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EXPONENTIAL SPLINE APPROACH FOR THE
SOLUTION OF NONLINEAR FOURTH-ORDER
BOUNDARY VALUE PROBLEMS

Pooja Khandelwal and Arshad Khan

ABSTRACT. Exponential sextic spline function is used for the numerical solu-
tion of nonlinear fourth-order two-point boundary value problems. Spline re-
lations are derived and direct methods of order two, four and six are obtained.
Convergence analysis of the methods is discussed. The proposed method is
tested on linear and nonlinear problems. Comparisons are made to confirm
the reliability and accuracy of the proposed technique.

1. Introduction

We consider the nonlinear fourth-order two-point boundary value problems of
the form

(1.1)

’LL(4) = g(SC,U), T e [a’ab]a

u(a) = Ao, u(b) = Bo, u'(a)=A4;, u'(b)= By,

where g(x,u) is continuous on the interval z € [a,b] and A;, B; (i =0, 1) are finite
real arbitrary constants.

Fourth-order nonlinear boundary value problem (I.TJ) arise in the mathematical
modelling of viscoelastic and inelastic flows, deformation of beams and plate de-
flection theory. For a brief introduction on the subject by using spline functions for
the treatment of ordinary differential equations, the reader is referred to Ahlberg
et al. [3]. Theorems which list the conditions for the existence and uniqueness
of solution of such problems are thoroughly discussed in a book by Agarwal [,
though no numerical methods are contained therein.

Agarwal and Akrivis [2] and Chawla and Katti [5] used a finite difference
method for solving fourth-order nonlinear two-point boundary value problems pre-
scribed with boundary conditions at the second derivative, such as

u(a) = Ao, U(b) = By, u"(a) = As, u"(b) = B>.
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266 KHANDELWAL AND KHAN

Several authors [7,[14H19] have discussed the linear fourth-order boundary
value problem:

u® 4 flayu = g(a),
u(a) = Ao, u(b) =By, u'(a)=A4;, ' (b)= By,

where f(z) and g(x) are continuous functions on the interval [a, b].

Khan et al. [9] used parametric quintic spline, Al-said and Noor [4] used uni-
form quartic polynomial splines and Noor and Tirmizi [12] developed some finite
difference methods based on Pade’s approximants for the solution of a system of
fourth-order boundary value problems associated with obstacle, unilateral and con-
tact problems. Recently, Khan and Khandelwal [10] derived a non-polynomial sex-
tic spline function for the solution of linear fourth-order two-point boundary value
problems with boundary conditions involving second derivatives and Zahra [21]
solved linear and nonlinear fourth-order boundary value problems based on expo-
nential quintic spline function.

The fourth-order nonlinear boundary value problems (II]) were discussed by
many authors using different techniques such as Sinc Galerkin method by Gamel et
al. [6], B-spline method by Viswanadhan et al. [8], variational iteration technique by
Noor and Mohyud-Din [13] and modified decomposition method by Wazwaz [20].

According to [11], the space T,, = span{l,z, 22, 23 2%, e =%} generates
an extended complete Chebyshev space on [a,b]. Thus it is possible to construct
a spline approximation that has a polynomial and an exponential part. In this
paper, we construct a new spline method that is based on an exponential spline
function of the form aek* + be™ 4 p,_o(x), with p,_o(z) = S Zma’ is an
ordinary polynomial of degree n — 2 and an exponential part to develop a family of
numerical methods of order two, four and six for obtaining smooth approximations
for the solution of problem (IIIJ). This approach has its advantage that it does not
only provide continuous approximations to u(z), but also for v’ (x), u”(x) and higher
derivatives at every point of the range of integration. The exponential sextic spline
function proposed in this paper has the form T = span{l, z, x2, 23, 2%, e** e~*o},
where k is a free parameter which can be real or pure imaginary. It will be used to
raise the accuracy of the method. Thus in each subinterval z; < x < z;41, we have

span{l,z, 2%, 2% 2% e e7**}  or span{l,x,x? 23 z*, coskx,sin kx}
or span{l,z,z? 2 2% coshkz,sinhkz}, or span{l,z, 2% 23 z* 2° 2°},
when k£ — 0.

The paper is organized into six sections. In Section 2] we present our method
for the solution of nonlinear fourth-order two-point boundary value problems. In
Section Bl methods of different orders are obtained. In Section ] the exponential
sextic spline solution approximating the analytic solution of boundary value prob-
lem is determined. Convergence analysis is briefly discussed in Section[Bl In Section
[6l several linear and nonlinear problems are considered to illustrate the accuracy
and performance of the proposed method and the results are presented along with
their comparison.
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2. Exponential sextic spline

To develop the spline approximation for the fourth-order nonlinear boundary
value problem (L)), the interval [a, b] is divided into n equal subintervals using the
grid z; = a+th, i = 0,1,...,n, where h = @. The method is developed by
using the exponential sextic spline of the form:

(2.1) Ei(x) = a;ef@=wi) 4 pe—hk@—zi) 4 ci(x —a)* +di(x — ;)3
+61(1'71'Z)2+f1(1'7$1)+g“ 7::0517"'5”7

where a;, b;, ¢;, d;, €;, fi, g; are real finite constants and k is a free parameter which
will be used to raise the accuracy of the method. If kK — 0, then E;(z) reduces to
sextic polynomial spline.

Let u(xz) be the exact solution of system (L) and w; be an approximation
to u(x;), obtained by the segment E;(x) of the mixed splines function passing
through the points (z;,u;) and (x;41,u;+1). To obtain the necessary conditions for
the coefficients introduced in (21I), we do not only require that F;(x) satisfies (1))
at z;, x;41 and that the boundary conditions are fulfilled, but also the continuity
of the first, second, third, fourth and fifth derivatives at the common nodes (x;, u;).
To determine the coefficients of equation (Z.1) in terms of w;, wit1, M;, Miy1, F;
and Fj1, we first define

Ei(z:) = wi, Ei(vit1) = wiy1,
(2:2) Ei(xi) =mi,  El(xi) = M;, B (zit1) = Miya,
EY(2) = F, B"(@in)=Fi.
We obtain via a long but straightforward calculation

. a{—12(ui+1 - ui)+h2(4Mi+2Mi+1)+12mih}+h4(b)Fi+1 +h4(—b - a/2)Fi

T ’

(6%

by — c{12(ui+1 — ui) - h2(4Ml + 2Mi+1) - 12mih} + h4(d)Fi+1 + h4(0/2 - d)Fl

T a )
- E — aik4 — blk/’4

1 T 24 b
d = u(ul - ui+1) + h(u)ml + hQ(UMi + ’LUMH_l) + h4(mFl + nﬂ+1)

! h3a ’

M; — a;k? — b;k?
e = a2 s fi=mi—aik+bik, gi=wui—a; —bi, 0=Fkh
and ¢ = 0(1)n — 1 where
94

a=0%"?"—9" ,

b:?f492*292676+129*12676*12
4 0 4 794 2 2 0 0
e=0t" — 0%, d=——+40° +20%" + 120 — 12" + 12,

u=—0%(? —e7Y),
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v = 715298 (e —e )+ 65(e? —e %) —20°(ef + 70 —2),
w = 71—928(60 —e ) —0%(e? —e) +20%(? 470 —2),
m = 51—926(69 —e ) =0l +e7 )+ 203 + e —2),
n= %(ee —e %) +20°—203(? + 7 —2),

o= %8(69 — e %) —66%(e? —e7?) 4 120°(e? + e —2).

Using the continuity conditions of the first, third and fifth derivatives at the

point (x;,u;), that is E(Tl) () = E-(m)(xi), m = 1,3 and 5 we derive the relations

K3 K3
fori=1,2,...,n—1

2(u; —uip1)  h(M; — M;—1)  R3p(F; — F;_q)

2. i 7 = - 9
(2.3)  mi+mipa W + 5 =
(2.4)  my+mip = (““ﬂ;h“l—l)
_ h[(B/6 + a)Miy1 + (B/2 — 2a)M; + (B/3 + @) M; 1]
g
R3(p1Fip1 + 1 Fy +riFi-)
+ 3 ,
(2.5) mi+mi+1:(u+1hu ) _ Al +1+36 i )
" B (p2Fiy1 + q2Fi + m2Fi_1)
,7 3
where
0° o oy 0 0 o 3.0, ,—0
pzﬁ(e —e )f?(e +e " 4+2)+80°(e" +e7 " +1)
—240%(e? — e7%) +240(ef +e7? —2),
96
pr=—07 — ?(ee —e ) 4+ 20°(? 470 — 2),
g1 =07(e +e7%) —40°(e? — e7Y) — 240° + 240 (e? — %) — 2403 (ef + 7% —2),
366
=0 — 7(69 —e ) +100°(e? —e7?) 4 46°

—240* (€% — e7%) 4+ 240%(ef + 7% —2),
pr=—0%+20%(ef + %)+ 807 —12(e? + 7 — 2),
g = 04’ + %) — 66%(e? + 70 +2) +120(e’ — 7?),
ro=—0"+460%(e’ +e7? +1) —120(e” — ) +12(e? + 77 — 2),
B=—60%"—e ) +1207(c" +e7¥ —2), y=120""+e " -2).
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From equations (23], 24]) and ([Z3]) we obtain on equating the right-hand sides of
the equality sign
h2[(B + 60) M1 + (48 — 120) M; + (B + 60) M; 1]
65
WY (pra)Figr + (o + pB)F; + (rio — pB)FiA]
Pa ’

(26) Ui41 — 2Uz +uj—1 =

h?[M;q1 + AM; + M;_4]
6
WY (p20) Fip1 + (g2 + py) Fi + (roa — py) Fiy]
ary

(27) Ui41 — 2Uz + Uj—q1 =

From the above equations we deduce
(28) hQMz = Uij+1 — 2u1 + Uij—1
1y = p2(8 + 6a)) Fipa + (riy — r2(B + 6a) + 6py) Fi]
6y
B (q1y — g2(B + 6a) — 6py)] F;
6ary ’
Substituting for M;(j = ¢,i £ 1) from equation (ZF)) into 1), we arrive at the
following useful relation:

(2.9) wiro—Auip1+6u;—4ui_1+ui_o = h4(>\Fi+2 FuFi v F+puF 1+ AFi_9);
1=2,3,...,n— 2,

where \ = % w= %, v= Q and A, B, C and Z are given by

A=—30"2(f *9) 4 14460° — 726°(? + 7% — 2) +3600%(e? — e7?)
+360% (e —86407(e? 4+ e7%) 4 86465 (e? — e7Y)
— 43205 (e® ) + 518567 — 345667 (c? + ¢7?) + 86467 (e + %),
B =—300"%(c" — e %) +30"2(c” + e %) +4320'0(e” — ) + 15846°

— 8646°(e? + 6_9) + 7299(692 + 6_92) —5760%(e? —e7%) — 57698(692 - 6_92)
— 172807 4+ 864607 (¢?” + e~ ?") — 34560%(e? — e7?) 4+ 172805(?” — =)
— 2073665 + 1382460%(e? + e7) — 3456(e” + %),

C=—60"(" —e ) +30012(?” — ™) — 4320"0(e? — ") + 172867

— 158467 (e? + e*") +7200°(?” 4 e7) 4 43205 (e® — e7?)

+ 108098(6‘92 —0%) 4 172897(e +e ) — 172807 (" + e~

+ 518465 (e — ) 25920%(e?” — e=%") + 311046° — 207360° (¢’ + e~ ?)
+ 518495(692 =0,

—720"2(e? —e7%) + 36912(692 - 6_92) + 864010(e? — e ?)
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— 4320"0(e?” — e7%") + 518407 — 34560°(c? + ¢ =) + 8646 (c?” + e %").

If 6 — 0, then (A, pu,v) — 3—(130(1, 56, 246), the spline defined by (23] reduces to a
sextic spline and the above spline relations reduce to the corresponding ordinary
sextic-spline relations [3].

Relation (Z9) gives (n — 3) linear algebraic equations in (n — 1) unknowns u;,
i1=1,2,...,n—1. We require two more equations, one at each end of the range of
integration. These two equations are given by

3 5
Zbkuk + chu6 +hnt deugl) +t1 =0, =1,
(2.10) o= =0
Z bru fchu;+h4 Z dku§€4)+tn,1 =0, 1=n-1,
k=n—3 k=n—5

where bx, ¢ and dj are arbitrary parameters to be determined.
To obtain the local truncation error ¢;; ¢ = 2,3,...,n — 2, associated with the
scheme ([Z9), we first rewrite it in the form

Ui — dUiqpq + 6u; — dui—1 + ui—o
= n* Py + ey + vl + ) 4+ 2 + 6
1=2,3,...,n— 2.
Using Taylor’s series expansion, the terms uEfQ, ugi)l, etc. are expanded around
the point z; and the expression for ¢;, ¢ = 2,3,...,n — 2 is obtained:

1
ti=(1—2)—2u— )Wt + (6 — AN u) hou®

1 16 1 8 (8)
+ (80 TR 12“)h Ui
17 64 1 10)
—7_A7_ )hlo( Oth.
(30240 360" 360t FOGT)

Thus for different choices of parameters A, p, v in scheme (2.9)), we can obtain the
class of methods.
3. Class of methods

3.1. Second-order methods. In order to obtain the second-order methods
we find that

11 9 3 9
(bO;bl;b2;b3ad03d1;d2;d3ad4;d5) ( 2 395 2) 3205 1030503050 3 c 33

(bn737 bn72; bnfla bn; dn75a dn747 dn737 dn727 dnfla dn)

9 11 9 3
—(1,-29 = _Z _)
( 3 2’97 2 70’070’07 107 20 )

and the local truncation error is

(3.1) t; = %h%‘” +O(h"), i=1,n-1.
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(i) If we choose (A, p1,v) = 135(1,26,66), we obtain the second order method
with truncation error

1
(3.2) t; :—Eh%EG)JrO(hg), i=23,...,n—2.

(if) If we choose (A, u,v) = (0,0, 1), we obtain the second-order method with
truncation error

1
(3.3) t; = 6h6u§6> +0(h®), i=23,....n—2

3.2. Fourth-order methods. In order to obtain the fourth-order methods
we find that
11 9 1 151 13 1
bbbbdddddd:(f— B B )
(07 1,92,03,040, U1, U2, U3, U4, 5) 2 795 27 ) 355 2805 7052807050 )

c= -3,

(bn—3,bn—2,bp—1,bpn,dn—5,dpn—4a,dn_3,dn—2,dpn_1,dyp)
-1 9y My L 13 151 ,i)
277 2777772807 707 2807 35/
and the local truncation error is
(3.4) t = mhsu?) +O(R), i=1,n—1
(i) If we choose (A, u,v) = £(0,1,4), we obtain the fourth-order method with

truncation error

1
(3.5) t; = _%h%g@ +O(RY),  i=2,3,--,n—2.
(ii) If we choose (X, i, v) = 565 (1,56, 246), we obtain the fourth-order method
with truncation error

1
(3.6) t; = —mhgu?) +O(RY),  i=2,3,--,n—2.

3.3. Sixth-order method. In order to obtain the sixth-order method we find
(bo,b1,b2,b3,do, dy,d2, ds, dy, ds)
B 11 9 71 19 599 1 9 1
- (_ 27 ’_M’_ﬁ’_%’_ﬂo’%’_ﬁ)o)’
(bn73; bn727 bnflv bnv dn757 dn74; dn73; dn72; dnfla dn)

(1 9y 119 1 599 19 _l)

2777 27 1200722407 2407 33607 357 2546/’
and the local truncation error is

1
(3.7) t; = —%hl%gw) +O(m"Y),  i=1,n-1.

c=-3

If we choose (\, p,v) = %(71, 124, 474), we obtain the sixth-order method

with truncation error

(3.8) b

= 3024h10u§10> +0(h"?),  i=23,....n—2.
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REMARKS 3.1. (1) When (A, 1,v) — 135(1,26,66), then our method (ZJ) re-
duces to Usmani’s second-order method [19], Siddiqi and Akram [16], Rashi-
dinia and Golbabaee [15] based on quintic polynomial spline.

(2) When (A, p,v) — 75(1,12,22), then our method (ZJ) reduces to Al-said and
Noor second-order method [4] based on quartic polynomial spline.

(3) When (A, p,v) — g7(1,14,51), then our method (ZJ) reduces to Noor and
Tirmizi second-order method [12].

(4) When (X, p,v) — 555(1,56,246), then our method (ZJ) reduces to Usmani’s
second order method [19] based on sextic polynomial spline.

(5) When (X, u,v) — £(0,1,4), then our method ([ZJ) reduces to Usmani’s fourth-
order finite difference method [18].

(6) When (X, 1, ) — =55 (—1,124,474), then our method (Z3) reduces to Usmani’s

720
sixth order finite difference method [18].

4. Exponential spline solution

Let U = u(z;), U= (u;), V= (v;), W = (w;), T = (t;), E = (e;) =U ~U, i =
1,2,...,n—1 be an exact column vectors, where U, U, T, E are exact, approximate,
local truncation error and discretization error respectively.

For solving nonlinear fourth-order two-point boundary value problem u(® =
g(x,u), the family of numerical methods is described by the set of equations given
by @3) and (ZI0), and the solution vector U = [uy,us,...,un_1]", T denoting
transpose, is obtained by solving a nonlinear algebraic system of order (n—1) which
has the form MoU+Y) — h*Bg(z,UD) =V,i=10,1,2,3...

In case of linear fourth-order boundary value problem u¥) 4 f(z)u = g(z), we
can write the standard matrix equation for the method developed in the form

(4.1) MU=W+T, MU=W, ME=T,
where M is a matrix of order (n — 1) with M = (My + h*BF) and My, B, F =

diag(f;), i=1,2,...,n—1 are (n — 1) x (n — 1) matrices.
The five band matrix My has the form

My=J*=
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where J = (J;;) is a tridiagonal symmetric matrix given by

J=
1 -2 1
1 -2 1
(- 1 _2_
and the matrix B has the form
[—d1 —d> —d3 —ds —ds 1
I v I A
A I v I A
B =
A I v I A
A o v I
L *dn75 *dn74 *dn73 *dn72 *dnfl_

For the (n — 1) column vector V, we have

—bo Ao — cAy — h*(dogo), i=

h4()\go) — AQ, 1= s
v; =<0, 3<i<n—3,
h4()\gn>7BOa Z:TL*2,

—b, By + chBy — h*(dngn), i=mn—1.
and for the (n — 1) column vector W, we have

—boAo — cAy — h*do(g90 — foAo)

—h*(dyg1 + daga + dsgs + dags + dsgs), i =1,
h*(X(go — foAo) + pg1 + vgs + pgs + Aga) — Ao, i =2,

wi = ¢ h*(Ngi—2 + pgi—1 + vgi + fgiv1 + Agit2), 3<i<n—3,
B (Mgn — fnBo) + Agn—a + ign—3 + Vgn—2 + fign—1) — Bo,  i=n—2,

—bpBy + chBy — h4dn(gn - anO)
_h4(dn—5gn—5+dn—4gn—4+dn—3gn—3+dn—29n—2+dn—1gn—1)a t=n-—1.
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5. Convergence analysis

In this section, we discuss the convergence analysis of the method (Z3)) along
with (ZI0) based on exponential sextic spline. Our main purpose is to derive
bounds on || E||«. For this, the following lemma is needed [18§].

LEMMA 5.1. If H is a matriz of order N and ||H|| < 1, then there exist (I +
H)~! and
1

(=Moo
We can rewrite error equation (41)) in the form

E=M"'T=(My+h*BF)™'T = (1+h*M;'BF)~ M 'T.

I+ H) oo <

We get
135 Moo I T oo
1= h[ My o1 Bl [l F |
provided that h*|| My | oo||Blloo|| Flleo < 1. Now || Bllee = 1 and ||F|joe < ||f]| =
max.<z<p | f(x)]. It was shown by Usmani [18] that
(b—a)* +8h3(b—a)
384h4

Now, using equations (F1)—(3.8), we investigate the convergence analysis of second-
order, fourth-order and sixth-order methods.

CaSE (i) Second-order method. For (A, p,v) = 135(1,26,66), then from equa-
tion (BII), we have

(5.1) [Elloc <

(5.2) 1M5 Hloo = =0(h™).

7

(5.3) [Tl = 354°Mo, Mg = max [u®(2)],
then from (BI)—-([E3), it follows that
7€h2 Mg
(5.4) 1Bl < o gy = Keh® = 00,
where
g:(b—a)4+8fﬁ>(b—a) and Ky — 7¢ Mg 7
384 40(1 = £[f(x)])

which shows that the method developed for the solution of fourth-order boundary
value problem is second-order convergent.

CASsE (ii) Fourth-order method. For (A, p,v) = %(0, 1,4), then from equation

B4), we have

_ 1 s _ (8)
(5.5) Tl = Gch®Ms, M = max [u @),
then from (BI)—-(E2) and (@3], it follows that
hiM.
(5.6) 1Bl < = S0 — Kt = O(h),

6720(1 — & f (=)])
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where
_(b—a)*+8h*(b—a) EMyg
&= 384 6720(1 — &|f(x)])’
which shows that the method developed for the solution of fourth-order boundary
value problem is fourth-order convergent.
CasE (iii) Sizth-order method. For (\,u,v) = =5(—1,124,474), then from
equation ([B.7), we have

and K4 =

1
(5.7) 1T|oo = %hloMloa Mo = a@g§b|u(w)($)|a
then from (BI)-(E2) and (B.7), it follows that
hé M
(5:5) 1Bl < =220 jeps — o(10),

960(1 — &[f()])
where
o (bfa)4+8h3(b—a) §M10
- 351 96001 — €| ())
which shows that the method developed for the solution of fourth-order boundary
value problem is sixth-order convergent.
We summarize the above results in the following theorem:

and K6 =

THEOREM 5.1. Let u(x) be the exact solution of fourth-order boundary value
problem and let u;, i = 1,2,...,n be the numerical solution obtained by the differ-
ence scheme [@I)). Further, if e; = u(x;) — u;, then

(i) ||1E| = O(h?), is a second-order method which is given by (5.4).
(ii) ||E|| = O(h*), is a fourth-order method which is given by (5.0).
(iii) ||E|| = O(hY), is a sizth-order method which is given by (5.8)).

neglecting all errors due to rounding off.

6. Numerical results and discussion

The numerical methods outlined in the previous sections are tested on the
following linear and nonlinear problems.

Nonlinear problems. ExaMPLE 6.1. Consider the boundary value problem,
which is discussed in [2][5],

u® — 6exp(—du(x)) = —12(1+2)~%,  z€[0,1],
uw(0) =0, wu(l)=log2, «'(0)=1, «'(1)=0.5.
The analytical solution of the above problem is u(z) = log(1 + z).
EXAMPLE 6.2. Consider the boundary value problem:
u® =sinz + sin® z — (u”)?, x € [0,1],
uw(0) =0, wu(l)=sin(l), «(0)=1, (1) =cos(1).

The analytical solution of the above problem is u(z) = sin(z).
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TABLE 1. Observed maximum absolute errors, Example 6.1

Methods | h= h:1_16 h=2xL h= L

00 [ =

Second order method

(A p,v) = 155(1,26,66)  3.09x107° 1.17x107° 310x107° 7.83x 107"

(A, p,v) = (0,0,1) 1.01 x107* 251 x107° 6.25 x 107%  1.57 x 1076
Chawla and Katti [5] 53x 107"  13x107* 34x107° -
Fourth order method

(A p,v) = 1(0,1,4) 248 x 1077 1.84 x 107 1.20 x 107% 7.54 x 107"

(A p,v) = 25(1,56,246)  7.79x 1077 5.66 x 107° 3.64 x 1077 228 x 107"
Chawla and Katti [5] 28x107° 14x1077 7.6x107° -

Sixth order method
(A p,v) = =5(—1,124,474) 510x107° 7.49x107° 1.00 x 1077 1.26 x 10™"°

Chawla and Katti [5] 1.7x1077 41x107° 63x10" " -

Agarwal and Akrivis [2] 1.4x107° 83x107 54x10°° -

TABLE 2. Observed maximum absolute errors, Example 6.2

h= 2L h= 2L

Methods | h = a5 o1

Second order method
(A 1, v) = 135 (1,26, 66) 1.32x107% 391 x 1077 9.98x 1078  2.50 x 1078

h=

o
5IH

(A ) = (0,0,1) 3.25x 1076 8.00 x 1077  2.00 x 10~7  5.01 x 10~8
Fourth order method
A pyv) = %(o, 1,4) 3.95x 10710 258 x 10711 1.71 x 10712 1.20 x 1012

(A, v) = 555(1, 56, 246) 1.19x 1072  7.75 x 10~ 4.96 x 10712 1.39 x 10~12
Sixth order method

(A p,v) = =22(—1,124,474)  1.20 x 1072 2.15x 10713 813 x1071* 1.10 x 10~ 12

TABLE 3. Observed maximum absolute errors, Example 6.3

16 32 64

Methods | h=

o=

Second order method
(A, p,v) = 135 (1,26, 66) 1.11 x 1075 9.99 x 107®  1.67 x 107%  4.44 x 107°

(A p,v) = (0,0,1) 228 x107% 3.77x 1077 7.09 x 107%  1.49 x 1078
Fourth order method
(A, pm,v) = £(0,1,4) 3.08 x 1077 3.88x 107 4.86x107° 6.06 x 107

(A, v) = 555(1,56,246) 421 x 1077 559 x 107° 7.24 x107° 9.17x 107*°

Sixth order method
(A p,v) = =5(=1,124,474)) 244 x 1077 293 x107° 355 x 1077 4.36 x 107"

ExXAMPLE 6.3. Consider the boundary value problem

u® = —6 exp(—4u(x)), z € 0,1],
1
(e+1)

w(0) =1, wu(l)=1logle+1), u'(0)= %, u'(1) =

The analytical solution of the above problem is u(z) = log(e + ).
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TABLE 4. Observed maximum absolute errors, Example 6.4

Methods | h=1 h=1 h=-1 h= o h =
Second order method
A\, 1, v) = 155(1, 26, 66) 1.81 x 1074 497 x107° 1.25x107° 3.13x10°6 7.82x 107
(A, iy v) = (0,0, 1) 4.06 x 10°%  1.00x 1074 250x107° 6.26x10°% 1.56 x 1076
Fourth order method
Ap,v) = 23(0,1,4) 2.82x 1078 1.79x107° 1.12x 10719 5.24 x 10712 -
(1, v) = 525(1, 56, 246) 1.28 x 1078 850x 1078 537 x 1079 3.38x 1010 253 x 1011

Sixth order method
(A, pyv) = =h-(—1,124,474) 1.01 x 1078 1.85x 1070 210 x107'2 9.52x 107 5.63 x 10711

Gupta aZ\Z(f Kumar [7] - 1.29 x 1077 3.08 x 107®  7.54 x 1079 -

Rashidinia and Aziz [14] - 1.43 x 1078 1.87 x 10710  1.68 x 10710 -
Rashidinia and Golbabaee [15] 1.77 x 107  4.06 x 10™%  1.00 x 10~% 2,50 x 107°  6.22 x 1076
Siddiqi and Akram [16] - 6.35x 107°  1.33x107° 3.17x107% 7.84 x 1077

Siraj-ul-Islam et al. [17] — 9.90 x 1079  1.89 x 1079 2.82 x 10712 —

TABLE 5. Observed maximum absolute errors, Example 6.5

Methods | h=21 h=1 h =1 h=_ZL h=21
Second order method
(A, v) = 135 (1, 26, 66) 5.39 x 1073 1.72x 1073  4.48 x 1074 1.12 x 1074 2.81 x 1077
(A, p,v) = (0,0, 1) 1.45 x 1072 3.58 x 10~ 9.00 x 10~% 2.25 x 10~4 5.62 x 1075
Fourth order method
A, v) = 3(0,1,4) 1.27 x 107%  852x10~7 543 x 10~8 3.40 x 1072 1.94 x 1010

A\, 1, v) = 555(1, 56, 246) 3.87x107% 257x107%  1.63x 1077 1.02 x 10~8  6.37 x 10710
Sixth order method

A\, p,v) = =55(—1,124,474) 238 x 1077 515 x 1077  1.09 x 10719  7.84 x 1072  3.18 x 107!

Rashidinia and Aziz [14] - 3.31x1077 515x107? 810x10"!t 1.12x 10712

Linear problems. EXAMPLE 6.4. Consider the boundary value problem,
which is discussed in [7,[14H17],
u® + =1, xel[-1,1],
sinh(2) — sin(2)
4(cosh(2) + cos(2))

w(—1)=wu(l)=0, u'(-1)=-u'(1)=

The analytical solution of the above problem is
u(z) = 0.25{1 B 2(sin(l) sinh(1) sin(z) sinh(x) 4 cos(1) cosh(1) cos(x) cosh(x) ) }
cos(2) 4 cosh(2)

EXAMPLE 6.5. Consider the boundary value problem, which is discussed in [14],

u® —zu = —(11+ 9z + 2% — 2%)e” x € [-1,1],

w(=1)=0, u(l)=0, o'(-1)= u' (1) = —2e.

3

o IN o

The analytical solution of the above problem is u(x) = (1—x2)e®. The observed
maximum absolute errors corresponding to the Examples 6.1-[6.5 for our second,
fourth and sixth-order methods are briefly summarized in Tables[IH5l Comparisons
with other existing methods are also listed in Tables [TH5l These tables show that
our methods are more accurate than the existing spline methods.

It is verified from Tables 1-5 that on reducing the step-size from h to h/2, the
maximum observed error || E|| is approximately reduces by a factor 1/2¥ where p
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is the theoretical order of numerical method, except possibly when the round off
errors are significant.

Conclusion

Exponential sextic spline functions are used to develop a class of numerical
methods for finding the numerical solution of fourth-order linear and nonlinear
boundary value problems, with two-point boundary conditions. The computations
associated with the examples discussed above were performed by using MATLAB 7.
The methods are computationally efficient and can be easily implemented on a com-
puter. The present method enables us to approximate the solution at every point
of the range of integration. Comparison of the method is also depicted through
Tables 1-5 which show that our methods perform better than the existing finite
difference and spline methods.
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