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CLOSED FORMULAS FOR SPECIAL BELL
POLYNOMIALS BY STIRLING NUMBERS
AND ASSOCIATE STIRLING NUMBERS

Feng Qi and Dongkyu Lim

Dedicated to Professor Hari Mohan Srivastava on the occasion of his 80th birthday

ABSTRACT. We derive two explicit formulas for two sequences of special values
of the Bell polynomials of the second kind in terms of associate Stirling num-
bers of the second kind, give an explicit formula for associate Stirling numbers
of the second kind in terms of the Stirling numbers of the second kind, and,
consequently, present two explicit formulas for two sequences of special values
of the Bell polynomials of the second kind in terms of the Stirling numbers of
the second kind.

1. Preliminaries

The Bell polynomials of the second kind, denoted by By, (1,2, ..., Tn_k+1)
for n > k > 0 and variables z; € C with ¢ > 1, can be defined by

' n—k+1 0
B - n: ZT;
ok (1,2, oo, Tpopg1) = E 771_“1&! I I o)

1<i<n—k+1 Hi:l i=1
ZiG{O}UN

—k+1 .
E " - ili=n
i=1

Z?:H L=k

can be generated by

1 t* t"
(11) E Z:L’Zﬁ = ZBn’k(l‘l,CEQ,...,:L'n,kJrl)ﬁ,
" \i=1 ’ n=k ’
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and can be applied in the famous Faa di Bruno formula which states that the n-th
derivative of the composite function f(h(¢)) can be computed by

n n
o Fon(t) =Y FO) Bos (W0, 0(0), ... h" D (1),
k=0

where f and h are both n-time differentiable functions. See [1l, Definition 11.2 and
Theorem 11.4], [2] p. 134, Theorem A; p. 139, Theorem C], the papers [TH10] and
closely related references therein.

In analytic combinatorics [1,[2], the Stirling numbers of the second kind, de-
noted by S(n, k) for n > k > 0, can be computed by

k
(k) = g5 -1 ()
T 4=0

and can be generated by

(i ) L— ™

(1.2) = > S(n,k)—.
n=k
In [B p. 303, eq. (1.2)], the r-associate Stirling numbers of the second kind, denoted
by S(n, k;r), were defined by
T xi k (o) {L‘i k o0 xn
(1.3) <@x—25> = ( Z 7) = k! Z S(n,kz;r)m.
i=0 i=r+1 n=(r+1)k

2. Motivations

In [2} p. 135], it is given that B, x(1,1,...,1) = S(n,k). See also [11], Sec-
tion 1.1]. In [3] Theorem 1], the formula

b n
B,x(0,1,...,1) = Z(—l)e(e)S(n —lk—10)

£=0
was established. See also [11], Section 1.8]. In general, what is the general and
closed formula of
Bnx(0,...,0,1,1,...,1)
T
forn>k+s—12>s—12> 2 in terms of the Stirling numbers of the second kind
S(n, k)?
In [11] Remark 4.4], it was deduced that

k
Tl' Sn*kae
Bnyk(1,2,3,4,...,n—k+1):(n_k),z ((k'—E)')
" e=0 ’

In [4] Section 2, eq. (2.2)], the closed formula

Bnx(0,2,3,....,n—k+1) =
n
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was listed. In [4] p. 978, eq. (2.3)], the formula

n!
2.1 Bnr(0,0,3.4,....n—k+1)= —“ —S(n—k k1
(2.1) %(0,0,3 n—k+1) (nik)!S(n k,k;1)

was claimed. In [6] Theorem 2.1], the formula [ZT] was alternatively expressed as

k
(~D!S(n—k—0,k—10)

B, k(0,0,3,4,...,n—k+1)=nlYy_
! (n—Fk—20)!

forn > k+ 2> 2. As did in [6] Remark 2.1], we ask again a question: what is the
general and closed formula of
Bpk(0,...,0,s,s+1,....n—k+1)
-1
form>k+s—1>s—12>3in terms of the Stirling numbers of the second kind
S(n, k)?
From (J) and ([3), it follows that

k
= "l (=t
> B, 0’1’1""’1)Hﬁ<zﬂ)

n=k s—1 i=s
1 S\t "
— t_ _ _ i
k'<e z!) = ZS(nks 1)71'
=0 n=sk
This means that
(2.2) B,x(0,...,0,1,1,...,1) = S(n, k; s — 1).
-1

From (II)) and (3), it follows that

ZB"’“ Oss+1 nk+1n!%[z ]

1=S

1k 572 i K
E(etz ) Z S(n, k;s— )
’ i=0

n=(s—1)k
= A — n! "
n=(s—1)k n=sk
This means that
|
(2.3) B0, ...,0,8,5+1,....n—k+1) = —>—S(n—kk;s—2).
T N—~— (n—k)!

s—1
The equations (Z2) and (Z3]) tell us that, in order to give solutions to the
above two problems, it is sufficient to represent the associate Stirling numbers

of the second kind S(n, k;r) in terms of the Stirling numbers of the second kind
S(n, k).
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3. An explicit formula of associate Stirling numbers

In this section, we establish an explicit formula for the r-associate Stirling

numbers of the second kind S(n, k; r) in terms of the Stirling numbers of the second
kind S(n, k).

THEOREM 3.1. For integers n > k > 0 and r > 0, the r-associate Stirling
numbers of the second kind S(n, k;r) can be computed by

(3.1) S(n,k;r)
— 3 3 (—1)¢ S(m+k—q,k—Q).

r iNJi .1 —q)!
m—q+221 iji=n—kJ1ti2t+jr=q szl[(ll) JZ.] (m tk Q)'

Jitjettge=q T T
0<ji<g,1<i<r

ProOF. From ([2) and (I3), it follows that

(o) n 1 T l’i k
Z S(n, k;r) 'ZH[(e“’—l)—ZE
n=(r+1)k i=1

(DL Sm+0,0) [~ o
k=0l (m+ol © |4

S (D S(m £, k—¢ IR
> DY 11
= ~ ' ] | o
(k E) (m + E) 1ot tiemk—t D152 -5 Jr bate} 7]
0<js <k—L1<i<r

r

— i zk: (_1)k_€ S(m + 67 e) x’rn-!,—@ Z ( k' — e ) xzizl ji
(kig)' (m+£)' Jitjottir=k—¢ J1,J25 5 Jr H;:1(i!)j7’
0<js <k—L,1<i<r

5D ) gt e LTS (R e
(k=0 (m+0) et T g \J1ad2s T, (i)
0<ji <k—1<i<r
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o k
_ (=D?S(m+k—-qk—q)
_ZZ q (m+k—q)!

pTRat) T i

ot (jl,jz,q...,jr) TENGR

Jitiatir=q
0<j;<g,1<i<r

e (=1)?8(m+k—qk—q)
72 Z q (m+k—q)!

n=Rmoqt) T dji=n—k
1t jattir=q
0<ji<q1<i<r

q xX

. 1. )0
drtiabtir=g 12/ iz
0<ji <q,1<i<r

This means that the formula (B)) is thus proved. (]

THEOREM 3.2. For integers n > k > 0 and s > 1, the Bell polynomials of the
second kind B,, 1, satisfy

B, x(0,...,0,1,1,...,1)
s—1
(=7  Sim+k—gk-q
SIS SENND o - e 2R A
m—gq+> " liji=n—k 12t s o1=q [Tzt (@) 53] s
i=1 )

. . 0<ji<q,1<i<s—1
Jitge+-+is—1=q
0<7i<q,1<i<s—1

Bpx(0,...,0,8,s+1,....n—k+1)
21
(=17  Sm+k—qk—q)
:n' Z Z s—2 N\ s 7.1 (m+k7 )' ’
m—q+3 "2 iji=n—2k J1 Hd2 o tis—2=0 [T [G@)7 ] 4

T : 0<ji<q,1<i<s—2
Jitjet++is—2=q
0<ji<g,1<i<s—2

where the empty product is understood to be 1, while the empty sum is understood
to be 0.

PRrROOF. This follows from substituting the formula (B3I) into (Z2) and [23).
(I

4. A remark

Motivated by Section [2in this paper, one can naturally pose another problem:
what is the general and closed formula of

Bpr(l,l+1,....0+n—k)
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forn >k > 0and ¢ > 1 in terms of the Stirling numbers of the second kind S(n, k)
or other closed quantities? In fact, more general solutions to this problem have
been established in Theorem 3.1 and Remark 4.3 in [11].

10.

11.
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