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LOGARITHMIC (TRANSLATIONALLY) RAPIDLY
VARYING SEQUENCES AND SELECTION PRINCIPLES

Dragan Djurci¢, Nebojsa Elez, and Valentina Timotié

ABSTRACT. We introduce a proper subclass of the class of rapidly varying se-
quences (logarithmic (translationally) rapidly varying sequences), motivated
by a notion in information theory (self-information of the system). We prove
some of its basic properties. In the main result, we prove that Rothberger’s
and Kocinac’s selection principles hold, when this class is on the second coor-
dinate, and on the first coordinate we have the class of positive and unbounded
sequences.

1. Introduction

A sequence ¢ = (¢,) of positive real numbers is said to be rapidly varying
in the sense of de Haan (see e.g. [1]) of index of variability +o0, if the following
asymptotic condition is satisfied:

. Clan]
lim —/— = 400, for each A > 1.

n——+o0o Cn,

The class of rapidly varying sequences we denote by R s. These sequences
are important objects in rapid variation theory in the sense of de Haan, which is
very important in asymptotic analysis and its applications (see e.g. [TH3l8H1013]).
The theory of rapid variation is an important modification of the Karamata theory
of regular variation [17], and their relations can be seen on the example of slow
and rapid variations in terms of generalized inverse (see e.g. [1L[TLAILI7]).

Elements of the class R, s are important objects in the dynamic systems theory
[14l[15L[19], infinite topological games theory and selection principles theory [3H6]
13].

A sequence ¢ = (¢,,) of positive real numbers is said to be translationally rapidly
varying [5], denoted by ¢ = (c,) € Tr(R,s), if the following asymptotic condition

is satisfied:
li CIA4n]
im

n—-+o0o Cnp,

It is known that Tr(Re,s) € Roo,s (see e.g. [B]).

= 400, for each A > 1.
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Let S be the set of sequences of positive real numbers [3], and S® the set of
positive and unbounded sequences in S. Let, also, A and B be nonempty subsets
of the set S. We identify x € S with Im(x).

Let us quote some important selection principles:

(1) Rothberger’s selection principle S;(A, B): for each sequence (4,,) of ele-
ments of A, there is a sequence (b,,) element of B such that b, € A, for
each n € N (see e.g. [16]).
(2) Kocinac’s selection principle aa(A, B): for each sequence (A,,) of elements
of A, there is a sequence (b;) an element of B such that the set (b;) N A,
is infinite for each n € N (see e.g. [12]).
(3) Kocinac’s selection principle as(.A, B): for each sequence (A,) of elements
of A, there is a sequence (b;) in B such that the set (b;) N A, is infinite
for infinitely many n € N (see e.g. [12]).
(4) Kocinac’s selection principle ay(A, B): for each sequence (A,,) of elements
of A, there is a sequence (b;) € B such that the set (b;) N A,, is nonempty
for infinitely many n € N (see e.g. [12]).
Kocinac’s selection principles «;(A,B), i € {2,3,4} (see e.g. [18]) are very im-
portant in selection principles theory. Evidently, as(A,B) = a3(A,B) =
(0% (.A, B)

2. Results

Let X be a countable set and let p = (p,,) be distribution probability on the
set X. Boltzmann’s thermodynamic system (X, p) has self-information (quantity
of information)

—+oo
(2.1) IX] = pn-logyp,".
n=1

Since 3" p,, = 1, the equation

=Xlo
Ix) =y B2
ey dn
can be deduced by the change of variable p,, = i, n € N, in (21). We have that
(gn) € Roo,s and (logy ¢,,) € Rso,s are very important for the rate of convergence for
the sum represented by I1X] (in the set of all possibilities which gives us condition
Pn — 0 (n — +00)).

REMARK 2.1. Since 37 p, = 1 holds, it follows p, — 0, as n — +oc.

Also, for ¢, = p%’ n € N, lo%q" — 0, as n — +oo holds (we can notice that
limy, 400 gn = +0). If ¢ = (gn)nen € Reo.s, then 0 < log%/q_g"’ . \/}17 < \/% (because
limy, 4 o0 bg%/qﬁ" = 0) for n € N large enough, and the sum Y, \/% converges
(since (y/Gn)nen € Roo,s because of lim,,_, 4 j%‘] =, /lim, 100 % = oo, for

each A > 1). Especially, this holds if (g, )nen € Tr(Roo.s) C Roo,s-
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From previously mentioned it is natural to consider the operator
(2.2) Ly: Roo7s )

given by Lo(c) = d, where d = (d,,), d,, = 2°», for each n € N, whenever ¢ = (¢,)
belongs to the class R s.

Let also La(Rso,s) = {L2(c) : ¢ € Roo,s} and Lo(Tr(Rs,s)) be the restriction
of Ly on Tr(Reo s)-

PROPOSITION 2.1. Lo(Tr(Roos)) € La(Roo,s) € Roo,s and La(Tr(Reos)) C
Tr(Roo,s) C Roo,s hold.

PROOF. We prove only La(Rs,s) € Rsos- The inclusion Lo(Tr(Reo.s)) <
Tr(Roo,s) can be proved analogously. A proof of other parts of the proposition is
elementary. Let the sequence ¢ = (¢,) € Roo,s. Then, La(c) = 2" for n € N.
Therefore,
an]

L im 2o (B - oo

holds for A > 1, because ¢, — 400, as n — +00 (see e.g. [3]). Thus, La(Reo,s) C
R s
Let us consider the sequence d = (d,,) given with d,, = 2. This sequence is an
element of the class R s, because
9[An] N
lim > lim 20Ul = 400, for A > 1.

n
n—-+o0o n—-+oo

The sequence d does not belong to the class La(R,s), since the sequence log, d,, =
n, for n € N, is regularly varying sequence in the sense of Karamata, with index of
variability equal to 1. It means, d € Reo,s \ L2(Roo,s), S0 La(Roo,s) C Roo,s- O

Elements of the set La(Roo s) are called logarithmic rapidly varying sequences
for the logarithm base 2. We consider rapidly varying sequences which are loga-
rithmic rapidly varying sequences for the logarithm base k, k£ > 1, analogously.
Similar observation can be applied to the class La(Tr(Rso,s))-

Let us state an elementary, but very important property of elements from the
class La(Tr(Rs,s)). The symbol o below is one of the Landau symbols (see e.g. [1]).

PROPOSITION 2.2. Let p = (py) € Tr(Roo,s) and ¢ = (gyn) € Tr(Roo,s)-
(a) If pn = o(gn) (n — +00), then La(pn) = o(La(gn)) (n — +00) holds.

(b) If La(pn) = o(L2(qn)) (n — 400), then limy, o0 £2 < 1 holds.

PROOF. (a) Let the sequences p = (p,) and ¢ = (¢5,) be elements of the class
Tr(Reo,s) and let lim, 4 o0 2= = 0. Then

dn
La(pn) = lim 2P 9 = lim 2p"(1_g_2) =0,
n—+oo Lo (qn) n—+o0 n—+0o0

since the sequence p, as translationally rapidly varying, has the property p,, — +o0,
as n — +o00. This means, La(p,) = 0(L2(gn)), as n — +oo holds.
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(b) Let lim,,— 100 La(pn) _ . Then, by the construction of the operator Lo in

L2(qn)
EZ2), p = (pn) € Tr(Roo,s) and ¢ = (gn) € Tr(Roo,s) hold. Also, lim, oo pn(1 —
Z_Z) = —oo. Hence p,, — 400, as n — +00, and therefore lim,,_, + o 5—: <1 O

The class La(Tr(R,s)) (also more general class Ly (Tr(Rso,s)), for k > 1) does
not coincide with any subclass (nor contains it) of the class R, s considered in the
theory of selection principles (see e.g. [2151[6]).

The following proposition contain improvements of analog results from [3].

PROPOSITION 2.3. The selection principle Sy(S®, La(Tr(Reo.s))) is satisfied.

PROOF. Let the sequence of sequences () be given, and for each m* € N
the sequence (2, ,+) € S®. Construct the sequence y = (y,,) as follows:

1. Let us choose y; as an arbitrary element of the sequence (z,,1).

2. Let the element y,, of the sequence y be chosen, for m € N, from the
sequence (Tn,m). Let us choose the element yp,41 from the sequence (2, m41) S0
that ym+1 > yir. According to the construction, v, € (@nm,) for each m € N,
therefore y is the sequence of positive real numbers. Also,

1085 (Y(r4m)) > lim ( 108 (Yrtm)) “.10g2(ym+1))
logy (yptm)—1)  10gy(ym)

> lim m = +00,

m——+oo

lim
m—too 1082 Ym m——+oo
for each A > 1.

Therefore, (logy ym) € Tr(Rs,s) holds. It follows that y,, = La(zy) holds,
for each m € N, where the sequence z = (z,) € Tr(Reo,s), hence y = (ym) €
Lo(Tr(Roo.s))- O

PROPOSITION 2.4. The selection principle ao(S™®, Lo(Tr(Ruo.s))) is satisfied.

PROOF. Let the sequence of sequences () be given, where for each m* € N
the sequence (2, ) € S®. Let us form the sequence y = (y;) as follows:

(1) Let m € N be fixed. Consider the subsequence (z,, (n),m) of the sequence
(n,m), so that Tk, (n),m — +00, for n — +oo. That subsequence represents a
new sequence which will be denoted by (Z}"). In the sequence (z}") take disjoint
countable subsequences (a sequence of subsequences) (f;’}c), i € N, where p;, it" is
a sequence of prime numbers in ascending order. '

(2) Let us form, as in (1), the sequence of sequences

(1) @), (). L), (), )
such that each of them belongs to the class S™. Using the procedure from the
previous proposition, we construct the sequence y = (y;) € La(Rwo,s). By the
construction of the sequence y we see that for each m € N the set y N () is
infinite. This means that the selection principle a(S™, Lo(Tr(Ress)) is satisfied
(which implies that the selection principles a;(S®, Lo(Tr(Reo s))), j € {3,4} are
also satisfied). O

Notice that similarly one obtains that ag (S, Li(Tr(Reo s))), k > 1, is satisfied.
Now we define a relation on the class S.
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DEFINITION 2.1. Let sequences z = (x,,), y = (yn) € S be given. Then x and y
are said to be mutually logarithmic translationally rapidly equivalent (denoted by

ltr ip. logs Tix4n . logs Yia4n
Ty ~ Yn, asn — +00) if limy, 4 o0 W = 400 and limy,_, | o W = +o00,

for each A > 1 hold.

PROPOSITION 2.5. Let the sequences x = (xy), y = (yn) € S be given. If
ltr

Ty, ~ Yn, as n — +00 holds, then x € La(Tr(Roos)) and y € Lo(Tr(Reo s))-

Proor. It holds
lim % = lim (IOgQ Yn+2 . 1Og2 Tn+1 )
n——+o00 10g2 Yn n—-+00 10g2 T4l 10g2 Yn
_ lim [082Yn+2 o 1082 Tnpt
n—+oo logy Tpy1 n—=too logy yn

= (+50) - (+00) = +cx.

Hence, we have that
(1og2 Yn+2 logy yn+1) ~ lim (1og2 ys+1)2 _ ( I 1082 ys+1)2
s——+o0o

+00 = lim

n—+oo \10gy Ynt1  logy yn logy ys s=+oo logy s
holds.
Therefore, lim,, 1 oo % = +00, so that, for A > 1,
lo lo I [A]
lim g2 Y[A+n] — Iim 22 Yn+[\] — lim ( 089 yn+1) - oo
n—+oo  logy yn n—too  logy yn n—+oo \ log, yn

It means, y € Lao(Tr(Rwo,s)). Analogously we can prove that # € Lo(Tr(Rs 5)). O

PROPOSITION 2.6. The relation " is symmetric, reflexive and need not to be
transitive on La(Tr(Rso,s))-

PrOOF. 1. (Reflexivity) For = (z,,) € La(Tr(Reo,s)) limp— 100 k”ifgz% =
400, for each A > 1 holds, therefore x,, tr Ty, as n — 400 holds.

2. (Symmetry) According to the definition of ltNT, symmetry holds.

3. (Non-transitivity) Transitivity does not hold, because for the sequences

(n4+1)!
T = (zn), Ty = 2(n71)!ln(n+1); y= (yn), Yn = 2”!; o = (Zn); Zy, = 2n(ntD)

. ltr ltr ltr

it holds =, ~ Yn, Yn ~ 2n, as n — —+oo, and does not hold z, ~ z,, as

n — 4o0. (I

For the sequence ¢ = (¢,,) € La(Tr(Rso,s)), we will define the set

[clitr = {7 = (zn) € La(Tr(Re,s)) | Tn %o, asn — +00}

on La(Tr(Rw.s)), generated by the sequence c.
Recall the definition of an infinitely long game related to as (see e.g. [12]).

DEFINITION 2.2. Let A and B be nonempty subfamilies of the set S. The
symbol G, (A, B) denotes the following infinitely long game for two players, who
play a round for each natural number n. In the first round the first player plays an
arbitrary element (A1 ;)jen from A, and the second one chooses an element from



50 DJURCIC, ELEZ, AND TIMOTIC

the subsequence y,, = (A ,,(;))jen of the sequence A;. At the k" round, k > 2
the first player plays an arbitrary element Ay = (Ag ;)jen from A and the second
one chooses an elements from the subsequence y,, = (A, (j))jen of the sequence
Ay, such that Im(ryy) N Im(rp;)) = 9 is satisfied, for each p < k — 1. The
second player wins a play Ai,Yry;-.-; Ak, Yr,;- .. if and only if all elements from
the Y = Upen Ujen Ak, Tr(s) form a subsequence of the sequence y = (ym)men € B.

Recall that a strategy of a player is a function o from the set of all finite
sequences of moves of the opponent into the set of moves of the strategy owner.

PROPOSITION 2.7. For each fized element ¢ = (¢,,) € La(Tr(Rso,s)) the second
player has a winning strategy in the game Ga, ([Clitr, [Citr)-

PROOF. (m' round, m > 1) The first player chooses the sequence z,, =

(m,n) € [cir arbitrary. Then the second player chooses the subsequence o(x,,) =
(T (n) Jnen Of the sequence ., so that Im(k,,) is the set of natural numbers
greater than or equal to n,,, which are divisible by 2™, and not divisible by 2m+1!,

1 m,n
N, belongs to N, 11252% > 2™ and % 2™ for each n = n,,. Let A > 1

Since ¢ € Ly(Tr(Rwo,s)), we have % > 1 for n large enough. Therefore,

logs ciatn) 1085 Cpatn) . logs Cia4n)—1 logs ¢nt1

logy T logy Clatn]—1 1083 Ciatn]—2 " logy Tmn

for n = ny,. According to Proposition2H, 2, € L2(Tr(Re,s)). We can analogously
prove bgig”% > 2™ for n = n,.

Now, we form the set Y = |, ,cn Unen Tm. k. (n) Of positive real numbers in-

dexed by two indexes. This set we can consider as the subsequence of the sequence

y = (yi)ien given by:

> 2"

T ke (), if @ = Kk (n) for some m,n € N;
Yi = .
Ci, otherwise.

By the construction of the sequence y, we have that y € S. Also, the intersection

between y and z,, (m € N) has infinitely many elements. Let us prove that y, i

Cm, as m — 4+00. Let M > 0. Let us choose the smallest natural number m so that
2™ > M. Foreach k € {1,2,...,m—1} there is n} € N, so that loggzci”"] M and

2 LTk
logs Tk (A4n] _
— g, e = M for each A > 1 and each n = nj. Let n* = max{n},...,nk _ 1},
. ol log, ¢ i lo
Therefore, the inequalities 7%% [;_“] > M and 7%; o M hold for each A >
2 k3

. . l . .
and each ¢ > n*. This means y; i c;, as © — +00, because M was arbitrary, and
thus y € [c]ir- O

COROLLARY 2.1. The selection principles a;([clitr, [clier) hold for each fized
element ¢ = (¢n) € La(Tr(Roo,s)) and each i € {2,3,4}.

REMARK 2.2. From Propositions Z.32.6] and 2.7 and Corollary 2.1], it follows
that propositions similar to Proposition 27 hold for translationally rapidly varying
sequences and translational rapid equivalence.
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