/10.11575/cdm.v15i1.68111.

10. , Some properties and an application of multivariate exponential polynomials, Math.
Methods Appl. Sci. 43(6) (2020), 2967–2983; https://doi.org/10.1002/mma.6095.

11. F. Qi, D.-W. Niu, D. Lim, Y.-H. Yao, Special values of the Bell polynomials of the second kind

for some sequences and functions, J. Math. Anal. Appl. 491(2) (2020), Paper No. 124382,
31 pp; https://doi.org/10.1016/j.jmaa.2020.124382.

School of Math. Sci., Tianjin Polytechnic Univ., Tianjin, China (Received 20 05 2020)
College of Math. Phys., Inner Mongolia Univ. for Nationalities,
Tongliao, Inner Mongolia, China
Institute of Mathematics, Henan Polytechnic University, Jiaozuo, Henan, China
qifeng618@gmail.com

qifeng618@hotmail.com

qifeng618@qq.com

URL: https://qifeng618.wordpress.com, https://orcid.org/0000-0001-6239-2968

Department of Math. Education, Andong National University, Andong, Republic of Korea
dgrim84@gmail.com

dklim@andong.ac.kr

URL: http://orcid.org/0000-0002-0928-8480

https://doi.org/10.1007/978-94-010-2196-8
https://doi.org/10.12785/jant/030105
https://doi.org/10.2307/2006208
https://doi.org/10.7153/mia-2020-23-10
https://doi.org/10.3934/math.2020091
https://doi.org/10.11575/cdm.v15i1.68111
https://doi.org/10.1002/mma.6095
https://doi.org/10.1016/j.jmaa.2020.124382

	1. Preliminaries
	2. Motivations
	3. An explicit formula of associate Stirling numbers
	4. A remark
	References

