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SOME CONVOLUTION INEQUALITIES IN
REALIZED HOMOGENEOUS BESOV AND
TRIEBEL-LIZORKIN SPACES

Mohamed Benallia and Madani Moussai

ABSTRACT. Using the realizations, we study some convolution inequalities in
the realized homogeneous Besov spaces Bg’q(R”) and the realized homoge-
neous Triebel-Lizorkin spaces j3 ».q(R™). We also deduce for the homogeneous
Sobolev spaces W™ (R™) in certain sense.

1. Introduction

We study some properties of the convolution in homogeneous Besov spaces
B;,Q(R”) and homogeneous Triebel-Lizorkin spaces F§7q(R”). This type of prop-
erties has been studied by Peetre [13] Chapter 8] considering B;q(R”), see also
Bourdaud [3]. As these spaces are defined modulo polynomials, since || f|| By, =

Ifllzs = 0if and only if, f is a polynomial on R", then in our investigation, we
p,q

will consider realized homogeneous Besov spaces Bé;q(R”) and realized homoge-

neous Triebel-Lizorkin spaces 2 5 ¢(R™), which are defined in the tempered distri-
butions space §’(R™). We will employ the notation A;, 4(R™) for either B; 4(R™) or
Fy (R™), the notation A3 (R™) for either B,  (R") or I (R™) and their initials
B and F, respectively. Also, we will omit the symbol R™ in notations since all

function spaces which occur in this work are defined on R". We will also use the
following two notations:

— If f € &', [f]» denotes the equivalence class of f modulo all polynomials on R".
— &' is the set of distributions with compact support in R™.

So in the convolution, we essentially prove an estimate in A;, q (see below, Theorem

22land Remark[Z2in which we explain why we work with the realized spaces) using
the convergence in S;, (the space of tempered distributions modulo polynomials P,
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of degree < v), where for any 4-tuples (n,s,p,q) and throughout this paper the
number v € Ny is defined by

vi=([s—n/pl+1);if s—n/p¢ Nyorqg>1in B-case (p > 1 in F-case)
vi=s—n/pif s—n/peNyand 0 < ¢<1in B-case (0 <p < 1in F-case),
(see [4]), with [t] denotes the greatest integer less than or equal to ¢t € R.

Notation and plan of the paper. As usual, N denotes the set of natural
numbers, No = NU {0}, Z the integers and R the real numbers. For a € R we put
a4+ = max(0,a). The symbol — indicates a continuous embedding. For 0 < p < oo
we denote by || - ||, the quasi-norm of L,. We will use the parameters s, p and ¢ as
s€Rand 0 < p,g < o (p < oo in the F-case) along the paper unless otherwise
stated. For a function 6 defined on R", we set 0 := A="0(A71()) for all A > 0 and

v

0(x) := 0(—x). The standard norms in the Schwartz space S are defined by
Gn(f) == sup  sup (1+ |z))"|f@(x)], (m € No).

lal<m z€Rn

For f € Ly,
Fiw) = 1) = [ e

is the Fourier transform and F~! f(z) := (2r)~" f(—z) is the inverse Fourier trans-
form. The operators F and F~! are extended to the whole S’ in the usual way.

For k € NgU{oo}, Pi denotes the set of all polynomials on R™ of degree < k (in
particular Py = {0}, P1 = {c}, ..., P the set of all polynomials). Sy will be used
for the set of all ¢ € S such that (u, ) = 0 (Vu € Py), its topological dual is Sj,.
The mapping which takes any [f]p to the restriction of f to Sk is an isomorphism
from S’ /Py, onto S;.

The constants ¢, c1, ... are strictly positive, depend only on the fixed parame-
ters n, s, p,q, ..., their values may change from line to line.

This work is organized as follows. In Section [2] we state the main results. In
Section Bl we collect some needed tools. Section M is devoted to the proofs. In the
last section, we give applications and an extension to Sobolev homogeneous spaces.

2. Statement of the main results

The Littlewood—Paley decomposition plays a major role here, then once and
for all, we fix two functions p and v, where p is a positive C'* and radial such that

0<p<1,p(€) =1 for |¢ < 1 and p(€) = 0 for |¢] > 3/2, and (€) = p(€) — p(2€)
which is supported by 1/2 < |£] < 3/2. Then we define the operators @; and S,

(Vj € Z) by éj\f = (277()))f and S/’J? .= p(279(-))f. We also fix a positive and
radial function 4 € D(R™ \ {0}) such that 4y = v. We associate Q; (Vj € Z)
defined by Q, f := 7(279(-))f. Now, for brevity we set w := w(p, q) such that

(2.1) 1/w=1/p—1/q if p<min(l,q), w=¢ if p>1 or ¢<p<1,
where, here and throughout the paper, ¢’ := ¢/(¢ — 1) if ¢ > 1 and ¢’ := oo if
0 < g < 1. So we have our first result:
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THEOREM 2.1. Let w be given as in [2I). We put r := min(1,p) and p =
—s+(n/p—n)y. Let f € Ay, and 0 € Al . Then ZjeZ Q0 *Q;f converges in
S!, to an element denoted by 0 ® f, such that

(2.2) 10 flly < clll a1 FlLis
holds, where the constant ¢ > 0 is independent of f and 0 (withc=1if p > 1).

REMARK 2.1. By taking 6, instead of # in the above theorem (recall 8y :=
A7"0(A71(+))), we obtain a generalization of [13] Theorem 1, p. 156] given in B-
case for p > 1 and ¢ = oo, see Proposition 2] below. Note that owing to (ZII),
w > r, then B,ﬁfT — Aﬁ,w, in particular Bl_f — Al_,Z’ for p > 1 which covers the
result given in the previous reference.

Secondly and similarly to (Z2]), we wish to give an inequality for the usual
convolution. Since in ([22) taking 0 * f instead of § ® f is not true in general (see
Subsection 5.1 below), we then pass to flqu, where the distributions vanishing at
infinity play an important role.

DEFINITION 2.1. We say that a distribution f € S’ vanishes at infinity if
limy—0 f(A71(-)) = 0 in &’. The set of all such distributions is denoted by Cj.

Examples of such distributions are:
() feCoif feL, (1<p<oo); (ii)d;f € Cyif either f € Ly, or f € Cy.
Using the notion of the realization, see e.g., [2], we now recall the definition of
fl;q according to [4] or [11]:
The space fl;q is the set of f € &' such that [f]p € A;q and f(@ e C

(V]a| = v), and one of the following three conditions:

(1) There is no supplementary condition if either s < n/p, or s = n/p and 0 <
¢ <1in B-case (0 <p < 1in F-case); here v = 0.

(2) fis of class C*~' and f(#)(0) = 0 for | 8] < v — 1, if either s —n/p € RT \ Ny,
or s—n/p € Nand 0 < ¢g<1in B-case (0 < p < 1in F-case); here either
v=|[s—n/p]+1orv=s—n/p, respectively; here v > 1.

(3) fis of class C*~ ! with f19(0) = Y. (Q; £)P(0), |8 <v—1,if s—n/p e Ny
and ¢ > 1 in B-case (p > 1 in F-case); herev =s—n/p+1> 1.

Aj , endowed with ||f||;1; L= I£]»]

the following statement:

s Is a quasi-Banach space. Then we have
p,q

THEOREM 2.2. Let r, i and w be real numbers given as in Theorem 21 Then
there exists a constant ¢ > 0 (with c=1 if p > 1) such that

(23) 16l < cllotell s I1f1lLs;
holds, for all f /Llfw and all 0 satisfying [0]p € Aﬁ,w and either 0 € S or 0 € £'.

REMARK 2.2. The condition on f guarantees a “good” representative. Indeed,

if we replace the assumption f € A;q by only [f]p € A;q, it is possible to fall

on a wrong choice of representative which yields a contradiction. For instance,
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assume that (Z3)) is valid in that case. Let f be a nonzero polynomial on R™, then
lf1Pll 4= = 0. We take 6 := ¢ (Dirac distribution at the origin), it is not difficult
to get [0]p € B"/p_n (0 < p < 00), see e.g., the beginning of Subsection [E.1], then
—if0 <g <p <1, then [[[0]p| gn/p—nl[f]Pll 50, =0,
i l<p<ooand0< g <1, then [Blplg I/1plsy, =0,

however 6 * f = f, thus it is impossible to satisfy ([2:5]) since its left-hand side is co.
REMARK 2.3. If § € S, then Theorem holds with only [f]p € A

P.a°
Indeed, by Lemma [B1] (see below) 6 x f € &', and if [fi]p = [f2]p = f, then
fi—fo =P € Py and P x 0 = 0. Recall that F(z* x 0) = ch6(® = 0, since

0 (0) = 0 for all a, 3 € N2,

In connection with the assertion in [13] pp. 156-159] given for the homogeneous
Besov spaces, we have:

PRrROPOSITION 2.1. Let r, u and w be real numbers given as in Theorem 211
(i) There exists a constant ¢ > 0 (with c=1 if p > 1) such that

(2.4) @it < el 171y, (2> 0)
JEZ
holds, for all f € Ap g and all 0 € Aﬁ,w
(i) There exists a constant ¢ > 0 (with c=1 if p > 1) such that
(2.5) A70ON = fllp < cllllpllan 1P ll4s > (VA >0)

holds, for all f € A and all 0 satisfying [0]p € AT and either 0 € S or 0 € £'.

p,q w

In (Z4)-(23), the particular case A :=27F (k € Z) yields an interesting situa-
tion when the ¢,(Z) quasi-norm is taken of these affirmations, according to [13] Re-
mark 1, p. 159] at least for the B-case, see also [3] in case p > 1; ({4(Z) is the set
of all sequences (ax)rez C C such that ||(ak)lle, == (X 4z lar|?)!/? < co). Namely
we have the following two results, where we start with the B-spaces.

THEOREM 2.3. Let r := min(1,p), ¢t := min(1,p,q) and p:=—s+ (n/p—n)+

(i) Let f € B;q and 0 € B,‘ft Then ZjeZ Qﬂgf;ﬂ * Q;f converges in S, to an
element denoted by 09—« ® f for all k € Z. Moreover, there exists a constant ¢ > 0
(with c=14f p > 1) such that

s 1/
(3225105 ® £12)"" < el g 17115,
kEZ 7
holds, for all such f and 6.

(i) Let f € Bé;q. Let 0 be such that [0]p € Bﬁt and either 0 € S or 0 € £'.
Then

1/q
(D2 900e + £12) " < cllOlpllze IS 1p N5,

kEZ
holds. The positive constant ¢ does not depend on f and 0; (if p > 1 then ¢ =1).
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For the case of the F-spaces, we use poised homogeneous spaces of Besov B;;Z,
introduced in e.g., [12], see Section Bl below.

THEOREM 2.4. Let a > n/min(p,q) and t := min(1, q).

(i) Let f € F;q and 0 € B;f’a. Then 3 eq, Q0s-r % Q,f converges in S, to
an element denoted by 05—+ ® [ for all k € 7Z. Moreover, there exists a constant
c > 0 such that

1/q
| (2102w @719) ™| < clltll ool 7y,

kEZ
holds, for all such f and 6.

(ii) Let f € }%’fqu. Let 6 be such that [0]p € B;tsa and either § € S or 6 € £'.
Then

|(32 26 flq)l/qH,, < elllellg; <Pl
kEZ

holds. The positive constant ¢ does not depend on f and 6.

3. Preliminaries

This section contains preparations, definitions and a characterization for real-
ized homogeneous spaces. We first recall that the operators ; and S; take values
in the space of analytical functions of exponential type, see Paley—Wiener theorem,
e.g., [15] Theorem 29.2, p. 311] or [16, Remark 2.3.1/2, p. 45]. They are defined
on 8. and &', respectively, since Q; f(z) = 0 if and only if, f € Pu. For brevity,
we make use of the following convention:

If feS8,, wedefine Q;f:=Q;f1 forall fi such that [fi]p = f.
We will exploit the following assertions:

LEMMA 3.1. Let k € NoU {oo}. If f € S}, (Sk, respectively) and 8 € S (€',
respectively), then 0 x f € 8" (S, respectively).

PROOF. Assume that f € S;, and 6 € Sj;. For all ¢ € D we obtain (0 * f, ) =
(f,0% ). Clearly, 0% € S since F(6* ) = (2m)"(F10)¢ and (F~10)(®)(0) = 0
for all |a| < k. The assertion follows since D is dense in S.

Now suppose that f € S, and 6 € £'. Tt suffices to observe that F(0 * f) = éf
and both f(®)(0) = 0 if |o| < k and 0 is a function of class C™ with |§(%)(¢)| <
cg,m(1+1€])™ for all m € Ny and all 8 € Ng, see e.g., [9, Theorem 1.7.5, p. 20]. O

LEMMA 3.2. Let N € Ngy. There exist constants c¢1,co > 0 and a number
m € Ny, such that for all ¢ € D(R™ \ {0}) and all ¢ € D, (we put $; :== (277(-))
and ;== (279 (-))), it holds:
Q) llej * fllp < 279 (f) for all f € § and all j € No.
(i) llps * fllp + [l * fllp < 227V Gn(f) for all f € Sy and all j € Z~\N.
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PrOOF. For (i), it suffices in ¢; * f(z) = [z. f( )e;(y)dy to apply the
N-th degree Taylor formula with integral remamder of y— f (:c —vy) at . However
for (ii), we change the roles between f and ¢; as [ f(y)e;(z — y)dy, then again
the N-th degree Taylor formula of y — ¢;(z — y) at . Similarly for ¢, f. See [11]
for more details. O

This lemma yields the convergence of the Littlewood—Paley decomposition in
the following sense: we have f = ZjeZ Q; f in either Soo or 8., and f = Sif +
Zj>k Q;f in either S or §’. On the other hand, we will make use of the following
classical inequalities (see e.g., [16, Remark 1, p. 18, Remark 2, p. 28]):

PROPOSITION 3.1. (i) If0<p<g<ooandR >0, then it holds || f|lq <
cR"/p’”/quHp for all f € L, satisfying supp f C {£ eR™: |£| < R}.
(i) 10 <p <1 and R >0, then | Fxgll, < cBY2" | gl for all f.g €
satisfying that suppf and supp § are subsets of {£ € R™ : |¢| < R}. If
p =1 then c =1, that is Young’s inequality.

For more details about B;ﬁ and F'®

g We refer to e.g., [6l10L13], however we
recall definitions and some properties.

DEFINITION 3.1. The homogeneous Besov space B;ﬁq and Triebel-Lizorkin
space F;q are the sets of f € S such that || f[|z. = (3;cy 2754)|Q; f|9)1/7 < o0
’ P.q

and || llps = [(5en 2°71Q; £/, < oo, respectively.

AIS,, o are quasi-Banach spaces for the above quasi-seminorms, and do not depend
on functions p and 7. We have in particular:

S = Ay = S,

e the homogeneity property ||f||li. = NP75|[f(A()|l4i. (YA > 0, Vf €
. P.q P,q
A7 q),
_ ean equivalent quasi-seminorm HfHA;q =2 al=m [|.f()]
A3 ) (see [5, Proposition 5] and [6, Proposition 8]),
— AZqZ if @ < qo,

e and some embeddings A® N FS s

DS
P,q1 Bp min(p,q)

Bpmax(pq) If 57 > 89,0 < p; < p2 <00,0< q,7 < oo and sl—n/pl—SQ—n/pg,
tThl;en B3 a ; Bz e B2V Es e Bzooand ES s E32 ) see [10)
eorem 2.1].

DEFINITION 3.2. Let a > 0. The poised homogeneous space of Besov B;’:Z is
the set of f € S, such that HfHB;g = ez 2784|(1 + 279 - |)“ij||g)1/q < 0.

The most properties of B;q are hold for the B‘S g-case, e.g., BSO = B;,q,

BS‘IC—>BPZ1 1fq§q1,B ‘—)B;iglf87n/p—81*n/p1 andp<p1,...

In connection with the number v (see Section[I]) we have the following charac-
terization, see [4, Proposition 4.6]:
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ProrosiTION 3.2. For all f € A;q, the series ZjeZ Q;f converges in S), to
an element denoted by o, (f) which satisfies f = [0, (f)]p in S’ and %0, (f) € Co

for all |a| = v.

By this proposition we have a continuous linear mapping f — o, (f) from A;yq
to ;. In this context we recall the notion of realization.

DEFINITION 3.3. Let k € NgU{co}. Let E be a vector subspace of S’ endowed
with a quasi-norm such that E — S, . A realization of E in §j, is a continuous
linear mapping o : E — Sj, such that [o(f)]p = f (Vf € E). The image set o(FE)
is called the realized space of F.

4. Proofs

We begin by the following assertion, an estimate of Nikol’skij-type representa-
tion method.

PROPOSITION 4.1. Let r, i and w be real numbers given as in Theorem 2.1
Let aq,as2,b1,ba be positive numbers such that 0 < a1 < by and 0 < as < ba. Let
(uj)jez and (vj)jez be sequences in S', such that

e @; and U; have compact supports in the annulus a12? < €] < b127 and
az2? < |€| < be27, respectively,
o A=z 275 |u;|9)!/7 < 0o and B := (3]

(i) Then ZjeZ uj*v; converges in S, to an element denoted by u®v, satisfying

jez 27 Jusll2) Ve < oo

(4.1) u®ovl, < cAB,

where the positive constant ¢ depends only on the parameters n, s,p, q, a1, a2,b; and
ba, withc=1ifp>1.

(ii) If 0 < p < oo, then we can replace A and B by A1 == [|(3_ ;¢4 2954 ;1)1 ||,
and By = [[(3;¢z 2019 ;| )| |, with Ay < oo and By < oo, respectively, in the
preceding statement.

PROOF. Step 1: proof of (i). Substep 1.1: convergence in S!,. We first note that
if by < ay or by < a1 then u; * v; = 0, so these cases are excluded. We introduce
a radial and positive function n € D(R™ \ {0}) supported in min(a1/2,a2/2) <
|€] < max(2by,2b2), and n(¢) = 1 for min(ay, az) < |§] < max(by,bs). We define
the operators n; := n(279D) (Vj € Z), ie., n;f := n(279(-))f, then we have
uj *v; = n;(u; *v;). Taking n’s properties into account, we can write (u; *v;, ) =
(uj *vj,n;p) for all p € S, and prove

(4.2) > [y % vj,m560)| < 0.
JEZ
The case 1 < p < oo: We begin by |(u; * vj,n;0)| < ||u; * vjllplnellp. By

Lemma B2 [0l < cGm(p) min(279Y,277). Then using Young’s inequality, we
get
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43) D lug v, mi0)| < ealmle0) D min(279N,27) (2%l |) (277 ||y )
JEZ JEZ
<C2AB.

The case 0 < p < 1: We estimate the first term in (£2) as |(u; * vj, ;)| <
ity %311 ms elloe- Then, [[n;plloc < G (i) min(2—7Y, 297) (see LemmaBZ). Also,
by definition of ¥ we have v +n/p —n > 0. Then choosing an integer N > n/p—n
and using both Bernstein and convolution inequalities, we obtain

(44 D Mg vy me)] < eaGmlp) 32077 min(2N, 27 fus vyl
JEZ JEZ
<oy 20P7MTmin(279N, 27) (277 [luy l,) (277 )
JEL
< c3ABY 20MPMimin(277N,29%) < ¢y AB.
JEL
Substep 1.2: proof of [@1]). First, assume that 1 < p < co. By inequalities of

Young and Hoélder with exponents ¢ and ¢’ for ¢ > 1, we have

(4.5) D lluy x vl < D (27 [lugllp) (277° s]11) < AB.
JEL JETZ

For 0 < ¢ < 1, we use the following elementary inequality

(4.6) (Zaj) <Y at Va0, 0<d<1
j J

J
in the second term of (@A) with d := ¢, then

. s S 1/q ks
@) @ )@ ol < (@ 7)) sup@ ugl) < AB.
€T J€Z kez
Clearly that (43) and ([@1) describe the behaviour of constant ¢ in the right-hand
side of (&), that is ¢ = 1.
Second, let 0 < p < 1. By using (6] with d := p and convolution inequality,
we get

1/p . (n s 1/p
(4.8) Jusvlly < (3 fuyrosls) < e D@ luslly) 77 ) )
JEL JEL
e If p < ¢, we apply Holder inequality with exponents ¢/p and w/p, the last
term in (L)) is bounded by cAB.

o If ¢ < p <1, weuse [A) with d := ¢/p, and the last term in [€3F)) is bounded
by
. . 1/q
ex (D227 i) @Iy ,)7) < e2AB.
JEZ
Step 2: proof of (ii). Substep 2.1: convergence in S!. We use the notations
of Substep 1.1. From (@3), if 1 < p < oo, as (27%||u;,)(27%||vj]l1) < A1B:
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(Vj € Z), then ([@2) holds. Similar if 0 < p < 1, i.e., as in [@4) since it holds
(2%}, 2= 1) < A1 By (V) € D).

Substep 2.2: proof of (@Il with A; and By. Assume that 1 < p < oco. By
Holder inequality with exponents ¢ and ¢’ for ¢ > 1, and by Mmkowskl inequality
with respect to L, we have

w0 [Suweol, <] [ X @ e -mpeumne],
g/Rn (ZZQMWJ('Z/NQ) p(ZZ2—jsq’|vj(y)|q’)1/q/dyAlBL

For 0 < ¢ < 1, we use ({0 with d := ¢ in the first line of (£9), then

(4.10) HZ|uJ*vj|

<J.

As above in [£H) and ([@7), inequalities (L9)—(@I0) show that the constant ¢ in
the right-hand side of (@) is equal to 1.

Now, the case 0 < p < 1. We first suppose p < ¢ (here ¢ €]0,c]). From (&3]
and by Holder inequality with exponents ¢/p and w/p, we get

1/q (n s S\ Y
(4.11) (Z fu oy 2) " < (D@ lull)?) " (@ o))
JEZ JEZ
Since p < w, by Minkowski inequality, the right-hand side of (£I1]) is bounded by

(jezz 2J5|u ) ) H H( 2J(n/pinis)|vj|)w)l/pr < A1 By.

Second, suppose that ¢ < p < 1. Again, from ([£8) and since £4(Z) — ¢,(Z),
we have

1/p . 1/p s
(D Mwiwslly) ™ < en (3o uglly)?) ™ sup2t /== oy

JEZ JEZ
o 1/p
<ab|(Doe" )
JEZ

Hence the proof is complete. O

) 1/q
H / 2’Sq|uJ'(- - y)|q) Sup27ks|vk(y)|dyH
kEZ P

) 1/q
(Z 2754y (- — y)|q) H sup 2~ %oy (y)|dy = A, By.
jez P ke

C1

. 1/q
g 0231"(2(2JS|UJ'|)(1) H :CQAlBl.
p jez p

Proor or THEOREM 211 It suffices to apply Proposition LIl with both wu; :=
ij and v = QJ9 O

PROOF OF THEOREM [2.2] Let f € Ap and 6§ € & (S, respectively) be such

that [0]p € Ar,w'

q
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Step 1: preparation. We first note that 6 € & (S, respectively) and f € S
imply % f € 8’ (see [9] p. 21] and [15] Theorem 30.2, p. 317]). Also, for all p € S,,,
we have 0% € S, ; indeed, in case 6 € &' this follows by Lemma[B1] in case 6 € S it
suffices to apply the Fourier’s properties. Then, by Proposition B2 for all ¢ € S,,,
it holds

(4.12) (O fr0) = (£,0%8) = (Q;f,0%p)

JEZ
=D (Qif:Qi0%¢) = (Q;f xQ;0,%).
JEZ JEZ

Hence 0 f =0® f in S,,, and Proposition @1 with u; := Q; f and v, := Qjé' gives
166 fllp < clBlpllan_ 1ol

Step 2. We set g, := 0 f — 0 (S_pf) for k € Ny. Then the sequence (gx)ren,
has the following properties:

e Since g, = Zj>_k Q;f *Q;0 in S, (the proof is easy as in [@I2)), by Step 1,
(413) lgells < cllilolli_IFlmlLig (VK € No).

e gi tends to 6 x f pointwise; indeed, assume that p > 1, then by Young and Bern-

stein inequalities, we have [|Q; f+Q;0] 0o < [1Q; f11|Q;0llp < c27™/7(1Q; f[Ip[1Q;0111,
then

(4.14) lgi(x) = 0 f(2)| <er Y @9]1Qsf1,)(271Q4011) 2"/
i<k

< 277\ [6]p |-

Alellg, . VaeR"

then we use the embeddings A;,q — B;,OO and A;,Z’ — Biio, on the one hand.

On the other, suppose 0 < p < 1, and again by Young_and Bernstein inequalities,
we have [|Q;f * Qj0lloo < Qs fllocll@0llr < 22717 Q; f11,]|Q;0lp, then
(415)  gr(@) =0 f(@)| <1 D 27]Qsflp)2T/P = Q,0],)2/P
j<—k
<2 Bpl oo flplls, . Vo€ RY,

and use both A3 < B3 and Ap/pTnTs oy BUPTRTS Now, it suffices to take
k — +o00 in, both, (£I4) and [@IH), to obtain the desired result.

Finally, by writing @) as [y, lg:(2)Pdz < c|Blpl7, 1/1pl%, it p < oo,
and applying Fatou’s lemma to the sequence (|gx|”)ken, (reéall that |;;:|p tends to
|60 x f|P also pointwise), inequality (23] follows. However, if p = oo, we take an
arbitrary € > 0, then there exists a number ky € Ny such that

10 f ()] < lgn(z) = 0 f(2)] + lgrllo <€+ llgrlle (VK = ko, Vo € R™);

but ||gkllee < c||[0]p] 5= |[f]pll g for all k € Ny (see again (£I3)). By arbitrari-
ness of €, we deduce estimate @3). The proof is complete. O
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ProoF ofF ProposITION 21 It suffices to apply the homogeneity argument
(see Section B]) and Theorems Z.THZ 2 O

ProOF OF THEOREM [2.3] The convergence of Z]EZ QJOQ%- *Q;f in S, can
be done as in the proof of Proposition[d1)/Substep 1.1. The details will be omitted.
As above, its limit will be denoted by 05—+ ® f.

Step 1: proof of (i). Substep 1.1: the case p > 1. Applying Young’s inequality,
we obtain [|0y-x ® f||, is bounded by >_ .. 1Q, fllpl|Q;05-x 1. By the identity

(4.16) Qj0s-x =2"Q;_10(2% (")),

we have 2%¢||0,-» ® f||, is bounded by >jez 2752=0=8)5)|Q; f|l | Qj—x0]1; we set
l:=7—k, then

1/q _ls ~ a\1/aq
(417) (321w flln) < (30 (0202 Quia Q00 ) )
kEZ keZ  I€L
—1If ¢ > 1, then by Minkowski inequality, we estimate (£IT) by
X 1/q . —ls
S (320 Qufl) NI < 1]

l€eZ k€L

s 1005

—If 0 < ¢ < 1, then by using ([@6]) we again estimate ([@I7) by

~ 1/q
(D27 Quollg - 2 Quyn ) < Il 100 e

leZ keZ

Observe that ¢ =1 in the right-hand side of above inequalities.
Substep 1.2: the case 0 < p < 1. By using (L0), the convolution in L, and

@T6), we have 2101 ® f, < (3 ez 27720~ RO/P== | Q; £|12]1Q;-10IIE) /P
is bounded by

(4.18) C( Z 2(l+k)sp2l(n/an—S)P||Ql+kf||g||Ql9||g)

leZ

1/p

Now, we estimate (3 ;c;2%%||02-x ® fll,%)l/q as the following (we separate the

estimate with respect to ¢ into two cases):
—If p < ¢ (here ¢q €]0,00]), by both ([@I8) and Minkowski inequality, we have the
bound

c1 ( Z 2“"/”‘"‘5)”||ta9||§{ Z 2(l+k)sq||Ql+kf”g}P/Q) 1/p

leZ keZ

< el f sy 10l gy

—If ¢ < p, by using again both [@I8)) and @8] with d := ¢/p, we have the bound

~ 1/q
er (D21 Qup)g 3 2 Qi f118) < call

IEZ keZ

g 101 e

Therefore, the desired estimates hold.
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Step 2: proof of (ii). This can be done as in Step 2 of the proof of Theorem 2.2
We briefly outline it. We fix k € Z and introduce the sequence (g x)ien, defined
by gik = 0y—k * f — Oy—r % (S_, f) for | € Ny, which satisfies (as above) both

1/q
(D2 llguall) < clOlpllgs NIpls,, (V1€ No),

kez
and g; 5 tends to y-x * f pointwise as | — +oo for all £ € Z. Hence it suffices to
apply twice the Fatou lemma in the last inequality. (I

ProoF oF THEOREM [2.4] Using the Peetre-maximal function

Q) = swp (14 Py) Qi f(w —w) (2 €R"j€Za>0),
sup

we have at our disposal the following characterization of F-spaces (see e.g., [8]
p. 45]):
PROPOSITION 4.2. Let a > n/min(p,q). Then the expression |f|%, =
. P;q
1> ez 2j5q|Q;’af|q)1/qu is an equivalent quasi-seminorm in Fy .

For the convergence of Z]EZ QjQQ—k *Q;f inS), to 05—« ® f, the same technique
used in the proof of Proposition ELI] will be applied here, but some changes are
needed; so we use the same notations. For all ¢ € S,,, we have [(Q;05- *Q; f,n;¢)]
is bounded by ¢(pp, (p) min(277N,29%)(|Q 05— x Q; f|l, (Vi € Z), where n; is defined

such that nj(Qjog—k *Q;f) = Q03—+« xQ;f (Vj € Z). Now, by [@I6) and for a
real a > n/min(p, q), it suffices to observe that ||Q;0z-+ * Q; f|, is bounded by

Q-s0w)Qs (- — 27 y)ay| < 1Q5 11l / 1Qu- k011 + 27 Myl dy

<27l MOl v
D00 1,00

H R~

Hence the convergence of the series >, Q05— * Q, f, )| for all k € Z.

Step 1: proof of (i). We estimate (3o, 25| djez Qi % Q; f|9)Y/ as the
following: if ¢ > 1, using the identity (&I6) and Minkowski inequality (twice), then
it is bounded by

1/4q

/n (Z (sz5|ij(~ — 2—ky)Qj,k9(y)|)q) dy

keZ jEeZ

< /Rn > 2715|Q19(9)|(Z 2Dy f (- — 2*’“y)|q)1/qdy (m:=k+1)

1€7 kEZ
i va 1/q _ls a
< (Z gmaa| f|q) > 271+ 2 ) Qb
meZ lez

if 0 < ¢ <1, by ([@I8) and (£8) with d := ¢, then as above the desired term is
bounded by
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ZZ /2’“|Qf (- —27*)Q;_0(y Idy})

kEZ jEL y
< (o PmIQs s+ 2 ) Guell})

JEL l€Z

Then we calculate the L, quasi-norm of (3, o, 28| diez Q0+ * Q, f|9)/9 and
the desired estimate is obtained.
Step 2: proof of (ii). Similar to Step 2/proof of Theorem O

5. Concluding Remarks

5.1. Applications. 1. For any function f, we define the differences A" f :=
ZT 0 (m)(_ ) f(-+ jh) = ZJ 0 (m)(—l)mﬂé_jh  f (where d_jj, is the Dirac

distribution at the point = := —jh). As Qrd_jn = 2F"F~1y(2%(- + jh)), then
[6_jn]p € B (0 < u < 00). We now see when [5_j,]p € BE,

e For p > 1; here r := 1 and p := —s. We have —s = n —n, w = oo (i.e,
0<g<l).

eFor0<p<l;herer:=pand p:=—-s—n+n/p=n/p—n,w= oo (ie,
g<p<l).

Consequently, Vg €]0,1], Vp > ¢ and ¥m € N, by Theorem it holds
187 £l < cllflellsy, (VF € B, Vh € RY).

This estimate fails with only the assumption [f]p € ng. Indeed, let f(z) := z7,
then ||[f ]pHBo =0, while A} f(z) = m!h{* (Vz,h € R™), implies |AY f|l, = .

2. Let o be a C function on R such that o(t) = 1 for t < e~2 and () = 0 for
t>e 2 Fora > —nand 8> 0, we set 0, () := |2|*(—log|z|) P o(|z|), = € R™.
This type of functions have been studied in e.g., [7, p. 82]. We have 6,3 € &';
indeed, let ¢ € C°°, then using polar coordinates and as sup |, <.-2 |¢(z)| < ¢ < oo,
we find

e 2
/ / et (= logr) ~Ple(r)lle(ry)ldrdy < 27 e gl| o
sn—1

To continue, we need to introduce inhomogeneous Besov By , and Triebel-Lizorkin
Fy . spaces (p < oo in Fj -case). We denote by A , for elther By, or Fy ., and
use the abbreviations B, F' to indicate them.

DEFINITION 5.1. The spaces B, , and F;  are the sets of f € S’ such that
Jsq q Ha
1135, = S0 fllp + (22 lQsflz) " < oo
j>1

Iz, = ol + (212 f17) || <o,

j>1

respectively.
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PROPOSITION 5.1. (See e.g., [17, p.98]) Let s be such that s > (n/p —n)+
Then || fllp + Ilflpll 4s is an equivalent quasi-norm in Aj

Assume that 8 > 0. By [14, Lemmas 1-2, pp. 44-47] we have, e.g., o5 €
AZE for a0 £ 0, a+n/r > (n/r —n)4 and fw > 1 (Br > 1 in F-case); also for
a=0and (8 + 1)w >1((8+1)r > 1in F-case). But in that case, by Proposition
B ASS™" < AZE™T (at now r €]0, 00], 7 # oo in F-case, and w €]0, 0)).

Now, for all s < 0, @ := —s — n, r := min(l,p) and w as in 2T, it holds
0—n—sp* fllp < cllf ]pHAS (Vf e A ¢)» where fw > 1 (Br > 1 in F-case) for
a#0,and (4 1w > 1 ((ﬂ+1)r>11nFcase) for 0 < p <ooand a=0.

REMARK 5.1. We note that other cases on the parameters (e.g., the case 0, 5 €
Al with g > a+n/r) can be obtained from the properties of 0,3, see [14], etc.

3. Let X be the characteristic function of the unit cube [—1,1]™ in R™. Clearly
that () = i [Tj_i (e — e7'%)/¢;. Using the development of H?:k(eiﬁf _
e %) (see [I, T §8.1/(13), p. 98]), and we define a function ) € Sy by ¥(§) =
v(&) /(&1 ... &), we find

QrX(z) = 2—kn(2m)—n/ eiwf{ei(§1+~~+£n) _ Zei(§1+“‘_§j+“‘+§n)

j=1
ZZ (61— =€y k) | (L ini i
= R S

el =8 =& =& ++En) R (71)7"67‘(51*“*5“ }1[)( k{) de,

which implies
n

PQrX () =@ (@1 + 1, +1) = > (@ (@1 + 1, =1, w4 1))

j=1
n—1 n
DYDY @@ 1, = Ly, — 13, + 1)
J=1j1=2
Ji1>J
n—2 n—1 n

F DY DS @ @ 1= L, — Loy, — 1+ 1))

J=171=2 j2=3
J1>J 32>

o ()28 — 1,..., 2, — 1)) (there are 2" terms).
Consequently, we have || QxX ||, < 2V/*27F7/%||3)|,, for all u €]0, 00], a := min(1, u),

and all £ € Z. On the other hand, as X € L1 N L,, then SpX = & — 21@1 QrX
implies

1/a 1/a
IS0l = ¥l + (Do IQuNE) T < ¥l +ea (Do 27) 7 < ea.

k>1 k=1
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All these facts give X' € B}, , with, either ¢ < n/u, or t = n/u and v = oco.
We now turn to the application of the above results, looking for [X]p € Bﬁw:
e For p > 1; here p := —s and r := 1. By Proposition (Il we have [X]p
belongs to B;;, for —n < s < 0 and 0 < ¢ < oo, belongs to Bfoo with 0 < g < 1.
e For 0 < p < 1; here p:= —s—n+n/pand r :=p. We have [X]p belongs to
B};Z—"Jr"/p for —n < s < 0and 0 < ¢ < p or p < min(1, q), belongs to Bgy{f; with
0<g<p<lL
We conclude that for, either —n < s < 0 and 0 < ¢ < o0, or s = —n and
0 < ¢ < 1, it holds | X * f|, < CH[f]p”B;q (Vf € B;q), where the constant ¢

depends only on n, s, p, q.

5.2. An extension to homogeneous Sobolev spaces. The homogeneous
Sobolev spaces W;” (1 < p < oo, m € Np) is the set of distributions f such

that (@) € L, for all |a] = m and endowed with the seminorm ||f|}im
2 lal=m | £)||,. The quotient W;”/Pm is a Banach space in S/, for this norm.

THEOREM 5.1. Let 1 < p < oo and m € Ny. 'There exists a constant ¢ > 0 sych
that ||0+ f|yirm < C||[9]7’||B? . I fllyyym for all f € Wi and all 0 satisfying [0]p € B%l

and either 6 € S or 0 € £'.

PROOF. We note that 6 * f is well defined, see Lemma BTl or [9] p. 21] or [15]
p. 317].

First, we have WIT — Bg}oo. Indeed, since ||Qgll, < cllgll, (Vi € Z and
Vg € L,), then L, < BY _: now HfHB;nw = Zm:m ||f(a)||Bg __ yields the desired

P00
embedding. Let now f € W;”. We have f(®) e ¢ (V]a| = m), see example (i) just
after Definition Il Consequently f(® e Bégm (V|a| = m), and by Theorem 2.2 it
holds ||+ f |, < clllf]pllgo | Il - Since 6 f(*) = (8 £){*), then the desired
estimate follows. 7 " O

REMARK 5.2. Similar to Theorem[B5.1Ts proof, || f||j,m+x < C”[Q]PHB{C ) I £ v

(k=1,2,...) for all f € W and all § satisfying [0]p € Bfl and either § € S or
6 € £. On the other hand, Subsection [b.1] can be adapted according to Theorems
23 24 and B11
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