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A NEW STUDY ON GENERALIZED
QUASI POWER INCREASING SEQUENCES

Hikmet Seyhan Ozarslan

ABSTRACT. We prove a general theorem dealing with an application of quasi
[B-power increasing sequences. This theorem also includes several new and
known results.

1. Introduction

A positive sequence (b,,) is said to be almost increasing if there exists a positive
increasing sequence (c,) and two positive constants A and B such that
Ac, < b, < Bey, (see [1]). Obviously, every increasing sequence is almost in-
creasing. However, the converse need not be true as can be seen by taking an
example, say, b, = ne(V". Let > a, be a given infinite series with the partial
sums (s,). By (u,) and (¢,) we denote the n-th (C, 1) means of the sequences (s,)
and (na,), respectively. The series > a,, is said to be summable |C, 1|, k > 1, if
(see [11113])

o0 o0 1

an*1|un — Uy |F = Z E|tn|k < 0.

n=1 n=1
Let (pn) be a sequence of positive numbers such that

n
Pn:Zpy%oo; asn—oo, (P;=p_;=0, ix>1).
v=0

The sequence-to-sequence transformation o,, = PL ZZ:O DPvS, defines the sequence

(0,) of the Riesz mean or simply the (N, p,) mean of the sequence (s, ), generated
by the sequence of coefficients (p,) (see [12]).
The series Y a,, is said to be summable |N, p, |k, k > 1, if (see [2])

o0

P o\ k-1
> (52) 1ol <
el Pn
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where

n
Pn
Aoy, — :—75 P, 1a,, n=>=1.
n—1 Pnpn71 L v—1Uy =

In the special case, when p, = 1 for all values of n (resp. k =1), |N,pn|k summa-
bility reduces to |C, 1| (resp. |N,p,|) summability. Let A = (a,,) be a normal
matrix, i.e., a lower triangular matrix of nonzero diagonal entries. We associate
two lower semimatrices A = (ap,) and A = (dn,) as follows:

n
dnv:E ani, mn,v=20,1,...
1=v
apo = @po = A0, Onv = Gny — Gp—1w, N = 1,2,...

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively. Then, we have

(1.1) An(s) = iamsv = z": Gy AAn(s) = i&mjay.
v=0 v=0 v=0

Let A = (any) be a normal matrix. Then A defines the sequence-to-sequence
transformation, mapping the sequence s = (s,) to As = (A,(s)), where

n
An(s) = Zam}sv, n=0,1,...
v=0

Let (¢,) be any sequence of positive real numbers. The series Y a,, is said to be
summable ¢ — |A4; 6|k, k > 1 and § > 0, if (see [20])

> AR AA(s)]F < 00, where AAy(s) = Ap(s) — Ap_1(s).
n=1

If we take 6 = 0 and ¢, = 5: , then ¢ — | A; §|; summability reduces to |A, p, |k
summability (see [22]). Also, if we take 6 =0, ¢, = 5 and a,, = %’:, then we get

|N, pn|x summability. If we take § = 0, @, = n, apy = &= and p,, = 1 for all values

of n, ¢ — |A; 0|, summability reduces to |C, 1|; summability. If we take § = 0 and
vn, = n, then we get |A|; summability (see [23]). Finally, if we take § =0, ¢, =n

and a,, = &, then we ge , Pn|k summability (see .
d 1’; , th get |R bilit 4

2. Known Result

Many works dealing with absolute summability and absolute matrix
summability factors of infinite series have been done (see [3H10L[15H21]). Among
them, in [6], Bor has proved the following theorem for | N, p,, |, summability factors
of infinite series by using almost increasing sequences.

THEOREM 2.1. Let (X,,) be an almost increasing sequence and let there be
sequences (Br) and (A,) such that

(2.1) AN, < By Brn— 0 asn — oo,
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oo

(2.2) D nlAB Xy <00, M| Xn = O(1).
n=1
If
Al
2.3 — =0(1
(2.3) ; - (1) as m— o0,
1
Z—t|k (Xm) as m— oo,
—n
and (pn) is a sequence such that >, Beltn ¥ = O(X,n) as m — oo, then the

series Y. an\y s summable | N, py i, k > 1.

3. Main Result

A positive sequence () is said to be quasi S-power increasing sequence if
there exists a constant K = K(j3,7) > 1 such that Kn”y, > mP~,, holds for all
n > m > 1 (see [14]). It should be noted that every almost increasing sequence
is quasi S-power increasing sequence for any nonnegative 5, but the converse need
not be true as can be seen by taking the example, say v, = n~? for 5 > 0.

A sequence (\,,) is said to be of bounded variation, denoted by (A,,) € BV, if
Do A = 3207 1 (A = A | < oo

We generalize Theorem 2l to ¢ — |A; |, summability by using quasi S-power
increasing sequences instead of almost increasing sequences, and prove the following
theorem.

THEOREM 3.1. Let A = (any) be a positive normal matriz such that
ano=1, n=0,1,..., Gno1y = any, forn2v+1, ap,= O(p];—n)
n

Let (X,,) be a quasi B-power increasing sequence for some 0 < < 1 and p,p, =
O(P,). If (M) € BV, the conditions (ZI)—Z3) of Theorem 211 and

m+1
Z K| Ay, = 0@k ) as  m — oo,
n=v+1
m—+1
Z O Flanvr1] = O@F)  as  m — oo,
n=v+1

" 1

E gaflk—|tn|k:0(Xm) as m — oo,
n

n=1

Z Ot =0(X,,) as m— oo

are satisfied, then the seriesy | anAy is summable o—|A; S|k, k > 1 and0 < 0 < 1/k.
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If we take 06 = 0, ¢, = 5", any = B and (X,) as an almost increasing

sequence, then we get Theorem 2l In this case the condition (A,) € BV is not

needed.
We need the following lemma for the proof of Theorem Bl

LEMMA 3.1. [14] Under the conditions on (X,), (Brn) and (\,) as taken in
the statement of Theorem [B.1], the following conditions hold

o0
nBnXn = O(1) as n — o, Z Bn Xy < 0.
n=1
4. Proof of Theorem [3.7]
Let (I,,) denotes A-transform of the series Y anA,. Then, by (1), we have

n A

n
A, = Z&mav)\v = Z @vav.

v=0 v=1

Applying Abel’s transformation to this sum, we get that

AIn = Z A, (am, U) Zra, am;)\" Tzi;ra,«

n+1 v+1 .
= " GnnAntn + Z: ’U Av(anv))\vtv

n—1
+ U+1an U-‘rlA)\ ty, + an U+1)\’U+1t_
= in,1 + In,2 + In,3 + In,4-
To complete the proof of Theorem Bl by Minkowski’s inequality, it is enough
to show that > oo, @Ok+k=1T, |k < oo, for r = 1,2,3,4. First, by using Abel’s
transformation, we have that

m
Z(pék+k 1|In1|k 0(1)Z¢6k+k 1 k |)\ | |t |k
n=1
. Pnp
= 00) Y e (222 ) I e
n=1

=0(1) Y el Al ltal*
n=1
A|A |Z</>‘”c Hee[* +0(1) IAmIZsoff“ Htnl®

=0@1) ) [AN|Xn + O A |Xim



GENERALIZED QUASI POWER INCREASING SEQUENCES 141

m—1
1) > BuXo + OL) A Xom

n=1

=0(1) as m— oo,

by virtue of the hypotheses of Theorem Bl and Lemma 311

Now, applying Holder’s inequality with indices k¥ and k’, where k& > 1 and
% + % =1, asin [, 1, we have that

m—+1 m—+1

k
3 Al =0 3 i I(Zm e )
m+1 n—1 k—1
W3 ol IZm PP (3 18u0an))
v=1
m+1
Z¢6k+k1k1(Z|A |>\||t |k)
m+1 _
=0 Y @it (‘p"p") (Zm I, |k)
n=2
m m—+1
:O(l)zp‘v'k'tv'k Z (pfzklAv(&nv”
v=1 n=v+1

1)Z<ng71|>‘v||tv|k
v=1
=0(1) as m— oo,

by virtue of the hypotheses of Theorem Bl and Lemma 311
Now, using Hoélder’s inequality we have that

m+1 m+1 n-1 k
oy v=1
m+1 -1 il o
Z (pék+k 1 Z |@n,u+1||A)\v||tU|k X (Z |@n,v+1||A)\v|)
:1
ma1 n—1 k—1
Zwékﬂc gk 1Z|anv+1|5@|t I* x (ZlANJ)
:1
T 2 L
=0(1) Y it (2 ") (ZW"UHW”J“ | )
n=2

m+41

m
1) Z 5v|tv|k Z ‘szk|dn,v+1|
v=1

n=v+1
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= 0(1)

sk, g 1ol
©y vBy
v

7 1

[

- 1
A : L 1 - Ok Ly 1k
o(1) (v8y) Zso | ¥+ 0(1)mp ;% ~[tu|

<
Il
_

3
|

=0(1) |A(vBy)| Xy + O(1)mpBm X

3 <
I
—_

=0(1) Y v]AB,|X, +0(1 ZﬂyX +O0(1)mBnX

v=1

S
Il
_

=0(1) as m— oo,

by virtue of the hypotheses of Theorem B.I] and Lemma 311
Again, using Holder’s inequality, we have that

m+1 m—+1

n—1 k
X [t]
Z PSR Lk Z ek 1<Z|an,y+1||>\v+1|7”

= Skth—1 |>\v+1|
< Z Pn Z|an 7J+1||>\ Z|an 7J+1|

m+1
< ngék-i-k 1 k 1<Z|an7j+1||>\ > (Z ’U+1|)
6k+k 1 k 1<Z|an7j+1||>\ | | )

(‘Pnpn> <Z |an,v+1||>‘ |t1,;| >
v=1

m k m—+1
:O(1>Z|Av+1| ST o lanl
v=1 n=v+1
= 1
= 0(1) Y @8~ At
v=1
m—1 1
=0(1) |A)‘v+1|z¢ It *+0(1) |>‘m+1|2306k [
v=1 v=1
m—1

=0(1) ) Bor1Xor1 + O)|Amg1 [ Xt
1

=0(1) as m— oo,

<
Il

by virtue of hypotheses of Theorem 3.1 and Lemma [311
This completes the proof of Theorem [3.11
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5. Conclusions

We note that, if we take § = 0 and ¢,, = 5—”, then we get a theorem dealing

with |A, pp|r summability. If we take (X,,) as an almost increasing sequence, 6 = 0

Py

and ¢, = o then we get another theorem dealing with |A,p,|r summability

(see [16]). If we take 6 = 0, @, = n, an, = &= and p, = 1 for all values of n, then
we get a result for |C, 1|, summability.
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