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WHEN A TOTAL GRAPH ASSOCIATED WITH
A COMMUTATIVE RING IS PERFECT?

Mitra Jalali, Reza Nikandish, and
Abolfazl Tehranian

ABSTRACT. Let R be a commutative ring with identity, and let Z(R) be the set
of zero-divisors of R. The total graph of R is the graph T(I'(R)) whose vertices
are all elements of R, and two distinct vertices x and y are adjacent if and
only if z +y € Z(R). We investigate the perfectness of the graphs Zo(I'(R)),
To(T(R)) and T(I'(R)), where Zo(I'(R)) and Tp(I'(R)) are (induced) subgraphs
of T(T'(R)) on Z(R)* = Z(R) ~ {0} and R* = R~ {0}, respectively.

1. Introduction

The idea of a total graph associated with a commutative ring was first intro-
duced by Anderson and Badawi [3]. They studied the connectedness, diameter and
girth of total graphs. The Hamiltonian total graphs were investigated by Akbari et
al. [2]. Moreover, Eulerian total graphs in [17], total graphs without zero element
in [4], complement of total graphs in [5], planar total graphs in [14], total graphs
of noncommutative rings in [12], characterization of balanced signed total graphs
in [16], total graphs of semirings in [13] and coloring of some special total graphs
in [11[8] were studied. Some other investigations into properties of total graphs of
a commutative ring may be found in [9[A5L[A8]. This paper is devoted to study
perfect total graphs.

Throughout this paper, all rings are assumed to be commutative with identity.
We denote by Z(R), Reg(R), Max(R), Nil(R) and U(R), the set of all zero-divisor
elements of R, the set of regular elements of R, the set of all maximal ideals of
R, the set of all nilpotent elements of R and the set of all invertible elements of
R, respectively. A non-zero ideal I of R is called essential, if I has a non-zero
intersection with any non-zero ideal of R. For a subset T" of R such that 0 € T', let
T* =T~ {0}. For any undefined notation or terminology in poset theory, we refer
the reader to [6[7].

Let G be a graph with the vertex set V(G) and edge set F(G). By G, we
mean the complement graph of G. We write u — v, to denote an edge with ends
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u,v. A graph H = (Vy, Ep) is called a subgraph of G if Vj C V and Ey C E.
Moreover, H is called an induced subgraph by Vy, denoted by G[Vy], if Vo C V and
Ey = {{u,v} € E(G) | u,v € Vp}. A complete graph of order n and a complete
bipartite graph with part sizes m, n are denoted by K,, and K, ,, respectively. Let
(1 and G be two disjoint graphs. The join of G; and G4, denoted by G1 V Ga, is a
graph with the vertex set V(G1VG2) = V(G1)UV(G2) and edge set E(G1V Ga) =
E(G1)UE(G2)U{uww |u € V(G1),v € V(G2)}. For a graph G, S C V(G) is called
a clique if the subgraph induced on S is complete. The number of vertices in the
largest clique of graph G is called the clique number of G and is often denoted
by w(G). For a graph G, let x(G) denote the chromatic number of G, i.e., the
minimal number of colors which can be assigned to the vertices of G in such a way
that every two adjacent vertices have different colors. Clearly, for every graph G,
w(G) < x(G). A graph G is said to be weakly perfect if w(G) = x(G). A perfect
graph G is a graph in which every induced subgraph is weakly perfect. For any
undefined notation or terminology in graph theory, we refer the reader to [19].

Let R be a commutative ring with identity, and let Z(R) be the set of zero-
divisors of R. The total graph of R is the (undirected) graph T'(I'(R)) with vertices
all elements of R, and two distinct vertices z and y are adjacent if and only if
x4y € Z(R). Let Reg(T'(R)), Zo(T'(R)) and To(I'(R)) be (induced) subgraphs of
T(T'(R)) with vertices Reg(R), Z(R)* = Z(R)~{0} and R* = R~ {0}, respectively.
In this paper, we investigate the perfectness of the graphs Zy(I'(R)), To(I'(R)) and
T(T'(R)). Indeed, for a ring R which is not an integral domain and w(Zy(T'(R))) <
00, we show that the following statements hold (Theorem 2.5).

(1) If | Max(R)| < 2, then Zy(T'(R)) is perfect.
(2) If | Max(R)| > 3, then Zy(T'(R)) is perfect if and only if
u—+ v # 1, for every u,v € U(R).

Also, for such a ring R we show that, if | Max(R)| # 2, then the following statements
are equivalent (Theorem 3.1).

(1) Zo(T'(R)) is perfect. (2) To(T'(R)) is perfect. (3) T(I'(R)) is perfect.

2. When Z,(T'(R)) is perfect?

Let R be a ring and w(Zp(T'(R))) < co. In this section, we give condition under
which Zy(I'(R)) is perfect. First, we recall the following results from [3].

THEOREM 2.1. [3| Theorem 2.1]. Let R be a ring such that Z(R) is an ideal
of R. Then Z(T'(R)) is a complete (induced) subgraph of T(T'(R)) and Z(T'(R)) is
disjoint from Reg(T'(R)).

THEOREM 2.2. [3], Theorem 2.2]. Let R be a ring such that Z(R) is an ideal
of R, and let |Z(R)| = o and |R/Z(R)| = 5.
(1) If 2 € Z(R), then Reg(I'(R)) is the union of 8 — 1 disjoint K. s.
(2) If 2 ¢ Z(R), then Reg(I'(R)) is the union of (8 —1)/2 disjoint K}, ,s.

Using Theorems 2.1 and [2.2] we state the following result.
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THEOREM 2.3. Let R be an Artinian local ring. Then the graphs Zo(T'(R)),
Z(T'(R)), Reg(I'(R)), To(T'(R)) and T(I'(R)) are perfect.
PROOF. Let |Z(R)| = a and |R/Z(R)| = /5. By Theorems 2 and [Z2]
KUK“U.---UK® it 2 € Z(R)

B copies
T(I'(R)) =
(L) =9 gay oy ey g if2 ¢ Z(R)

(B—1)/2 copies

Clearly, T'(I'(R)) is perfect and thus all subgraphs Zy(I'(R)), Z(I'(R)), Reg(I'(R))
and Ty(T'(R)) are perfect. O

The following lemmas will be used frequently in this paper. A different proof
for Lemma [Z1] may be found in [4].

LEMMA 2.1. Let R be a ring. If a € Nil(R) and x € Z(R), then a+x € Z(R).

PROOF. Assume that a € Nil(R). We claim that anng(a) is an essential ideal
of R. Suppose to the contrary, there exists an ideal I such that I Nanng(a) = (0).
If x € I*, then 0 # az € I, and thus aax = a®z # 0. By continuing this procedure,
a™x # 0, for every positive integer n, a contradiction and so the claim is proved.
Therefore, anng(a) Nanng(x) # (0), for every z € Z(R)* and thus z(a +z) = 0,
for every 0 # z € anng(a) Nanng(z). This means that a + = € Z(R). O

LEMMA 2.2. Let R be a ring which is not an integral domain. Then the follo-
wing statements are equivalent:

(1) w(Zo(T'(R))) < o0. (2) x(Zo(T'(R))) < 0. (3) R is a finite ring.

PRrROOF. (3) = (1),(2) are clear. If we prove (1) = (3), then (2) = (3) is easily
obtained. Thus (1) = (3) is the only thing to prove.

(1) = (3) Assume that w(Zy(I'(R))) < oco. We show that |R| < co. If Nil(R) =
Z(R), then by Lemmal[ZT] Zo(T'(R)) is a complete graph. This means that |Z(R)| <
oo and thus R is a finite ring (see [11]). If Nil(R) # Z(R), let € Z(R) ~ Nil(R).
The set {«™ | n € N} is a clique of Zy(I'(R)), and thus 2™ = 2™, for some distinct
positive integers n, m. We can let n < m and hence z™(1—2™~"™) = 0. This implies
that Rz™~" + anng(z") = R. Therefore, for some k > n, Rz* 4+ anng(z") = R.
Since (Rz*)(anng(2™)) = (0), we have R = Ry x Ry, where R; and Rs are two rings.
If a,b € R}, then (a,0) is adjacent to (b,0). Therefore, the set {(a,0) | a € Rj} is
finite and thus R; is a finite ring. Similarly, Rs is a finite ring, as desired. (I

To state our main result in this section, we need the following celebrate result.

THEOREM 2.4. [10], The Strong Perfect Graph Theorem]. A graph G is perfect
if and only if neither G nor G contain an induced odd cycle of length at least 5.

THEOREM 2.5. Let R be a ring which is not an integral domain and
w(Zy(I'(R))) < 0o. Then the following statements hold.

(1) If |[Max(R)| < 2, then Zy(T'(R)) is perfect.
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(2) If |Max(R)| = 3, then Zo(T'(R)) is perfect if and only if u+v # 1, for
every u,v € U(R).

ProoOF. (1) If | Max(R)| = 1, then Z(R) = Nil(R) and hence Zy(I'(R)) is a
complete graph, by Lemma 21 Thus Zy(T'(R)) is perfect. So, one may suppose
that Max(R) = {m;, my}. Since R is an Artinian ring, Z(R) = m, Um,. We show
that

ZO(F(R)) = K|m{ﬂm’2"\ \ (K|m1\m2\ U K|m2\m1|)-
Since m; N my = Nil(R), by Lemma [ZT] every € mj N m} is adjacent to all
other vertices in Zy(T'(R)). Now, let z,y € m; \ may. Clearly, x is adjacent to y.
This means that Zo(I'(R))[m1 \ m2] is a complete subgraph of Zy(I'(R)). Similarly,
Zo(T'(R))[ma \ mq] is a complete subgraph of Zo(T'(R)). If z € m; \ mq and
y € my \my, then z +y € U(R) and thus z is not adjacent to y. Hence

ZO(F(R>) = K|mfﬂm’2"\ \ (K|m1\m2\ U K|m2\m1|)-

Clearly, in this case Zy(I'(R)) is perfect, too.

(2) Let | Max(R)| = n = 3 and Zy(I'(R)) be perfect. By Lemma and [6]
Theorem 8.7, R = Ry X --+ X Ry, where R; is an Artinian local ring, for every
1 < i < n. If there exist u,v € U(R) such that v + v = 1, then there are
us, v; € U(R;) with u; +v; =1, for every 1 < i < n. Let A= {x,y,z,w,e}, where

x = (u1,0, —us,uqg,0,—ug,...), y=(—v1,0,v3, —v4,0,0g,...),
z = (v1,u2,0,v4,us,0,...), w = (0, —u2,0,0, —u5,0,...),
e = (0, va, us, 0, U5, Ug, . . . ).
It is not hard to check that Zy(T'(R))[A] is an induced cycle of length 5 (see the
following figure).

w z

FIGURE 1. Zy(T'(R))[A]

This contradicts Theorem 24 Thus u + v # 1, for every u,v € U(R).

Conversely, assume that u+v # 1, for every u,v € U(R). Since w(Zy(I'(R))) <
00, by Lemma and [6] Theorem 8.7], R & Ry X --- X Ry, where every R; is
an Artinian local ring. We show that Zy(T'(R)) is perfect. By Theorem 24 it
is enough to show that Zy(I'(R)) and Zo(I'(R)) contain no induced odd cycle of
length at least 5. Indeed, we have the following claims:
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CrLam 2.1. Zp(T'(R)) contains no induced odd cycle of length at least 5. As-
sume to the contrary, a; —as — - -+ — a, — a1 is an induced odd cycle of length at
least 5 in Zy(I'(R)). We show that u; + v1 = wy, for some uy, vy, w; € U(Ry). To
see this, let

a; = (x1a17x2a15"'7$na1)7 az = (x1a25z2a25"'5$na2>’ ceey
Ap = (xlan 1 X240, 0+ s :I"nu,n)’ A= {x1a17x1a2 yeeey Ly, }
Since a3 — ag — - + - —a, —aq is an induced odd cycle of length at least 5, |[ANZ(R1)]

< 2. This together with Ry = Z(R;) UU(R;) implies that the other elements in A
are invertible in R;. With no loss of generality, we may assume that

Z1 Z1

Tl,, S U(Rl)

aq? ag?

Since a; is not adjacent to ag, r1,, +21,, =w, for some wy € U(R;). Hence there
exist uy,v; € U(Ry) such that u; + v; = 1. Similarly, one may show that there
exist u;, v; € U(R;) such that u; +v; = 1, for every 2 < i < n. Thus u+v =1, for
some u,v € U(R), a contradiction. Therefore Zy(I'(R)) contains no induced odd
cycle of length at least 5.

CrLAamM 2.2. Zp(T'(R)) contains no induced odd cycle of length at least 5. As-
sume to the contrary, a; —as — - -+ — a, — a1 is an induced odd cycle of length at
least 5 in Zo(I'(R)). First, we show that u; +v1 = wy, for some uy, v, w1 € U(Ry).
To see this, let

a1 = (T1,,,%2, 5 Tny )y G2 = (Tl T2, 5 s Tngy)s - - o5

an = (T1,, ,T2,, s Tn,, )

an

Since a; is adjacent to as, at least one of the T, ,T1,, is invertible in R;. With
no loss of generality, we may assume that x1, € U(R1). If z1,, € U(R1), then
T, +m1,, € U(R;) and thus uy + v; = wy, for some wuj,vi,w; € U(Ry). If
T1,, ¢ U(Rl), then T, S U(Rl) If 1, € U(Rl), then T, +$1a4 S U(Rl)
and hence there exist uy,vi,w; € U(Ry) such that uy + v1 = wy. Otherwise,
z1,, € U(R;1). Since n is an odd integer, if we continue this procedure up to ¢t < n,
we have x1, +z1,, € U(R;y) and so u; + v1 = wy, for some uy, v, w; € U(Ry).
This implies that there exist ui,v; € U(R1) such that u; + v; = 1. Similarly,
one may show that there exist u;,v; € U(R;) such that u; + v; = 1, for every
2 < i < n. Hence u+ v = 1, for some u,v € U(R), a contradiction. Therefore
Zy(T'(R)) contains no induced odd cycle of length at least 5.

Now, by Claims 2] and Theorem 24, Z,(T'(R)) is a perfect graph. O
COROLLARY 2.1. Let R be a ring which is not an integral domain and
w(Zp(T(R))) < 0.
If IMax(R)| > 3 and 2 € U(R), then Zy(I'(R)) is not perfect.
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3. When T(T'(R)) and T(T'(R)) are perfect?

In this section, we investigate the perfectness of Ty(I'(R)) and T'(T'(R)). First
consider the following simple example.

EXAMPLE 3.1. (1) Let R = Z3 x Zs. Then Zy(I'(R)) = K2 U K4 and thus it is
perfect.

(2) Let R = Z3 x Zs. The following cycle shows that Tp(T'(R)) has an induced
cycle of length 5, i.e., it is not perfect and hence T(I'(R)) is not perfect.

(0,1)

(0,2) (1,4)

(1,3)e (2,2)
FIGURE 2. Induced cycle of length 5 in Ty(T'(Zs x Zs5))

(3) Let R = Z3 x Z3. The following figure shows that To(I'(R)) is perfect. Thus
by Theorem [Z4 Ty (T'(R)) is perfect.

(1,1)

(2,2)

FIGURE 3. m

(4) Let R = Z3 x Z3. The following cycle shows that T(I'(R)) has an induced
cycle of length 5 and thus it is not perfect.

Example Bl shows that if | Max(R)| = 2, then we do not have definite results
on perfectness of To(I'(R)) and T'(T'(R)).

THEOREM 3.1. Let R be a ring which is not an integral domain and w(Zy(T'(R)))
< oo. If |Max(R)| # 2, then the following statements are equivalent:

(1) Zo(T(R)) is perfect. (2) To(T'(R)) is perfect. (3) T(T'(R)) is perfect.
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(0,2)

(0,0) (1,1)

(1,0) (2,2)

FIGURE 4. Induced cycle of length 5 in T(T'(Z3 x Z3))

PrOOF. If | Max(R)| = 1, then the proof is obtained from Theorem[Z3l Hence
suppose that | Max(R)| > 3.

(1) = (2) The argument here is a refinement of the proof of Theorem By
this proof it is easily seen that neither To(I'(R)) nor To(T'(R)) contains an induced
odd cycle of length at least 5 and thus is perfect (replace To(I'(R)) with Zo(T'(R))).

(2) = (3) We show that T(I'(R)) and T'(I'(R)) contain no induced odd cycle
of length at least 5. Indeed, we have the following claims:

Cram 3.1. T(I'(R)) contains no induced odd cycle of length at least 5. Assume

to the contrary, a; — as — -+ — a, — a1 is an induced cycle of length at least 5 in
T(T(R)). Since To(T'(R)) is perfect, {a1,as,...,an} € V(To(T'(R))). Hence there
exists 1 <4 < nsuch that a; = 0 and so a;—1,a;4+1 € Z(R). Hence {a1,as,...,a,}~

{ai—1,a;,a;41} C U(R). Also, since a;—1 is not adjacent to a;41, a;—1 + a;41 €
U(R). This implies that if z; € Z(R;), for some 1 < i < n, then y; € U(R;)
and if there exists 1 < j < n such that y; € Z(R;), then z; € U(R;), where

ait1 = (z1,22,...,2,) and a;—1 = (y1,Y2,-.-,Yn). Let &’ = (z1,22,...,2,), where
z; € U(R;) such that z; = z; or z; = y;. Let ajp2 = (u1,u2,...,un), Gig3 =
(v1,v2,...,vy,) and put y’ = (wy,wa,...,w,) such that w; = u; if z; = y; in 2’ and

w; =v; if z; = z;.

Now, we can easily see that y', 2’ € U(R) such that y' + 2’ € U(R). Thus by
Theorem [Z3] Zo(T'(R)) is not perfect, a contradiction.

CramM 3.2. T(T'(R)) contains no induced odd cycle of length at least 5. This
proof is similar to the proof of Claim 1.

By Claims 3] and Theorem 24 T'(T'(R)) is a perfect graph.
(3) = (1) is clear. O

We close this paper, with the following question.

Let R be a ring, w(Zy(I'(R))) < oo and |Max(R)| = 2. What condition
T(T'(R)) is perfect under?
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