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FUNCTIONS WITH CONSTANT SUMS OVER
A HYPERPLANE AND APPLICATIONS

Kanet Ponpetch, Sukrawan Mavecha, and
Vichian Laohakosol

ABSTRACT. Two functional equations exhibiting functions with constant sums
over points lying in a hyperplane are solved, and the results are applied to
characterize major trigonometric and hyperbolic functions.

1. Introduction

In a recent paper [4], the first and third authors solved a functional equation
with n parameters, representing the angles of a convex n-gon, and used it to charac-
terize the tangent function. This functional equation generalizes the one originally
considered by Davison [3] and later proved by Benz [2] where the parameters are the
three angles of a triangle. More specifically, the case n = 3 which is Davison-Benz’s
theorem states that the function f: (0,7/2) — (0, 00) satisfying

(1.1) F@) ) f(z) = f@) + fly) + F(z) (29,2 € (0,7/2))
with
(1.2) r+y+z=m7

is of the form -
f(z) = tan (kac +(1- k)g) (z € (0,7/2)),

with an arbitrary constant k € [—1/2,1]. Since tan A tan Btan C' = tan A+tan B+
tan C for any triangle ABC, the functional equation (1) indeed yields a charac-
terization of the tangent function. One natural question is whether there are func-
tional equations derived through generalizing the well-known trigonometric and
hyperbolic identities

(1.3) sin(x1 + x2) = sinxy cos x + cos x1 sin za,
(1.4) cos(x1 + x2) = cosxq cos T — sin a1 sin g,

(1.5) sinh(y; + y2) = sinh y; cosh y2 + cosh y; sinh yo,
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66 PONPETCH, MAVECHA, AND LAOHAKOSOL

(1.6) cosh(y1 + y2) = cosh y; cosh ys + sinh y; sinh yo

that can be used to characterize the sine, cosine and other major hyperbolic func-
tions. This question will be affirmatively confirmed as consequences of our main
theorems here.

Analyzing the proof in [4], we see the following key steps:

e first, the functional equation, generalization of (IT]), is bijectively transformed
into a new functional equation, henceforth referred to as a constant sum func-
tional equation or CSFE for short, showing that the unknown function pos-
sesses a constant sum over a set of n parameters lying in a hyperplane, i.e.,
points subject to a condition generalizing ([L2)), referred to as a hyperplane
condition or HC for short;

e second, by suitable change of variables the CSFE and HC are simplified in
order to determine all the possible solution functions;

e third, the modified CSFE for each possible solution function is strategically
transformed into a Cauchy additive functional equation over restricted do-
mains, and its shape is determined.

Note that this approach bears results resembling the following one in the book
of Kannappan [5, Theorem 1.76, p.58]: the functions f;: (0,1) — R satisfy the
functional equation

n n

S filp) =0, 0<pi<l(i=1,...,n), Y pi=1,

=1 =1

for arbitrary (but fixed) n > 3, if and only if, there exists an additive function
A: R — R such that

filx) = A(z) +b;, z€(0,1),

where b; (i =1,...,n) are constants with A(1) +>_" ; b; = 0.

In the present work, we push our earlier investigation further by solving two
general CSFE’s, one for a finite number of unknown functions and the other for a
single unknown function, subject to two types of HC’s extending the work in [4].
The results so obtained are then applied to characterize the sine, cosine and other
major hyperbolic functions.

Our two main theorems are:

THEOREM 1.1. Let n be an integer > 3, and let I denote the closed interval
[a,b] with b > a. Then the functions ¢;: I — R (i =1,2,...,n) satisfy the CSFE

(17) Z¢i($i):Tla x €1 (i:1’25"'7n)5
i=1
subject to the HC

(18) zn:ZEi = TQ,
i=1
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where 11, Ty are real constants with
2a+b 2b
nZath) . nla+2)
3 3
if and only if, there exists an additive function A: R — R such that
di(x) = Alx) — A(Ta/n) +v (i=1,2,...,n),

where the constants v; satisfy

(1.10) Z% =T.
i=1

(1.9)

THEOREM 1.2. Let n be an integer > 3, and let I := (a,b), Iy := (¢, d) be two
open intervals with b > a, d > c. Then the function ¢: Iy — I> satisfies the CSFE

(1.11) iqb(wi) = U1,
i=1
subject to the HC
(1.12) zn:mi = UQ,
i=1

where Uy, Us are real constants, if and only if,

o(x) = k(m— %) + il

n n

for some fixed k lying in the range

{nc— Ui nd—U;
max

nc — Uy ndel}
nb—Us’ na — Us ’

}< < min na — U’ nb— U,

2. Proof of Theorem [1.1]

From (L9), we see that
2a+b T a+2b 2a+b a+b a-+2b

< —=< <b, and a< < < <b.
n 3 3 2 3

We start by making a change of variables to simplify the HC (L8]). Let
J:=[a—Ts/n,b—Ts/n],

(2.1) a<

which is not a singleton, and define new unknown functions ¢;: J — R (i =
1,...,n) by

T
(2.2) Vi(y) = ¢i (y + ;2)

Observe that if y € J, then y + To/n € T = [a,b]. Using (1), (L) and 22,
we get

(2.3) Zwi(yi) =T, subject to a simplified HC Zy’ =0 (y; € J).
i=1

i=1
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There are three disjoint cases to be considered according to the three possibilities
on the sizes of To/n —a and b — Ty /n, i.e.,

To/n—a>b—Ta/n, To/n—a<b—Ts/n and To/n—a=>b-—Ts/n.
We give a detailed proof only for the first case as those for the other two are similar.
If To/n—a>b—Tsy/n,ie., To/n> (a+0b)/2, then
H = [TQ/TL* b,b* TQ/TL] cJ
is a closed interval, which is not a singleton, symmetric about the origin. Let
u,v € H be such that v +v € H. Using (Z.3)), we have 91 (u) + 2 (v) + ¢3(—u —
v) 4+ Yo, i(0) =T, ie.,

(2.4) 1 (u) + Y2 (v) + Y3(—u —v) = My,
where My =T — Y., ¥;(0). Interchanging v and v, we get
(2.5) P1(v) + Y2(u) + P3(—v —u) = M.

Subtracting (Z4) from (2H) leads to 11 (u) — a(u) = 1 (v) — ¥2(v), showing that

this expression must be a constant; call it ¢;. Thus,

(26) $a(o) = (v) — 1.
Substituting (Z8]) into (Z4), we get
(2.7) P (u) + 1 (v) —ar +Ys(—u—v) =My (u,v,u+v € H).

Next, let p,q,7 € H be such that p+q,p+r,¢+7,p+q+r € H. Using (Z1), we
have

(2.8) PY1(p) +1(g+71) —c1 +P3s(—p—q—1) = M
(2.9) hi(p+q)+Ui(r) —cr+yYs(—p—q—1r) =M
(2.10) Yi(g) +P1(p+r) —cr +P3(-p—q—r1) = M.

Subtracting (2.9) and Z8), we get ¥1(p + ¢) — ¢1(p) = ¥1(q + ) — ¥1(r), which
depends only on g¢; call it D(g). Thus,

(2.11) Y1(p+q) = ¥1(p) + D(q)-

Similarly, subtracting (29) and (ZI0) yields 11 (p+q) —11(q) = ¥1(p+r)—t1(r) =
D(p), and so

(2.12) Pi(p+q) = ¢1(g) + D(p).
Equating (ZI1)) and (ZI2), we arrive at ¢1(p) — D(p) = ¢1 ( ) D(q), which must
then be a constant; call it d;. Thus, D(q) = ¥1(q) — Replacing this last

expression into (IEID, we get
U1(p+q) = 1(p) + ¥1(q) — du,

ie.,

Vi(p+q) —di = (¥1(p) —dr) + (¥1(q) —d1) (p.q,p+q € H).
From the result mentioned in the Remark 1.73 of [5], p.57], we deduce that

(2.13) Y1(p) = Ai(p) +d1 (p € H),
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for some unique additive function A;: R — R.

We next extend the domain of ¢;. From (Z1), we know that (a—T%/n,To/n—0b)
and (272 /n—(b+a),b—Ts/n) are non-empty sets. Let w € [a—Ts/n,Ta/n—>b], and
choose s € 2Ty /n—(b+a),b—T>/n) C H in such a way that w+s € [Ta/n—0,0) C
H. Since —w — s € (0,b— T»/n] C H, using ([23), we have

Y1(w) +12(s) + P3(—w —s) + 27/11'(0) =T,
i=a

ie.,

(2.14) Y1(w) + ¥a(s) + s(—w — s) = M.
Proceeding similarly, we get

(2.15) P1(8) + Y2 (w) + h3(—s — w) = M.

Subtracting (ZI4) and ZIH), we arrive at ¢1 (w) — 2 (w) = 11(8) — Pa(s) = ¢z, a
constant, and so, using also (2.13),

(2.16) Yo(w) = Y1 (w) — c2,

(2.17) Pa(s) = Y1(s) — ca = A1(8) + dy — ca.
Repeating the process again with 3 in place of 11, we get
(2.18) Y3(w) + ¢a2(s) + 1 (—w — s) = My,
(2.19) ¥3(s) + v2(w) + 1 (—s — w) = M.

Subtracting (ZI8) and ZI9), we arrive at ¥5(w) — 2 (w) = 13(s) — Pa(s) = cb, a

constant, and so,

(2.20) Pa(s) = Pa(s) — ¢
Combining ([2I7) and ([220]), we obtain
(2.21) 1/13(8) = Al(s) +dy — (Cg — CIQ)

Substituting (Z21I)) and ZI6) into (ZI9), using (ZI3)) and the additivity of the
function A;, we get

(2.22) 1 (w) = Ay(w) — 2dy +2c2 —ch + My (w € [a — Ty /n,Ta/n — b)).

Combining the two expressions in (ZI3]) and ([222)), the domain of the function
has been extended and so

Vi(y) = Ai(y) +di (y € J).

Deriving in the same manner, we deduce that

(2.23) ’lﬂz(y):Az(y)—f—dl (yGJ, 1=1,2,...,n).
Keeping v, fixed, but varying 1 to be any index 4, [2.6]) and (2I6]) become
(2.24) Ya(y) =hi(y) —ti (yeJ, i#2)

for some constants ¢;. Using (Z23)) and (224)), we have for all i # 2
Ai(y) + di — ti = ¢a(y),
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which shows that for all 7, j, we have
(2.25) Ai(y) = Aj(y) +(dj —di) = (t; —t;) (y€J).

Using ([2:23)) and (2.28), we deduce that there is an additive function A: R — R
such that

where 7;’s are constants. Using (Z2) and (226), we see
di(z) = Ax) — A(Te/n)+v (xel, i=1,2,...,n).

The shapes of the solution functions and the associated condition (IL.I0) are easily
verified.

REMARK. Technical condition (L9) on the range of T5 is needed in the process
of choosing suitable variables in the necessity part of the proof, even though the
shape of solution function works without such restriction.

3. Proof of Theorem

Note first that na < Uy < nb, nc < U; < nd. As in the proof of Theorem [T.1]
we begin with simplifying the HC (LIZ). Let

J1:=(a—Us/n,b—Us/n) # ¢,
and define ¥: J; — I3 by

U,
M@—¢@+;ﬂ (y € h).
Functional equation (LII) and the HC (LI2) become

(3.1) Zﬂ’(%) = U subject to Zyz =0 (yi€1)
i=1

i=1
Taking all y; = 0 in B1]), we have
(3.2) $(0) = Us/n.
Again, there are three possibilities, namely,
Us/n—a>b—Uy/n, Us/n—a<b—Uy/n and Us/n—a=0>b—Us/n.

We treat only the first case and omit the proofs of the other two cases as they are
similar. If Us/n —a > b — Uz /n, then

H, = (UQ/TL*b,b*UQ/TL) cJp

is a non-empty open interval symmetric about the origin, and so 1)) gives

Y)Y + YO = U (we Hy).

Combining this last relation with [B.2]), we get

(33 v(-w =2 ) (we ),
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Next, substituting u,v € Hy with u +v € H; into (B)) gives

D) +9) + Y+ ) + 3 6(0) = Ui,

Combining this with 2] and [B3]), we see that ¢ is almost additive over Hy, i.e.,
(3.4) Plu+0) = $u) + ()~ Ui/n (u,0,u+v € Hy).

Since (a — Uz/n,Us/n —b) and (0,b — Uz/n) are nonempty open intervals, substi-
tuting

w € (a=Usz/n,Us/n—0b], s € (0,b—Usz/n) C Hi with w+s € (Uz/n—>b,0) C Hy,
into (B1) and using (B3), we have
(3-5) P(w+5) = Y(w) +¢(s) = Ur/n.

Relations (3.4) and (B.H) suggest that the function ¢ can be transformed into an
additive function. To verify this, define 8: J; — (¢ — Ui /n,d — U1 /n) by

(3.6) Bly) =d(y) =Ur/n (y € J),

so that (B2) and B8] yield 8(0) = 0, while (33) and (B6) yield
Bl=u) = =pB(u) (u € H).

From [34) and (B4, we get

(3.7) Blu+wv)=Bu)+ L) (u,v,u+ve Hp).

Now using Remark 1.73 of [5] p. 57|, there exists a unique additive function A: R —
R satisfying (B1), which is an extension of 8, i.e., A |g,= (. Since the additive
function A is bounded on Hy, by [1, Corollary 5 on p.15], we have A(u) = ku
(u € R), for some constant k. Thus,

(3.8) Bu) =ku (u€ Hp).

From (1), 38) and B), for w € (a—Usz/n,Uz/n—b] C J1, s € (0,b—Us/n) C Hy
with w+ s € (Uz/n —b,0) C Hy, we get

Bw) = Bw +5) — B(s) = k(w+s) — ks = kw

which yields 5(y) = ky (y € J1). Since § is the map from J; := (a—Us/n,b—Us/n)
into (¢ — Uy /n,d — Uy /n), we have

o {nc—Ul nd — Uy nc — Uy ndel}
max .
nb—Us’ na — Us na —Us’ nb— U,

Reverting back to the definitions of § and v, we conclude that

U\ | Ui

w(y)=ky+% (y € J1), ¢($):/€(m_;) -

}<k<min{

(.’L‘ c Il)

The solution function is easily verified.
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4. Applications

A special case of Theorem [ 2 has already been used to characterize the tangent
function over a convex n-gon in [4]. In this section, we derive functional equations
that can be used to characterize

e major hyperbolic functions through applications of Theorem [[LT] and
e the sine and cosine functions through applications of Theorem

We begin with the hyperbolic tangent function.
LEMMA 4.1. Letn € N, n >3, let A1,...,An—1 € R and let

[252) oM

hi(n) := g E H tanh A;,
M=1 1<i1<i2<--<tap<n—1k=1
(252 ] 2MA+1

ha(n) := Z Z H tanh A;, .

M=0 1<i1 <i2<---<i21y[+1<’n71 k=1

If 1+ hi(n) #0, then

ha(n)
tanh(A; + -+ 4+ Ap_1) = ————.
( ! 1) 1+ hl(n)
PRrROOF. We prove the lemma by induction on n > 3. The case n = 3 follows
at once from the identity

h2 (3) tanh A1 + tanh A2
4.1 = = tanh(A; + As).
( ) 1+h1(3) 1+tanhA1 tanhAg an ( 1+ 2)
Assume that the assertion holds for n(> 3) and we aim to show that it is true for
n + 1. By the hyperbolic tangent-sum formula ([&J]) and the induction hypothesis,

we get

~ tanh(A; +---+ A, 1) +tanh A,

~ 1+tanh(A; +---+ A,_1)tanh 4,

_ ha(n) + (1 + hi(n)) tanh A,

14 hi(n) + ho(n)tanh A,

We treat only the case of even n, as that of odd n is similar and is thus omitted.
If n is even, then |(n —1)/2| = (n—2)/2 = |(n — 2)/2], and so

n—2

tanh(A; + -+ Ap_1 + Ap)

2M+1

ha(n) + (14 hy(n)) tanh A, = > > [T tannh A,

M=01<iy <iz<--<izpp1<n—1 k=1

n2 oM
+ tanh A,, + Z Z ( H tanh Aik) tanh A,,

M=11<i1<iz2<---<iapy<n—1 “k=1

2M+1

= Z tanh A;, + f Z H tanh A;,

1<ii<n M=11<i1<ia<--<igpm+1<n—1 k=1
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N

5 oM
+ Z ( H tanh Aik) tanh A,,

M=11<i1<iz<--<iapm<n—1 “k=1

2 2M+1
= Z tanh Ail + Z Z H tanh Alk = hQ(TL + 1)
1<i1<n M=11<i1<ia<--<iapm+1<n k=1
ozt 2M
14+ hi(n) + he(n)tanh A4, =1+ Z Z H tanh A;,

M=11<i <iz<-<izr<n—1 k=1
a2 2M+1
+ E E < H tanhAik_>tanhAn
M=0 1<7;1<7;2<"'<i2]\/[+1<’n71 k=1

n—2
2

2M
NS 3 I tanh 4,

M=11<i1 <iz<---<iznr <n—1 k=1

5 2M—1

+ > ( I] tanh Aik) tanh A,

M=11<i1<i2< - <iap—1<n—1 k=1

n—2

2 2M n
=1+ > [ tanh Ai, + ] tanh 4; = 1+ hy(n+1). O
M=11<i1<iz<-<iznr <n k=1 i=1
THEOREM 4.1. Let n € N, n > 3, I := [a,b] with b > a. The functions
fir I = (=1,1) (i =1,...,n) satisfying
n =5 2M—+1
(42) > film)=— Y > II fi(@i), @el@=1,...,n),
i=1 M=1 1<i1 <--<ionrp1<n k=1

subject to the two conditions
n nT71J 2M
in:L and 1+ Z Z Hfik(acik);éo,
i=1 M=1 1<i1 <--<iap <n—1k=1

n(2a+b) n(a+2b)
3 3

where L is a constant belonging to the range <L< , are given by

fi(x) = tanh(A(z) — A(L/n)+d;) (i=1,...,n),
where A is an additive function on R, and the constants d; satisfy Y, d; = 0.

PROOF. For a suitable bijection (to be determined) ¢;: I = R (i =1,...,n),
let
fi(z) = tanh(¢;(z)) (i=1,...,n).
Substituting into ([@2), we get
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n—1

Z tanh(gbi (:Lj)) + tanh(¢n (xn))

=1

2M+1

L)
= Z Z H tanh((bik(‘rik))
M=1 1<i1<---<i21y[+1<n71 k=1

n—1

p] 2M
=Y X (Tt ) b)),

M=1 1<i1 <-<iapy<n—1 “k=1

which yields
2 2M+1
ZMiO Zl<i1< <iop41<n—1 k=1 tanh(¢1k (1"’%))

1+ ZIL\/I Z1<zl< <igpr<n—1 Hk 1 tanh(ey, (4, ))

We work out the case of even n and omit similar derivation of the case n odd. If n
is even, then |(n —1)/2] = (n — 2)/2, and so

= tanh(—¢y, (zy,)).

n-2 2M+1

> ai—o El<i1<m<i2M+1<n71 wey  tanh(¢s, (z4,))
n—2 oM

1 + 21\42:1 Zl<i1 < <igpr<n—1 k=1 tanh((blk (‘le ))

By Lemma [.T], we have tanh(¢1(z1) + - + ¢n—1(zp—1)) = tanh(—¢,(z,)). Since
the real hyperbolic tangent function is injective, we deduce that ¢1(z1) + -+ +
Dn—-1(Tn-1) + On(zn) = 0, and Theorem [T yields then that

¢i(x) = Alx) —A(L/n)+d; (xel;i=1,...,n). O

The sought after functional equations for the trigonometric and hyperbolic sine
and cosine functions are guided by the following generalizations of the well-known

identies (L3), (L4), (I5) and (6.

LEMMA 4.2. Let n be an integer > 2.
L Ifxy,...,x, € (0,7), then

= tanh(—¢n, (z,)).

n-l
2
(4.3) sin(zy + -+ +an) = (=DM > Sp(it, .- ionrs1),
M=0 1< < <lapm41<N
where
i sin x;
Sn(i1,...,1 = —
and
[%]
(44) COS(.’L'l + +.’L'n) = (—1)]\/1 Z Cn(’il,...,igj\/j),
M=0 1< < <o <n

(I, 202 ([T, cosy) i M #0

where Cy(i1,...,02p5) i=
( ) [[}=, cosz; if M = 0.
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II If y1,...,yn € R, then

(4.5) sinh(y1 + - +yn) = Z Z S ity iam+1),
M=0 1<i1 < <i2m+1<n
where
2 sinh y
I (i1, ... 1 = Zk h
(i1 120 +1) ( kl;[l cosh ylk> <H cos y]>
and

(4.6) cosh(yr + -+ +yn) = Z Z Gn (i1, - iam),
M=01<i1<-<izm<n
2M sinhy; n .
( k=1 coshy;;)(HjZI COShyJ’) if M #0
[[}-, coshy; if M = 0.

PRrROOF. 1. We prove both (£3) and (@3] simultaneously by induction on n; the
starting case n = 2 follows at once from the identities (I.3)) and (L4). Assume that
both ([@3)) and @3] hold for n. We treat here only the case when n is odd, as the
other case is quite similar. In this case, [n/2] = (n—1)/2, [(n+1)/2] = (n+1)/2.
First, consider the right-hand side of (&3] for n + 1, we have

where €, (i1, . .., lapm) = {

(71)M Z Sn+1(i1;-";i2M+1>
M=0 1< < <dopmp1<n+1

n—1

P} 2M+1 SinL 2 n

= E (—H)M E | | — I I COSZj | p COSTp1

J +

, , COS T4, )
M=0 1<ii < <iopm41<n k=1 j=1

T 2M sin x; °
+ —)M — COS T sinx .
(X 5 (T (T fannen
M=0 1< < <iopr <n k=1 j=1
By induction hypothesis, this last right-hand expression is equal to
sin(@y + -4+ p) o8 Tpp1 + cos(x1 + -+ -+ xp) SN Ty = sin(xy + -+ Tp + Tpt1)-

Next, consider the right-hand side of ([@4) for n + 1,

nTH
> (=M > Crg1 (i1, ... ianr)
M=0 1<in < <dap <n+1
2 2M
— { (_1)M Z (H Slnxzk) (Hcosxj)}COSl'n.H
=0 1<i1 < <dap<n S k=1 COS T,

M
2 2M—1 sin 2 n
+ —-M 'k cos s
{ = Z ( i1 COSTi ]'_‘[ t 1
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= { i(fl)M > (ﬁ z;r;zi’;) (HCOSZ‘])}COSSCnJrl

M=0 1< < <igp<n k=1
= 2 sin x;
1 .
- E (-1HM E ( | | —k > < I I cosz]> sinTp1,
CcoST;
M=0 1<’L‘1<---<’L‘21y[+1<’ﬂ k=1 k i

where empty sums are defined to be 0. By induction hypothesis, the right-hand
expression is equal to
cos(1 + -+ + Tp) COSTpy1 — Sin(zy + -+ - + Tp) SIN Tpppq
=cos(x1 + -+ Tpn + Tpy1).
IT. We prove both (@3] and (£8) simultaneously by induction on n; the starting
case n = 2 follows at once from identities (I5]) and (L6). Assume that both (€5
and (40) hold for n. We treat here only the case when n is odd, as the other case

is quite similar. In this case, |n/2| = (n—1)/2, |(n +1)/2] = (n + 1)/2. First,
consider the right-hand side of (&3] for n 4 1, we have

Z Z 101,y ian+1)

=01<i1 < <iapp1<n+l

=N ML Y, n
= Z Z ( H m) (jl:[lcoshyj) cosh yp 41

M=01<i1 <---<iap41<Nn k=1

= 2M . n
hy; )
A, 2, () () s

M=01<i1 <--<igpr<n S k=1
By induction hypothesis, this last right-hand expression is equal to
sinh(y1 + -+ 4+ yn) cosh y,11 + cosh(ys + - - - + yn) sinh y,, 41
= sinh(y1 + - 4+ Yn + Yn41)-
Next, consider the right-hand side of (@8] for n + 1,

ntl
2
Z Z Gn+1 (i1 - i2m)

M=01<i1 < <izp <n+1

n+1
2 il sinh y;
= E E ( | | — 2k )( | | coshyj) cosh yp+1
) _ coshy;,
M=01<i1<---<iapm <N k=1
n+1

= 2M—1 sinhyik n . -
+ Z Z < H 7coshyik><j]-:-[1cos y]> sinh yp,4+1

M=01<i1<-<iop—1<n N k=1
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N M . n
(S 5 (T ) (TLewmon) fostin

M=01<i1 <-<iapm<n k=1
= 2 inh Yi
+ E E H — H coshy; | psinhy,41,
) - coshy;,
M=01<i1 < <i2pm+1<n k=1

where empty sums are defined to be 0. As before, the desired result now follows
from induction. O

Our final result is a characterization of the trigonometric and hyperbolic sine
and cosine functions.

THEOREM 4.2. Let n be an integer > 3.

L The functions f1,g1: (0,7) — [—1,1] satisfying
5]
(4.7) Z(—l)M Z Con(f1, 91501, .. d2nr) = (=1)",
M=0 I<hi < <iapm<n
2M fl(ﬂﬂzk) n ) i M 40
where Cn(f1, 9131, .. i2m) == {(Hk o )(HJ:1 gl(z])) Zf 7
Hj:l 91(z;) if M =0,
subject to the two conditions
(4.8) sin"tof; = cos™tog;

14+t a,=Mn-—2)7

are given by

sin (kg (:c — (n72)7r) + %r) for n even

{sin (kl (:c — (n72)7r) + %) for n odd

and
cos (k1 (z — @) + 52)  forn odd
gl(-’L') = (n=2)w I
cos (kg (:c — T) + ?) for n even

where s € {1,3,...,n—2} is an odd integer, £ € {2,4,...,n—2} is an even integer,
and ki, ke are constants belonging to the ranges

s s—n . s m—s
max{ = 3 =5} < <min{ =5, ==}

I . L n—/
max{ 2 _2}<k‘2<m1n{m,7}.

II. The functions fa,g2: (0,7) — [—1,1] satisfying

, — 1
=1

(49) Z (71)M Z Sn(f2,92;7:1,---,7;21\/[+1):0,

M=0 1< < <iap4+1<n
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where Sp(f2, 92591, ... 9apm+1) = ( iflﬂ 522;2;)(]_[?:1 gg(xj)), subject to the

two conditions

(4.10) sin"!ofy = cosT!ogs
x1+-Fax,=Mm—-2)7

are given by

fa(x) = sin (k(z - M) + ﬂ),

g2(x) = cos (k(gg — @) 4 %)’

where s € {1,2,3,...,n — 2}, and k belongs to the range

{ s s—n}<k< . { S n—S}
axq — =, —— .
S S S R PP L)

III. Let b > a, the functions f;: [a,b] = R and g;: [a,b] = [1,00) (j = 1,...,n)
satisfying

L)
(4.11) > > Ca(fj, 953015 - iam) = 1,

M=01<i1<---<iam <N

(T2 2G5 ) (T 0sa)) if M A0

where €, (f5, 95591, ..., lam) = {

Hj:l 9;(z5) if M =0,
subject to the two conditions
(4.12) sinh 'of; =cosh™tog; (j=1,...,n)
n
> @=L,
j=1
where Ly is a constant belonging to the range n(2§+b) <L < "(a+2b), are given by

fi(@) = sinh(A; (x) — A1(L1/n) 4+ d;),  g;j(x) = cosh(Ay(x) — A1(L1/n) + d;),
where Ay is an additive function on R and the constants d; satisfy Z?ZI d; = 0.
IV. Let b > a. The functions f;: [a,b] = R and g;: [a,b] — [1,00) (j =1,...,n)
satisfying

L25+)
(4.13) Z Z Sn(fjs 955015y i2m41) = 0,

M=0 1<i1<-<iapm41<n

where Gn(fj;gj; T, -- 312]\/1+1) = ( i]:\/fl-i-l %)(H?:l gj(:L'j)), subject to the

two conditions

(4.14) sinh 'of; =cosh™tog; (j=1,...,n)

n
E zj = La,
=1
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where Lo is a constant belonging to the range @ < Ly < M, are given by

f3() = sinh(As(2) — As(La/n) +6;),  g;(x) = cosh(As(x) — Aa(La/n) + 1),
where As is an additive function on R and the constants {; satisfy 2?21 ¢; =0.
ProoF. I. By [J), there exists ¢: (0,7) — (0,7) such that
fi(e) = sin(6(z)) and gi(2) = cos(é(x))  (x € (0,m).
Thus, ([@T) becomes
5]
(71)71 = (71)M Z Cn(Sin¢5COS¢;i17"'?7;21\/[)'

M=0 1< < <iamr <n

Invoking upon (&4) of Lemma [£2] we obtain cos(¢(z1) + - -+ + ¢(z,)) = (=1)™.
For odd n, we deduce that

P(@1) + -+ 4 dan) = s,

where s € {1,3,...,n — 2} is an odd integer. Theorem implies then that the
solution of this last functional equation together with (£2)) is

o(x) =k (m -

for some fixed k; belonging to the range max{ -5, %} < k1 < min {n—f2, RIE
Similarly, for n even, we deduce that

o) = ko (o — P27 L T

)

(n—2)7r) L5

n n

n n
where £ € {2,...,n — 2} is an even integer, and k2 belonging to the range
{ 14 6—n}<k < mi { 14 n—ﬁ}
maxq — = min ¢ ——, —— ¢.
2 n—2 ? n—2 2

II. By (£I0), there exists ¢: (0,7) — (0,7) such that

fo() = sin(y(z)) and  ga(z) = cos(P(x))  (z € (0,m)).
Thus, [@3) becomes

[ 252 ]
0= > (- > Sp(sin e, cos;in, ... ianri1)-
M=0 1< < <iam41<n

Using (@3] of Lemma [£2] we get sin(¢)(x1) + - -+ + ¢¥(zy)) = 0, and so
Y(a) + -+ p(ay) = s
for some s € {1,2,...,n — 2}. The desired result then follows immediately from

Theorem
III. By (£12), there exist ¢;: [a,b] = R (j = 1,...,n) such that

fi(x) = sinh(;()),  gj(x) = cosh(¢;(x)) (G =1,...,n).
Using (@I1) and (£8), we get cosh(¢1(x1) + - + ¢n(zn)) = 1. Thus,
d1(x1) + - + dn(x,) = 0.
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By Theorem [I1], there exists an additive function A;: R — R such that
oj(x) =A1(z) — A(L/n)+d; (x€lab;j=1,...,n),

where the constants d; satisfy Z?:l d; =0.
IV. By (&14)), there exist ¢;: [a,b] = R (j =1,...,n) such that

fi(@) =sinh(y;(2)), g;(x) = cosh(y;(z))  (F=1,....n).
Using (@I3) and (L), we get sinh(¢q(z1) + - - + ¥n(zn)) = 0. Thus,
Y1(z1) + -+ Ynlzn) = 0.
By Theorem [[1] there exists an additive function As: R — R such that
Yi(x) = Aa(x) — As(La/n) +4; (x €la,b],j=1,...,n),
where the constants /; satisfy 37, £; = 0.
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