PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 105(119) (2019), 161-177 DOI: https://doi.org/10.2298 /PIM1919161F

SOME RESULTS IN TYPES OF
EXTENSIONS OF MV-ALGEBRAS

F. Forouzesh, F. Sajadian, and M. Bedrood

ABSTRACT. We introduce the notions of zero divisor and extension, contrac-
tion of ideals in MV-algebras and several interesting types of extensions of
MYV-algebras. In particular, we show what kinds of extensions MV -algebras
will lead in a homeomorphism of the spectral topology and inverse topology
on minimal prime ideals. Finally, we investigate the relations among types of
extensions of M V-algebras.

1. Introduction and preliminaries

Chang introduced MV -algebras to provide algebraic semantics for fL.ukasiewicz
in finite-valued propositional logic [3]. Also, Busneag and Piciu introduced A-
closed systems of an MV -algebra and they introduced the notion of MV -algebra
of fractions and proved constructively the existence of a maximal MV -algebra of
quotients [2].

Eslami introduced prime spectrum of a BL-algebra and investigated some prop-
erties of them [5]. Forouzesh et al. introduced the spectral topology and quasi-
spectral topology of prime A-ideals in MV -modules and proved some properties of
them. They showed that the set of all prime A-ideals in an M V-module is Haus-
dorff and disconnected [6]. Forouzesh et al. introduced the inverse topology on
Min(A) and proved that it is compact, Hausdorff space, To-space and T}-space [8].

In this paper, the set of all zero divisors of an MV -algebra A, is denoted by
Z 4 and the relation between zero divisors and the chain M V-algebra A is studied.
In addition, we show that if A is a chain, then only idempotent elements of A are
0 and 1.

Also, we prove that if A is an MV-algebra, Ps: A — A[S] is a homomorphism
MYV-algebra, I € Id(A) and {0} € Spec(A), then I® = {A € A[S]: A=, z € I}.
Also, we define min-extension of MV-algebras and prove that if B «— A is a
min-extension of MV-algebras, then ¢: Min(4) — Min(B) by ¢(P) = PN B is
continuous with respect to both the spectral topology and the inverse topology.
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We define good extension, f-extension, f*-extension , quasi good extension,
quasi f-extension and quasi f*-extension of MV -algebras and prove that good
extension of MV -algebras has property violations. Furthermore, we show that A
is an f-extension of MV-algebra B if and only if map of ¢: Min(4) — Min(B) by
¥(P) = PN B with respect to the spectral topology is a homeomorphism.

Also, we show that A is a quasi f*-extension of an M V-algebra B if and only if
map ¢: Min(A) — Min(B) by ¢ (P) = PN B with respect to the inverse topology
is a homeomorphism.

We recollect some definitions and results which will be used in the following:

DEFINITION 1.1. [3] An MV-algebra is a structure (4, @, *,0) where & is a
binary operation, *, is a unary operation, and 0 is a constant such that the following
axioms are satisfied for any a,b € A:

(MV1) (A, 4,0)is an Abelian monoid, (MV3) 0* @ a = 0*,
(MV2) (a*)* = a, (MV4) (a*@b)* b= (b*Da) & a.

Note that we have 1 = 0* and the auxiliary operation ® which are as follows:
We recall that the natural order determines a bounded distributive lattice struc-
ture such that

zVy=z®(@*0y)=y®(xe0y*) and zAy=z0(*Dy) =y (y* ® ).

We recall that an element a € A is complemented if there is an element b € A
such that aVb=1 and a Nb=0.

DEFINITION 1.2. [3] A subalgebra of an MV-algebra A is a subset B of A
containing the zero element of A, that it is closed under the operations of A and is
equipped with the restriction to B of these operations.

LEmMA 1.1. [4] In each MV -algebra, the following relations hold for all
x,y,z € A:
1) « <y if and only if y* < z*,
2) Ife <y, thenz®z2<y®zandxz@z<y0z,cANz2<yAz,
) z<yifand onlyif x* Dy =1 if and only if x ©y* =0,
) z,y<z@®yandzOy < zy, c<nr=cdxP - Bz and 2" =
O JORERNOR A2
Jr®az*=1andzOz* =0,
) Ife<yand z<t, thenx Dz <ydt,
)
)

(
(
(
(

TOHV) =0y (@62),
A (YPz) < (zAY)B(@A2),2A (21D Bxp) < (xAT1)D - B (TAxy),
for all x1,...,2, € A; in particular (mx) A (ny) < mn(z Ay) for every
m,n = 0.

(9) If e € B(A), theneNe* =0, eV e* =1, where B(A) is the set of all
complemented elements of L(A) such that L(A) is distributive lattice with
0 and 1 on A.

(5
(6
(7
(8
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Also for any two elements z,y € A, x < y if and only if z and y satisfy condition
(3) in the above lemma.

DEFINITION 1.3. [4] An ideal of an MV-algebra A is a nonempty subset I of
A satisfying the following conditions:

(M) fzel,ycec Aand y < z, then y € I,

(12) If z,y € I, then x ® y € I.
We denote by Id(A) the set of all ideals of an MV-algebra A.

DEFINITION 1.4. [4] Let I be an ideal of an MV-algebra A. Then I is a proper
ideal of A, if T # A.
e [4] A proper ideal I of an MV-algebra A is called prime ideal if for all
x,y € A, x ANy €I, thenx €T ory € I. We denote by Spec(A) the set of
all prime ideals of an MV -algebra A.
e [4] An ideal I of an MV-algebra A is called a minimal prime ideal of A:
1) I € Spec(A);
2) If there exists ) € Spec(A) such that @ C I, then I = Q.
We denote by Min(A) the set of all prime minimal ideals of an MV-algebra A.
DEFINITION 1.5. [4] Let X and Y be two M V-algebras. A function f: X - Y
is called homomorphism of MV-algebras if and only if
(1) FO) =0, @) f@ey) =) ). @) @)= (f@)"
THEOREM 1.1. [4] Let A and B be MV -algebras, f: A — B be a homomor-
phism of MV -algebras and P € Spec(B). Then f~1(P) € Spec(A). Also, the
intersection of prime ideals of an MV -algebra is a prime ideal.

DEFINITION 1.6. [10] A nonempty subset S of an MV-algebra is called A-
closed system in A, if 1 € S and x,y € S implies z Ay € S.

We denote by S(A) the set of all A-closed systems of A (clearly 1, A € S(A)).
For S € S(A) in the MV-algebra A, we consider the relation g defined by (z,y) €
s if and only if there exists e € SN B(A) such that t Ae =y Ae.

LEmMA 1.2. [10] 65 is a congruence on A.

For x € A, we denote by S the equivalence class of x relative to 65 and by
A
=9
By Ps: A — A[S], we denote the canonical map defined by Ps(z) = 5, for every
z € A. Clearly, 0 = % and 1 = £ are in A[S] and for every z,y € A, we have

A[S]

*

z Yy _ (DY) (f) 3;

sYSsT s s) =
So, Ps is an onto morphism of M V-algebras [10].

REMARK 1.1. [10] Since for every s € SN B(A), s As =sA 1, we conclude
that £ = 4. Hence Ps(S N B(A)) = 1.
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S be a A-closed system of an MV -algebra A and

THEOREM 1.2. [I t
(). Then there exists a prime ideal P of A such that

0l
I € 1d(A) such that INS
ICPand PNS=10.

DEFINITION 1.7. [10] Let X be a nonempty subset of MV-algebra A. Then
Amy(X)={ae€ A:anz =0, Vxr € X} is called the annihilator of X.

DEFINITION 1.8. [10] An MV-algebra A is called chain if for all a,b € A4,a
and b are comparable elements of A.

REMARK 1.2. [10] Let A be an MV-algebra. Then a Aa* =0, for alla € A
if and only if A is Boolean algebra. It is proved a ©® @ = a, for all @ € A in an
MYV -algebra.

NoTEe: Let A be an MV-algebra and I be an ideal of A. We define

Le

va(I) ={P € Spec(A) : I C P} ua(I) = {P € Spec(A) : I £ P}
Va(I) = Min(A) Nwa(T) Ua(I) = Min(A) Nua(I)
Va(a) ={P € Min(4) : a € P} Ua(a) ={P € Min(A4) : a ¢ P}

LeMMA 1.3, [5] Let 7(A) ={v(I) : I € Id(A)} and X = Spec(A). Then 7(A)
satisfies the axioms for closed set in a topological space. Hence 74 = {ua(I) : I €
Id(A)} is a topology on Spec(A), which is called spectral topology of A.

LEMMA 1.4. [I] Let A be a nonempty MV -algebra. Then 8 = {ua(a):a € A}
is a base for a topology on Spec(A).

LEMMA 1.5. [8] Let A be a nonempty MV -algebra. The collection f = {Va(I)
I €1d(A)} is a base for a topology on Min(A).

REMARK 1.3. [8] The induced topology of base
B ={Va(I): I is finitely generated ideal of A}

is called the inverse topology. When equipped with the inverse topology on Min(A),
we shall write Min~'(A).

NOTATION. Ua(a) is called a basic open set with respect to spectral topology
on Min(A) and V4(I) is a basic open set with respect to the inverse topology on
Min(A). Obviously, {Va(a) : a € A} is a subbasis for inverse topology.

THEOREM 1.3. [8] Let A be an MV -algebra and P € Spec(A). Then P €
Min(A) if and only if for each x € P, there exists r € A — P such that  Ar = 0.

THEOREM 1.4. [8] Let A be an MV -algebra, P € Min(A) and I is finitely
generated ideal. Then I C P if and only if Anna(I) ¢ P.

LEMMA 1.6. [8] Let A be an MV -algebra. If we have 0 # x € A, then there
exists P € Min(A) such that © ¢ P.

DEFINITION 1.9. [7] Let A be an MV-algebra and I € Id(A) be a proper ideal
of A. Radical of an ideal [ is intersection of all maximal ideals of A contain I, it is
denoted by vI. We proved that radical of I is as follows:

VIi={aeA:aGnacl, for all n € N}.
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DEFINITION 1.10. [I0] Let X C A. The ideal of A generated by X will be
denoted by (X]. We have

X]={acAla<z1D22® - Dxy, forsomen € Nand z; € X, 1 <i<n}
In particular, (a] = {z € A | 2 < na, for some n € N}.
We denote by (a1, aq,...,ay], the ideal of A generated by X = {a1,a2,...,an}.

REMARK 1.4. [2] If P is a prime ideal of an MV-algebra A, then S = A — P
is an A-closed system. We denote A[S] by Ap. The set PAp = {§ : x € P} is
a unique maximal ideal of Ap. In other words, Ap is a local MV -algebra. The
process of passing from A to Ap is called localization at P.

REMARK 1.5. Let I and J be finitely generated ideals of an MV -algebra A.
Obviously IV J = (I U J] is a finitely generated ideal.

2. Zero divisors of a subset of an MV -algebra

DEFINITION 2.1. Let X be a nonempty subset of A. The set of all zero-divisors
of X is denoted by Zx(A) and is defined as follows:

Zx(A) ={a€ A:30 # z € X such that  Aa = 0}.

Zero element of an MV -algebra is a zero-divisor, which is called trivial zero-divisor.
We denote by Z4 the set of all zero-divisors of an MV -algebra A.

NOTATION. It can be easily shown that Anns(X) C Zx(A).

ExAaMPLE 2.1. Let A = {0,a,b,¢,d,1}, where 0 < a, c <d <land 0 < a <
b < 1. Define ®, @ and * as follows:

®l0 a b ¢ d 1 &0 a b ¢ d 1

0 000 0O 0|0 a b ¢ d 1
a|l0 0 a 0 0 a ala b b d 1 1
b0 a b 0 a b blb b b 1 1 1
c|0 0 0 ¢ ¢ ¢ cle d 1 ¢ d 1
d|0 0 a ¢ ¢ d dld 1 1 d 1 1
10 a b ¢ d 1 1({1 1 1 1 1 1

* | 0 a b c d 1
| 1 d ¢ b a 0
Then (A, ®,®,*,0,1) is an MV-algebra [10]. Obviously, Z4 = {0,a,b,c} and
Anny(A) = {0}.
NoTATION. Let A be an MV-algebra. A is without non-trivial zero divisor if

and only if A is a chain. We can easily show that an MV -algebra A is chain if and
only if for all z,y € A, x Ay =0, implies x = 0 or y = 0. Hence we have:

THEOREM 2.1. Let A be an MV -algebra. Then Iy = {0} is prime ideal if and
only if A is a chain.

We recall that an element a of A is called idempotent if a? = a ® a, then we
can prove that if a and b are idempotent elements, then a ® b =a A b [10].
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THEOREM 2.2. Let A be a chain. Then only idempotent elements of A are 0
and 1.

ProOOF. Obviously 0 and 1 are idempotent elements of A. Let 0 # e € A be
idempotent. We know that e A e* = e ® e* = 0, since A is a chain, so e* = 0. It
follows that e** = 0* = 1. Hence e = 1. O

REMARK 2.1. Let A be an MV-algebra. If a,b € Z4, then a ® b and a* may
not be zero-divisors. In Example 1] we have a @ ¢ = d and a* = d such that a
and c are zero-divisors but d is not zero-divisor of A and a* = d.

THEOREM 2.3. Let L and K be nonempty subsets of A. Then the following
statements hold:

( ) 0e ZL(A)
(2) If L C K, then Z1(A) C Zk(A);
(3) Zrnk(A) € Z1(A) N Zk(A).
(4) If {0} is a prime ideal and L,K € Id(A), then Zrnk(A) = ZL(A) N
Zi(A).
(6) If L = {1}, then Z1(A) = {0},
(6) ZLUK(A) = ZL(A) U ZK(A)
PROOF. (1) Since for all z € L,0 Az =0, we get 0 € Z(A)

(2) Let * € Z(A). Then there exists 0 # [ € L such that x Al = 0, since
LCK,wegetle K. Thus Z(A) C Zg(A).

(3) We have
a € Zing(A) =30 #2 € LNK such that aAz =0
= 0#x € Lsuch that aAx =0and x € K such that aAz =0
=a€Z(A)NZk(A)
(4) By (3), Zrnk(A) C Zr(A) N Zk(A). Since K, L € Id(A), we get LN K €
Id(A) [4]. Now we have
a€Z(A)NZkg(A) = a€ Zr(A) and a € Zk(A)
=30#zxel,aNz=0and 0 #yecL,aAy=0
= (ahz)A(aNy)=aA(xAy)=0.
Since z Ay <z € L,and x Ay < y € K, we obtain x Ay € LN K and since {0} is a

prime ideal, so 0 # x Ay. We get a € Zpax(A). Thus ZL(A)NZk(A) C Zrak(A).
Therefore Z,(A) N Zk(A) = Zrax(A).

(5) Tt is clear.
(6) We have
a € Zrug(A)=30#2x € LUK such that a Az =0
=0#ze€Lor0#x€ Ksuchthatanz =0
=a€Z,(A)UZk(A).
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So ZLUK(A) - ZL(A) @] ZK(A)
a € ZL(A) UZK(A) = a € ZL(A) or a € ZK(A)
=3A0#z € Larnz=00r £y K,aNy=0
=3d0#zxc LCLUK,aNz=0o0r
NV#4ye KCLUK,aANy=0
= a € ZLUK(A)-

Thus ZL(A) U ZK(A) - ZLUK(A)- Therefore ZL(A) U ZK(A) = ZLUK(A)- U
In the following example, we show that equality in (4) is not true in general.
EXAMPLE 2.2. In ExampleZT] let L = {b,d}, K = {1,a,d}. Then LNK = {d}.

Now we have Z;, = Zx = {0, c}, but Zpnx = {0}.

3. Extension and contraction ideals of MV -algebras

The following example shows that the MV-homomorphic image of an ideal is
not necessarily an ideal.

ExaMPLE 3.1. Let A ={0,qa,b,1}, where 0 < a, b < 1. Define ®, @ and * as
follows:

®|0 a b 1 @0 a b 1
0]j]0 0 0 O 0|0 a b 1 *|Oab1
al0 a 0 a ala a 1 1 |1ba0
b0 0 b b blb 1 b 1
110 a b 1 111 1 1 1

Then (A,®,®,*,0,1) is an MV-algebra [10]. Consider MV-homomorphism
f+ A — A such that f(0) = 0, f(a) = 1, f(b) = 0 and f(1) = 1. It is clear
I ={0,a} is an ideal of A, while f(I) = {0, 1} is not an ideal of A.

THEOREM 3.1. Let A, B be MV -algebras and f: A — B be a homomorphism
of MV -algebras. If we have I € 1d(A), then

(f(D]={beB:b< f(a)® flaz) ®--- & f(an) such that a1,az,...,a, € I}
is an ideal of B.

PRrROOF. Obviously, 0 € (f(I)]. Let z,y € (f(I)]. Then there exist a;,b; € I,
1<i<n,1 <5< m,suchthat < f(a1) ® flaz) ®--- @ f(an) and y < f(b1) @
f(b2)®- & f(bm), we get 2By < f(a1)® faz) @& f(an) B f(b1) S f(b2) & &
flbm),sox@y € (f(I)]. Let z € (f(I)] and y < 2. So thereexistsa; € [, 1 <i<n
such that < f(a1) @ f(a2) - @ f(an), thus y <z < f(a1) & f(a2) & & f(an),
we obtain y € (f(I)]. Therefore (f(I)] € Id(B). O

REMARK 3.1. Let f: A — B be a homomorphism of MV -algebras.

(1) Let I € 1d(A) and J € Id(B). We denoted by I°¢ ideal generated by f(I)
and J¢ ideal f~!(J), which I°¢ is called, extension ideal of I and I€ is
called contraction ideal of 1.
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(2) Let I1,I> € Id(A) and Jq, J2 € 1d(B). Obviuosly, if we have I; C I and
Ji1 C Ja, then I7 C I5 and Jy C J3.

THEOREM 3.2. Let f: A — B be a homomorphism of MV -algebras, 11,15 €
Id(A) and Jy,J2 € Id(B). Then

(1) I C I; (5) (I v L) = If VI
(2) Jee C Jy; 6) (J1NJy)e = Jen JS;
(3) It = Ife, (1) VT = (V0.

(4) Jgee = J

PRrROOF. (1) We have x € I = f(z) € f([1) CI{ = f(z) € If = x € I{°.
(2) We have f(f~'(J1)) € Ji = (f(f 71 (J1))] € (1] = Ji° € Ju.
(3) By (1), we have I; C I{¢, now by Remark BI(2), we get If C I¢°c. By (2),

we have I7° C I}. Therefore I} = I7°°.
(4) By (2), we have J{¢ C Jy, so by Remark BI(2), J{°® C J{. By (1) on J¥,
we have Ji C J7°¢. Therefore Ji*¢ = Jf.
(5) First we show that f(I; V Iz) = f(I1) V f(I2). Obviously, f(I1)V f(I2) C
f(I1 V I). We have
be f(I; VI;) = b= f(a) such that a € I; V I3
=a<zx@ysuchthat z € [,y € Ir and b= f(a) < f(x) ® f(y)

=be f(h)V fl) = f(IL V) C f(I1)V f(Ia).
Therefore f(I; V I3) = f(I1) V f(I2). Now we have
f(LivI)=f(I)V f(l2) CI{VI; = (f(ILV 1) CIT VI3
= (I1 \/Ig)e - If \/IS.
Also, we have
LCOhVELLCLVEL=f(1)Cf(IL1VI),f(l)C/f(LVI)
= If - (Il VIQ)e,Ig - (Il \/Ig)e
= I;VvIS C (L VL)

Therefore I§ V IS = (I, V I)°.
(6) We know that J; NJe C Jy and J; N J2 C Jo. Also, by Remark BI{(2),
(J1 N J2)e C Jf and (J1 N J2)¢ C J§, hence (J; N J3)¢ C JENJS. Let
xeJiNJs =z e Jjand x € J§ = f(x) € J; and f(z) € Ja
= flxyeindy=ze (J1NJ) = JiNJSC(J1NJ)e.

Therefore Jf N J§ = (J1 N J2)°.
(7) By Definitions and [, we have
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ze (V)& fz) € (V) & f@)onf(z) € Ji, VneN
s flxonr)eJi o ronr e fH ) =J, ¥YneN
&S x€/J] O

THEOREM 3.3. Let A be an MV -algebra, Ps: A — A[S] be homomorphism
MYV -algebra, I € Id(A) and {0} € Spec(A). Then I¢ = {A € A[S]: A =%, ze1}.

PROOF. Let A € I°. Then we have A = & such that A < Ps(a1) @ Ps(a2) @

- ® Ps(an) such that a; € I, 1 <i < n,x € A. We define b:=a1 ®ax®...a,
and show that x € 1.

T

g < Ps(a1) @ Ps(az) @ --- @ Ps(an)

al as a x
<—@—@”l:§<

0| o

N a1 Dax D ...ay
S S " S

S
byt 0 .
®(§> ZE:HeEB(A)ﬂSsuchthat(be)/\ezO/\ezO

= 2 ®b" =0 (Since {0} is a prime ideal of A)
x<b=>xecl O

x
=3 <

=

Wls Wy

LEMMA 3.1. Let A be an MV -algebra and Ps: A — A[S] be homomorphism
MV -algebra and Q € 1d(A), {0} € Spec(A) such that B(A)NSNQ # 0. Then
Q° = A[S].

PROOF. Suppose that x € B(A) N SN Q. By Theorem B3] we obtain § € Q°.

Since z Az = 1Az, we get % = 5. Hence % € Q°. Thus Q° = A[S]. O

THEOREM 3.4. Let A be an MV -algebra and Ps: A — A[S] be homomorphism

MV -algebra, p € Spec(A[S]), and 0 € Spec(A). Then
(1) p=p. (2) BANSNpc=0.

PROOF. (1) Let x € p. Then x = ¢ such that a € A. We get Ps(a) = ¢ =z €
p, then a € p°. It follows from Theorem that x € p°©. Then we obtain p C p°°.
By Theorem B.2[(2), we have p°© C p. Therefore p = p°©

(2) Let B(A) NS Np°+#0. Since p € Spec(A[S]), by Theorem [T, we imply
p° € Spec(A). Now by (1) and Lemma [31] we have p®® = p = A[S], which is a
contradiction. O

THEOREM 3.5. Let A be an MV -algebra. Ps: A — A[S] is homomorphism

MYV -algebra such that Q € I1d(A), {0} € Spec(A) and B(A)NSNQ =0. Then
(1) Q“=Q, (2) Q° € Spec(A[S]).

PRrROOF. (1) By Theorem B.2(1), we get @ C Q°°. Let a € Q°°. Then Pg(a) =
& € Q°, by Theorem B3] we get a € Q. So Q°° C Q. Therefore Q°° = Q.

(2) We must show that Q° G A[S]. Let Q° = A[S]. Then Q°° = (A[S])® by
(1), we have @ = Q°° = (A[S])® = A, which is a contradiction. Let £, 2 € A[S]
such that g A % € Q°. It follows from Theorem [3.3] that

b a/\b e a e b e
/\gf 5 €Q éaAbGQéaGQorbGQéEGQ orSGQ O

w0l e
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4. Extensions of MV -algebras

DEFINITION 4.1. Let B be subalgebra of M V-algebra A. Then A is an exten-
sion of B, and B — A, is called an inclusion.

THEOREM 4.1. Let B — A be an inclusion of MV -algebras. Then for each
P € Spec(B), there exists @ € Min(A) such that Q N B C P. Furthermore, if
P € Min(B), then there exists Q € Min(A) such that P = QN B.

PROOF. Seting D = {@ € Spec(A) : Q N B C P}. By Zorn’s lemma, it is
sufficient to show that D # ). Let

b b
w:B—>Bp,b»—>§; @:A—)Ap,aH%; ¢:Bp—>Ap,b»—>§.

Let T be a maximal ideal of Ap. Put Q = ¢~ (T'), which by Theorem [T} Q is a
prime ideal of A. But ¢~1(7T') is a prime ideal of Bp, so ¢~ (T) C PBp. Now let
a € QNB. We get
aeQ:go(b)ZE:ﬁ€¢71(T)CPBp:>3t€Psuchthat b_1
S S - S S
=Jee B(A)NSsuchthat bAe=tAe<teP

= bAe € P (Since P is a prime ideal of A and e ¢ P)
=beP.
So QN B C P, it follows that D # (). We define < on D by

VQ1,Q2€D; Q1 <Q2¢ Q2C Q1.

Obviously, < is a partial order relation on D. Let {Q;};cr be a chain of elements
of D. It follows from Theorem [[LT] that

ﬂQi € Spec(A) and (ﬂQZ) NBCQ@;,NBCP.

i€l iel

Nic; Qi is an upper bounded of chain in D, so by Zorn’s lemma, D has a maximal
element F'. Now, we show that F' € Min(A). Let E € Spec(A) such that E C F. It
follows that F* < E, so ENAC FNB C P, hence FF=E. Thus F € Min(4). O

DEFINITION 4.2. An inclusion B «— A of MV -algebras is called min-extension,
if for all P € Min(A), PN B € Min(B). When B — A is min-extension, we let
¥: Min(A) — Min(B) be the map defined by ¢(P) = PN B.

DEFINITION 4.3. Let S={a € A:a ¢ Za}. Obviously S is a A-closed system
of A. A[S] is called classic MV-algebra and we denote it by g(A).

ExaMPLE 4.1. If {0} is a prime ideal of an MV-algebra A, then extension
A — ¢q(A) is a min-extension. Let p € Min(g(A4)). By Theorem[IT] pNA € Spec(A)
and by Theorem B4[1), we have p© = p. If pN A ¢ Min(A), then there exists
Q € Spec(A) such that Q@ S pN A, s0 Q° G p® = p. But Q € Spec(A), we consider
two cases.

Cast 1. If @ n SN B(A) = (), then by Theorem B5(2), Q¢ € Spec(q(A)). On
the other hand Q¢ & p, which is a contradiction, (since p € Min(g(A))).
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CaASE 2. If QN SN B(A) # 0, then by Lemma [B1] we get Q¢ = g(A4). So
q(A) G p, which is a contradiction. Therefore pN A € Min(A).

THEOREM 4.2. The inclusion of MV -algebras B — A is a min-extension if
and only if whenever P € Min(A) and b € PN B, then there exists a € B — P such
that a Nb = 0.

PROOF. Let B — A be a min-extension, P € Min(A4) and b € PN B. Then
PN B e Min(B). By Theorem [ 4, Anng(b) ¢ PN B, we get that there exists
a € Anny(b) such that a ¢ PN B. Hence there exists a € B— P such that aAb = 0.

Conversely, let P € Min(A) and PNB ¢ Min(B). By Theorem[I3] there exists
b € PN B such that for all a € B— P, a A b # 0, which is a contradiction. Il

THEOREM 4.3. Let B — A be a min-extension of MV -algebra. Then v: Min(A)
— Min(B) by ¥(P) = PN B is continuous with respect to both the spectral topology
and the inverse topology.

PROOF. Let I be an ideal of B and b € B. Then
Y Y (Vp(I)) = {P € Min(A) : I C P} = Va(I),
Y Y Ugp(a)) = {P € Min(A) : b ¢ P} = Ua(b).

We get that map v is continuous with respect to both the spectral and the inverse
topologies. O

DEFINITION 4.4. (1) An inclusion B — A is a good extension, if for each a € A,
then there exists b € B such that Ann(a) = Anny(b).

(2) An inclusion B < A is an f-extension, if for each P € Min(A) and each
a € A — P, there exists b € B — P such that Ann(a) C Anny(b).

(3) An inclusion B — A is f*-extension, if for each P € Min(A) and each
a € P then there exists b € BN P such that Ann(b) C Anny(a).

In the above definitions, if one replaces the term b with a finitely generated
ideal of A, then one gets the notions of quasi good extension, quasi f-extension,
and quasi f*-extension.

ExAMPLE 4.2. Consider extension of an MV-algebra in Example Bl Since
for all x € A, there exists y € Bs such that Anna(z) = Anna(y), we get By — A
is a good extension. But Ann4(b) # Ann4(0) and Ann4(b) # Anna(1), we obtain
By — A is not a good extension. We have
A*Il = {a,b,d,l}, A*IQ = {C,d,].},

B2 - Il - {b7 1}) B2 - I2 - {C7 1}) Bl - IQ - {1}5
ILHNBy=IrbnNB; = {0}, IiNBy = {O,C}, Ir N By = {O,b}
Obviously, By < A is an f-extension and since Ann(c) € Anna(1), and Anna(0)

= A ¢ Anny(a), we get By < A is not f-extension and f*-extension.

THEOREM 4.4. Let B — A and A — C be two inclusions of MV -algebras.
Then B — C is a good extension if and only if B — A and A — C are good
extensions.
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PrOOF. Let B < C be a good extension and a € A. Since A is a subalgebra
of C, so there exists b € B such that Annc(a) = Anne(b). Since A is a subalgebra
of C, we conclude Ann(a) = Anny(b). Hence B — A is a good extension.

Now, let z € C. Since B — (' is a good extension, there exists y € B such that
Anng(z) = Anne(y). Since B is a subalgebra of A, we obtain y € A, it follows
that A — C'is a good extension.

Conversely, let B — A and A < C be good extensions. Suppose that x € C.
Since A < C'is a good extension, there exists y € A such that Anng(z) = Annc(y).
On the other hand B — A is a good extension, so there exists z € B such that
Anna(y) = Anna(z). Now we show that Anng(z) = Anne(z). Let o € Anng(z)
and a ¢ Annc(z). We have

a ¢ Anng(z) = a ¢ Anna(z) = o ¢ Anna(y),

which is a contradiction. Thus Anne(z) C Anne(z).
Let § € Anng(z) and 8 ¢ Anne(z). We have

B¢ Anng(z) = 5 ¢ Annc(y) = ¢ Anny(y) = B ¢ Anna(z) = 8 ¢ Anne(z),

which is a contradition. Then Annc(z) € Anng(x). Therefore Anng(z) =
Anne(z) and so B — C'is a good extension. O

THEOREM 4.5. A (quasi) good extension is both (quasi) f-extension and f*-
extension.

PROOF. Let B < A be a good extension. So for every a € A, there exists
b € B such that Anng(a) = Anny(b). Let P € Min(A). We consider two cases:

CAsSE 1. Let a € A — P. Tt follows from Theorem [[4] that Anna(b) =
Anny(a) C P, by Theorem [[L4] we have b € B — P, so B < A is an f-extension.

Casg 2. Let a € P. By Theorem [[4] Anny(b) = Anng(a) € P, by Theorem
L4 b e P, we get B Aisa f*-extension. O

LEMMA 4.1. Let A be an MV -algebra. For every P € Spec(A), there exists
F € Min(A) such that F C P.

PRrROOF. Let D = {Q € Spec(A) : Q C P}. First we show that D # . Since
P € Spec(A) and P C P, it follows that D # (). We define < on D by

VQ1,Q2 € D; Q1 < Q24 Q2 C Q1.
Obviously, < is a partial order relation on D. Let {Q;};cr be a chain of elements
of D and (,c; Qi € Spec(A). We get [),c; @; is an upper bounded of chain in
D, so by Zorn’s lemma, D has a maximal element F'. We show that F' € Min(A).
Let there exist £ € Spec(A) such that E C F. It follows that F' < E. Since F is
maximal of D; so F = E. Thus F' € Min(A4). O

THEOREM 4.6. Let B — A be an f-extension of MV -algebras. Then map
1: Min(A) — Min(B) by ¢(P) = PN B is a bijection map.

PROOF. We first show that map ¢ is a well defined map. Let P € Min(A) but
PNB ¢ Min(B). By LemmalLT] there exists Q € Min(B) such that @ & PNB. By
Theorem [A.T] there exists U € Min(A) such that @ = UNB. Since U, P € Min(A),
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without loss of generality, we can let U ¢ P, this means there exists # € U — P and
by hypothesis, there exists y € B — P such that Ann4(z) C Anny(y). By Theorem
4 Anna(z) € U, hence Anna(y) € U. So there exists e € Anna(y) such that
e¢U,but 0=yAee€U. Thusy € U. Hence y € UNB = Q, and so y € P, which
is a contradiction.

Now, we show that map ¢ is an injection map. Let P,Q € Min(A) such that
P # Q. Without loss of generality choose z € P — @ and by hypothesis there exists
y € B — @ such that Anna(z) C Anny(y). But z € P, by Theorem [[4 we have
Anny(z) € P, hence Anna(y) € P. So there exists e € Anny(y) such that e ¢ P
and since 0 = yAe € P, thusy € P, weget y € BNP but y ¢ BNQ. Thus
PN B #QnN B. Therefore map v is one to one. It follows from Theorem 1] that
map 1 is surjective. O

COROLLARY 4.1. An f-extension of MV -algebras is a min-extension.

REMARK 4.1. Let A be an MV-algebra and a € A. Obviously, Anns((a]) =
Anny(a).

THEOREM 4.7. An extension B — A is an f-extension if and only if it is a
quasi f-extension.

PROOF. Let B < A be an f-extension and P € Min(A) and a € A — P. So
there exists b € B — P. Such that Anna(a) C Anna(b). Let I = (b]. By Remark
A1 we get Anna(l) = Anna(b), hence Anny(a) € Anng(l). Thus B — A is a
quasi f-extension.

Conversely, let B < A be a quasi f-extension, P € Min(A) and a € A — P.
Hence there exists finitely generated ideal I of B such that I ¢ P and Anna(a) C
Ann,(I). Since I € P, so there exists x € I such that x ¢ P, clearly Anna(I) C
Anny(x). Hence there exists x € B— P. Such that Anna(a) C Anng(z). Therefore
B — Ais an f-extension. O

REMARK 4.2. [9] A homeomorphism is a continuous and bijection function
between topological space that has a continuous inverse function.

THEOREM 4.8. An extension B — A is an f-extension of MV -algebras if and
only if ¢: Min(A) — Min(B) by ¥(P) = PN B with respect to the spectral topology
is a homeomorphism.

PROOF. Let B < A be an f-extension of MV-algebras. By Corollary 1] and
Therorem[4.3], we get map v with respect to the spectral topology is continuous and
by Theorem [.6] map 1) is bijection. Let a € A. We have ©)(Ux(a)) ={PNB: P €
Min(A), a ¢ P}. Let PN B € ¥(Ua(a)). Then a ¢ P. By hypothesis there exists
b€ B — P. Such that Anna(a) C Anna(b). Hence PN B € Ug(b) so ¥(Ua(a)) C
Up(b). Now, let M € Ug(b). Then by Theorem [Tl there exists @ € Min(A)
such that M = Q N B. Since b ¢ M, we get b ¢ Q. Hence Anny(b) C Q. But
Anny(a) C Anng(b) C Q, by Theorem [[4] we obtain a ¢ Q. Hence Q € Ua(a), so
M =QnNB e y(Ua(a)). We get Up(b) C p(Ua(a)). Therefore Ug(b) = 1p(Ua(a)).
Hence 1) is an open map.
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Conversely, let P € Min(A), a € A — P. Then P € Uyi(a). Since map v
is a homeomorphism, (U4 (a)) is a subset open of Min(B). Hence there exists
I € 1d(B) such that Ug(I) = ¥(Ua(a)). But P € Ux(a), so (P) = PNB € Ug(I),
thus I ¢ P, so there exists b € I such that b ¢ P. We show that Anny(a) C
Anny(b). Let x € Annga(a). Then 2 € A and  Aa = 0. Suppose @ € Min(A). We
consider two cases:

CASE 1. Let Q € V4(b). Then b € Q, Since b A x < b, we obtain bA z € Q.

CASE 2. Let Q € Ua(b). Then b ¢ Q, hence I ¢ Q. Since I C B and I € Q,
we have I ¢ Q N B. Thus ¢(Q) = QN B € Up(I) = ¥(Ua(a)). But map v is
bijection, then a ¢ Q. Since a Az =0, we get z € ). Since z € Q and bA z < «z,
we obtain b A z € Q. Hence for every @ € Min(4), b Az € Q. By Lemma [[0]
we obtain b A x = 0. Therefore x € Ann(b). Hence B < A is an f-extension of
MYV -algebras. (I

COROLLARY 4.2. B < A is a quasi f-extension of MV -algebras if and only if
¥: Min(A) — Min(B) by ¥(P) = P N B with respect to the spectral topology is a
homeomorphism.

THEOREM 4.9. Suppose that B — A is an f-extension of MV -algebras. B <
A is a good extension if and only if ¥: Min(A) — Min(B) by ¢(P) = PN B, maps
basis open sets to basis open sets, with respect to the spectral topology.

PROOF. Let B < A be an f-extension of MV -algebras. Hence for every a € A,
there exists b € B such that Ann4(a) = Ann4(b). We show that ¢(Ua(a)) = Ua(b).
Let P € Min(A) and a € A—P. Then P € Us(a) and ¢(P) = PNB € Min(B). By
Theorem[[4] we get Anna(a) = Anny(b) C P, and so by Theorem[I.4] we conclude
b¢ P. Then b ¢ PN B, that is, PN B € Ug(b). Hence ¥(Ua(a)) C Up(b). Let
M € Up(b). We get M € Min(B) and b ¢ M, so by Theorem ] there exists
@ € Min(A) such that ¥(Q) = QN B = M. If a € @, then by Theorem [[4]
Anna(a) ¢ Q and Since Anny(a) € Anny(b), we have Anna(a) C Anng(b) € Q
and by Theorem [[L4, we have b € Q. Hence b € M, which is a contradiction.
So a ¢ Q, that is, Q € Ua(a). But ¥(Q) = M, we get M € »(Ua(a)), hence
Up(b) C ¥(Ua(a)). Therefore 1)(Ua(a)) = Up(b).

Conversely, let a € A. By hypothesis, there exists b € B such that ¢(Ua(a)) =
Up(b). We show that Anna(a) = Anna(b). Let P € Min(A). We consider two
cases:

CASE 1. Let P € Ua(a). By hypothesis, we get ¢)(P) = PN B € Ug(b), so
b ¢ PN B, by Theorem [[.4 we get Anna(b) C P and Anny(a) C P. Since for
all z € Anng(a) and y € Anny(b), we have £ A b < z and y A a < y, we obtain
aAAnny(b) C Pand bA Anng(a) C P.

CASE 2. Let P € V4(a). By hypothesis, we conclude ¢(P) = PN B € Vg(b),
hence b € PN B. By Theorem [, we get Anna(b) € P and Anny(a) € P. Since
for all z € Anny(a) and y € Anng(b), we have 2 Ab < b and y A a < a, hence
aNAnng(b) C P and bA Anna(a) C P.

We imply that for all P € Min(A), aAAnna(b) C P and bAAnny(a) C P. By
Lemma [[L6] we obtain a A Anng(y) = bA Anng(a) = 0. Let x € Anny(a). Then



SOME RESULTS IN TYPES OF EXTENSIONS OF MV-ALGEBRAS 175

bAx =0, and so z € Ann(b), thus Anny(a) C Anny(b). By similar way, we can
obtain Anna(b) C Anna(a). We get Anny(a) = Anna(b). Therefore B — A is a
good extension of M V-algebras. (I

LEMMA 4.2. Let B < A be a extension of MV -algebras. For every P € Min(A)
and finitely generated ideal I of B,I C PN B if and only if Anna(I) € P.

PrROOF. Let I C PN B and J = I°. Hence J C P, It follows from Theorem
4 that Anna(J) ¢ P. By Remark Bl we get Anna(J) = Anna(I), and so

Anny(I) € P.
Conversely, let Anny (1) ¢ P. Then there exists & € Ann4(I) such that « ¢ P.
We get a AT =0. Thus I C P. Therefore I C PN B. O

THEOREM 4.10. Let B — A be a quasi f*-extension of MV -algebras. Then
map ¥: Min(A) — Min(B) by ¢(P) = PN B is a bijection.

PROOF. First, we show that map ¢ is well defined. Let P € Min(A). Then
Y(P) = PN B € Spec(B). Suppose that there exists @ € Min(B) such that
Q & PN B. By Theorem ] there exists M € Min(A) such that Q = M N B. If
M # P, then by hypothesis for every a € M — P, there exists finitely generated
ideal T of B such that I € M N B and Annu(l) C Anny(a), since I C Q C P,
by Lemma 2] we obtain Annu(I) ¢ P. Hence Anna(a) € P, so there exists
x € Anny(a) such that = ¢ P. Since x Aa =0 and = ¢ P, we conclude that a € P,
which is a contradiction. Thus M = P and ¥(P) = PN B € Min(B). Now, we
show that map 1) is injection. Let P,@Q € Min(A) such that P # Q. Without loss
of generality, let a € P — ). By hypothesis, there exists finitely generated ideal I
of B such that I C PN B and Anna (/) € Anng(a). Since a ¢ @, by Theorem [[L4]
Anny(a) C Q. Hence Anng (1) C Q and by Lemma 2 we deduce that I Q QNB.
Hence there exists r € I — Q) such that re PN B—-QNB. So PNB#Q@NB. It
is follows ¥ (P) # ¥(Q). By Theorem [T, we imply that v is surjective. Therefore
map ) is bijective. O

COROLLARY 4.3. Fvery quasi f*-extension B — A of MV -algebras, is a min-
eztension.

THEOREM 4.11. Suppose B — A is a extension of MV -algebras. A is a quasi
f*-extension of B if and only if map ¢¥: Min(A) — Min(B) by ¢(P) = PN B with
respect to the inverse topology is a homeomorphism.

PrROOF. Let B — A be a quasi f*-extension of MV-algebras. By Theorem
[T0 map ® is bijection and by Theorem .3l map 1) is continuous respect to inverse
topology. Now we prove that 1! is continuous. Let a € A and Q € ¥(Va(a)).
Then there exists P € V4(a) such that ¢(P) = PN B = Q. By hypothesis there
exists finitely generated ideal I of B such that I C PN B = @ and Anny(I) C
Anny(a). Hence Q € Vp(I), that is, ¥»(Va(a)) C Vp(I). Let M € Vg(I). We
get M € Min(B) and I € M. By Theorem ] there exists T € Min(A) such
that TN B = M, so I CT. It follows from Theorem [[4] that Annpg(b) C T. So
Anna(a) € T, by Theorem [[L4] we get a € T. Hence M =T N B € 1)(Va(a)), and
so Ve(I) C (Va(a)). Therefore ¢p(Va(a)) = V(I).
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Conversely, let map ¥ respect to the inverse topology be a homeomorphism.
Suppose P € Min(A) and a € P. Since V4(a) is an open subset of Min™*(A), so
¥(Va(a)) is a open subset of Min~!(B) such that P N B € ¢(Va(a)). Since map
1) is open, there exists finitely generated ideal I of B such that PN B € Vg(I) =
Y(Va(a)). We show that Anna(I) C Anny(a). Let t € Anny (1) and @ € Min(A).
We consider two cases:

CASE 1. Let a € Q, since a ANt < a, we get a At < Q.

CASE 2. Let a ¢ @, hence Q ¢ V4(a). Since map ¢ is bijection, we obtain
QN B ¢ (Va(a)). Hence we get QN B ¢ Vg(I). Thus I € QN B. Then I ¢ Q.
If x € Anng(I) then 0 =ax AT C Q, that is, x € Q. Hence Anny(I) C Q, sot € Q.
Since a At < t, we have a At € Q.

Therefore for all @ € Min(A), aAt € Q. By Lemma 2, we have a At = 0. So
t € Anny(a). Hence Anng(I) C Anny(a). O

THEOREM 4.12. Let B — A be a quasi f*-extension of MV -algebras. Then
B — A is a quasi good extension if and only if ¥: Min(A) — Min(B) by ¢(P) =
PN B, maps basis open sets to inverse topology basis open sets, with respect to the
inverse topology.

PROOF. Let B < A be a quasi f*-extension. By Corollary 13 map 1 is well
defined. Let J = (a1,aq,...,a,] be a finitely generated ideal of A. So for every
1 < @ < n, there exists a finitely generated ideal I; of B such that Anny(I;) =
Anny(a;). Let I =1 VI;V---VI,. By Remark[[[H 7 is a finitely generated ideal.
We show that ¢(Va(J)) = Vp(I). Let P € Va(J), hence ¢(P) = PNB € ¢(Va(J))
and J C P. By Theorem [ for every 1 <4 < n, Anna(a;) € P,so Anna(l;) € P,
we obtain there exists # € Anny(I;) such that x ¢ P. Since z A I; =0 and z ¢ P,
we have I; C P. Hence I C PN B. We get PN B € Vp(I), it follows that
PY(Va(J)) C Vp(I). Let Q € Vp(I). Then @ € Min(B) and I C Q. By Theorem
[T there exists P € Min(A) such that @ = P N B, hence I C P. By Theorem
L4 Anna(I) € P, so for every 1 < i < n,Anna(f;) ¢ P, thus Anna(a;) € P.
We get that there exists © € Anng(a;) such that © ¢ P. Obviously a; € P, hence
J C P. So we have P € V4(J) and ¢(P) = PN B = Q. Hence Vg(I) C ¥(Va(J)).
Therefore Vi (I) = ¥(Va(J)).

Conversely, let a € A. Put J = (a]. By hypothesis, there exists finitely
generated ideal I of B such that ¢(Va(J)) = Vp(I). We show that Anny(a) =
Anny(I). Let P € Min(A). We consider two cases:

CASE 1. Let P € Us(I). Then ¢(P) = PN B € Ug(I), we get a ¢ P and
I g P N B. By Theorem [[4, we obtain Anna(a) C P and Anny(I) € P. We
know that for every € Anna(I), « € I and y € Anny(a), we have a A x <  and
aANy<y. HenceaAz e Pand aAy € P.

CASE 2. Let P € V4(I). Then ¢(P) = PN B € Vp(I), we deduce that a € P
and I C PN B. By Theorem [[4] we get Anna(a) € P and Anna(I) € P. We
know that for every € Anna(I), we have o € I and y € Anng(a), a Az < a and
aANy<a HenceaAz e Pand aAyeE P.

Therefore for every P € Min(A), we get a A Anna(l) C P and I A Anng(a) C
P. By Lemma [[L8] we have a A Anng(l) = 0 and I A Anny(a) = 0. Now, we
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show that Anng(a) = Anna(f). Let © € Anng(a). Then 2 AT = 0, we get

x € Anny(I). Hence Anna(a) C Anny (7). Similarly, Anna(l) € Anng(a), we
conclude Anny(a) = Anna (7). O
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