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APPROXIMATION OF SIGNALS
(FUNCTIONS) OF Lip(a,p), (p > 1)-CLASS
BY TRIGONOMETRIC POLYNOMIALS

Kejal Khatri and Vishnu Narayan Mishra*

ABSTRACT. Given a function f in the class Lip(a, p) (0 < e < 1,p > 1), Mittal
and Singh (2014) approximated such an f by using trigonometric polynomials,
which are the nt" terms of either certain Riesz mean or Nérlund mean trans-
forms of the Fourier series representation for f. They showed that the degree of
approximation is O((A(n))~%) and extended two theorems of Leindler (2005)
where he had weakened the conditions on {pn} given by Chandra (2002) to
more general classes of triangular matrix methods. We obtain the same degree
of approximation for a more general class of lower triangular matrices.

1. Introduction

Let 0,,(f) denote the nth term of the (C, 1) transform of the partial sums of
the Fourier series of a 2m-periodic function f. In 1937 Quade [27] proved that,
if f € Lip(a,p) for 0 < a < 1, then ||f — on(f)ll, = O(n™) for either p > 1
and 0 < a < lorp=1and 0 < o < 1. He also showed that, if p = a = 1,
then ||f — on(f)|l1 = O(n~tlog(n + 1)). In 2002, Chandra [2] extended the work
of Quade [27] and proved three interesting on trigonometric approximation the-
orems and gave numerous attractive corollaries. In 2005, Leindler [9] extended
the work of Chandra [2] and investigated trigonometric polynomials associated
with on f € Lip(a,p) (0 < a@ < 1,p > 1) to approximate f in L, norm to the
degree of O(n™*) (0 < a < 1). Mittal et al. [18] studied on using infinite ma-
trices to approximate functions of class Lip(«, p) using trigonometric polynomials.
In continuous, Mishra et al. [15] studied linear operators to approximate signals
of Lip(a,p) (p = 1)-class respectively. The degree of approximation of functions
belonging to various classes through trigonometric Fourier approximation using
different summability matrices with monotone rows has been proved by various
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investigators like Khan [5, [6, [7], Mohapatra and Chandra [21], [22], Mishra [11],
Mishra et al. [13],[14], Mishra and Khatri [16], Mishra et al. [17]. In 2012, Mishra
and Mishra [12] studied on trigonometric approximation of signals (functions) in
L, (p > 1) norm. In 2014, Mursaleen and Mohiuddine [23], Deepmala [4] and
Khatri [8] discussed convergence methods for double sequences, a Study on fixed
point theorems for nonlinear contractions and its applications and a study on ap-
proximation of functions in Banach spaces using summability methods respectively.
Recentely, Deger et al. [3] extended two theorems of Chanda [2] using C obtained
by deleting a set of rows from Cesaro matrix C;. Very recently, Mittal and Singh
[20] generalized two theorems on summability matrix N, of Deger et al. [3]. In
2017, Mishra [10] studied on existence and behavior of solutions to some nonlin-
ear integral equations with applications. In this paper, we extend the theorem on
lower triangular matrices of Mittal and Singh [20] where they have extended two
theorems of Leindler [9] using C)-method obtained by deleting a set of rows from
Cesaro matrix C. Here, we have obtained error of approximation which depends
on strictly increasing sequence of positive integers i.e., the error of approximation
is of order (\)™.

Analysis of signals or time functions is of great importance, because it con-
veys information or attributes of some phenomenon. The engineers and scientists
use properties of Fourier approximation for designing digital filters. Especially,
Psarakis and Moustakides [26] presented a new Lo based method for designing
the Finite Impulse Response (FIR) digital filters and get corresponding optimum
approximations having improved performance. Some interesting applications can
be seen in [25].

Let f be a 2m-periodic signal and let f € L,[0,27] = L, for p > 1. Then the
Fourier series of function (signal) f at any point x is given by

(1.1) flx) ~ % + ;(ak coskx + by sinkx) = l;)Ak(f;x).

Denote by s,(f;x), n = 0,1,... the nth partial sums of the series (L)) at the
point z, that is, s,(f;z) = > 7oy Ax(f; ), a trigonometric polynomial of degree
(or order) n, where Ao(f;z) = %, Ar(f;z) = (apcoskxr + by sinkx), k =1,2,....
We define

A(n)
(1.2) (fiz) =Y axmusk(fiz) Yn >0,
k=0

where T' = (ax(n),) is a linear operator represented by a lower triangular regular
matrix with nonnegative entries and row sums 1. The forward difference operator A
is defined by Agn k= an k—Gn, k+1. Such a matrix T is said to have monotone rows
if, for each n, {ax(m),k} is either nonincreasing or nondecreasing in k, 0 < k < n.
Series (L2) is said to be T-summable to s, if 7,)(f;x) — s as n — co. The T—
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operator reduces to the Nérlund (IV,)-operator, if

Px(n)—
M7 0<k<n,
ax(n),k =

Py (n)
0, k>n,
where Py¢,) = 2(2"0) pr # 0 and p_; = 0 = P_;. In this case, the transform

7 (f; x) reduces to the Nérlund transform N (f;z).
The T-operator reduces to the weighted (Riesz) (IN,)-operator, if

a _ pffn), 0<k<n,
A(n),k =
0, k>n,

where Py, = 22(2"0) pr # 0 and p_; = 0 = P_;. In this case, the transform
7 (f; ) reduces to the Nérlund transform N (f;z) (or RMf;z)).

A signal (function) f € Lipa, if f(x +¢) — f(z) = O(jt*]) for 0 < a < 1,t >0
A signal (function) f € Lip(a,p) forp > 1, 0 < a < 1, if

([ - f<x>|f’dx)% ~ o).

The integral modulus of continuity of function f € L,[0, 27] is defined by

wpl6; f) = sup (% / T - f(z)lpdwf

0<|h|<8

If, for @ > 0, one has w,(6; f) = O(6%), then f € Lip(e,p), (p > 1).
The L,-norm of f is defined by

= [ If(:c)lpdw)% (F € Ly(p > 1)

Also
1 2T N 1 A(n)

where D, (t) = %, is the Dirichlet Kernel of degree (or order) n.

A positive sequence ¢ := {¢,} is called almost monotone decreasing (or in-
creasing) if there exists a constant K := K(c), depending on the sequence ¢ only,
such that for all n < m, ¢, < K¢, (Kceyn 2 ¢). Such sequences will be denoted
by ¢ € AMDS and ¢ € AMIS, respectively. A sequence which is either AMDS or
AMIS is called monotone and will be denoted by ¢ € AMS. Let E be an infinite
subset of N and [E as the range of strictly increasing sequence of positive integers;
say E = {\(n)},2 ;. The Cesaro submethod C} is defined as

1 A

(CA.’I])n:m 1.’L'k, (n:1,2,3,...),

=

=~
Il



254 KHATRI AND MISHRA

where xj is a sequence of real or complex numbers. Therefore, the C)-method
yields a subsequence of the Cesaro method C7, and hence it is regular for any
M. C) is obtained by deleting a set of rows from the Cesaro matrix. The basic
properties of C-method can be found in [1}, [24].

A(n) A(n)

N, (f;) pr(n) psk(fiz),  Pay = »_pr#0, po1=0=Py.
() r=o r=0
A(n)

Ry(fix) = Zpksk fiz) Paxmy=Y_ pr#0, p1=0=P.
() r=o r=0

W W Axtn)k — Axm),0
A)\(n),k = Z An, t;\L = Z an .k = A)\(n),Ov bn,k = (n), A n). V1 < k < n,
- k=0

Ak = ank — Gngt1, Afegr = gD fr + frr180k,
[x]-denotes the greatest integer not exceeding z.
A signal (function) f is approximated by trigonometric polynomials 7 of order
(or degree) n and the degree of approximation E)(f) is given by

Ep(f) = min || f(2) — 7 (f:2)]l,.

This method of approximation is called trigonometric Fourier approximation (TFA).

2. Known Results
Mittal et al. [19] proved the following theorem:

THEOREM 2.1. [19]. Let f € Lip(«,p), and let T = (an.x) be an infinite reqular
triangular matrizx.
Hp>1,0<a<l, {ank} € AMS in k and satisfies

(n 4+ 1) max{an,0,anr} = O(1),

where r := [n/2], then
(2.1) 7 (f52) = f(2)]lp = O(n™).
n—1
(ii) p>1, a=1and Z(n — k)| Agan k| = O(1), or
k=0
(iii) p>1, a=1and Z |Agan k] = Olanyo), or
k=0
(iv) p=1,0<a<l, > |Apankl=O0(ano),
k=0

and also (n + 1)an,o = O(1), hold then Z1)) is satisfied.

Deger et al. [3] proved:
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THEOREM 2.2. [3]. Let f € Lip(a,p) and let {p,} be positive such that

(2.2) (A(n) + 1)pan) = O(Prn));
If either
(i) p>1,0<a<1and (ii) {p,} is monotonic,
or
(i) p=1,0<a<1 and (ii) {pn} is nondecreasing sequence,
then

(2.3) 1 () = N2 (fF:2)l, = O(Anm) ™).

THEOREM 2.3. [3]. Let f € Lip(a, 1), 0 < a < 1. If the positive {p,} satisfies
condition (Z2) and nondecreasing, then

(2.4) I1f(x) = By (fi2)]l1 = O(A(n)™®).

Recently, Mittal and Singh [20] have generalized two theorems and 23] of
Deger et al. [3] by dropping monotonicity on the elements of the matrix rows which
in turn generalize theorems[2.I] and respectively of Leindler [9] to a more general
Ci-method. They proved:

THEOREM 2.4. [20]. If f € Lip(«a,p) and let {p,} be positive. If one of the
following conditions
i)p>1,0<a<l,{p.} € AMDS,
(i) p>1,0<a<1and {p,} € AMIS and [2Z2) holds,
(i) p>1, a =1 and S 37" k|Apr| = O(Pym)),
(i) p>1, a=1, S0l 7 [Ape| = O(Pauy/A(n) and [E2) holds,
(V) p=1,0<a <1, 3300 [Ap| = O(Pyn) /A(n))
maintains, then [Z3)) holds.

THEOREM 2.5. [20]. Let f € Lip(a,1), 0 < a < 1. If the positive sequence
{pn} satisfies (Z2) and the condition 22(:0)_1 |Apx| = O(Pyny/A(n)) holds, then
@4) holds.

3. Main result

In this paper, we extend the theorem on lower triangular matrices of Mittal
and Singh [20] in which they have extended two theorems of Leindler [9] using Cx—
method obtained by deleting a set of rows from Cesaro matrix C;. Our theorem
also generalize the theorem of Mittal et al. [19] to T-matrix which in turn gener-
alizes the results of Quade [27]. Here, we determine the degree of approximation
which depends on strictly increasing sequence of positive integers i.e., the error of
approximation is of order (\)~?.

More precisely, we prove:

THEOREM 3.1. Let f € Lip(a,p), and let T = (ank) be an infinite regular
triangular matrix.
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Hp>1,0<a<l, {anr} € AMS in k and satisfies

(3.1) (A(n) + 1) max{ax(n),0, ar(n),r} = O(1),
where r:= [A(n)/2], then
(3.2) 1 () = 72 () llp = OA(m) ™).
A(n)—1
(3.3) (i) p>1, a=1land Y (A(n)—k)|Ararm)kl =O0(1), or
k=0
A(n)—1
(3.4)  (iii) p>1, a=1 and Z |Araxm),kl = Olaxm),0), or
k=0
A(n)
(3.5)  (iv) p=10<a<1, Y |[Aaxmil = Olarm)o),
k=0

(3.6) and also (A(n) + 1)axmy,0 = O(1), hold then [B.2) is satisfied.

We note that:

(i) If A(n) = n, then our Theorem Bl reduces to theorem 211
(if) If T is a Norlund (N,) or weighted (R,)-matrix, condition (B (or (3.0]))
reduces to (2.2)), while conditions (33)—(3.3) reduce to conditions (iii), (iv) and
(v) of Theorem [Z4] respectively. Thus our Theorem B generalizes Theorems
241 and
(iii) It is easy to examine that the conditions of Theorems Bl claim less than the
requirements of Theorems 2.4] and for Axmny,0 = tn-

For example, the condition on the sum in ([B.3]) is always satisfied if the sequence
{an i} is nondecreasing in k, then using (3.6), we get

A(n)—1 A(n)—1
> () = B)Akanrmkl = Y (A0) = E)laxm)e — a1
k=0 k=0
A(n)—1
= Z (A(n) — k)(a/\(n),kJrl - aA(n),k)
k=0

= A/\(n),O - ()‘(n) + 1)a)\(n),o = 0(1)
If {an 1} is nonincreasing in k and (3.6) holds then

A(n) A(n)
Z |Araxm),kl = Z lax(m),k = @x(n) k41l
k=0 k=0

A(n)

= Z(a,\(n),k — Ax(n)k+1) = AA(n),0 — Ax(n)A(n)+1 = O(ax(n),0)
k=0

is also true. Our Theorem B.J] under assumptions implies the results of Theorems

2.4 and 2.5
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4. Lemmas
We use the following lemmas in the proof of theorem BT}
LeEMmMA 4.1. [27). If f € Lip(1,p), p > 1 then
(4.1) lon(f;2) = sa(fi2)ll, = O(n™1).
LEMMA 4.2. [27]. Let, forO < a <1 andp > 1, f € Lip(a,p). Then
1 () = sn(f;2)llp, = O(n™)  ¥n>0.
LEMMA 4.3. Let T have AMS rows and satisfy B1I). Then, for 0 < a <1,

A(n)

> ax k™ = 00 )

PROOF. Let 7 := [A(n)/2]. Then, we have
A(n) A(n)
Z axn),k(k+1)" Z axen), k™" + Z Ax(n),k

k=r+4+1
Case I. If {anyk} is nondecreasing in k. Then, using ([B1]), we get

A(n) r
> aamykk ™" < aam)r Z k= + (r+1)7 Z Ax(n),k
k=1 =

k=r+1
< A(n),r Z k= T + 1 A()\(n),O)

=O((A (n) +1)"HOA(M)' ™) + O(A(n) ™) = O(A(n) ™).
Cask II. If {ay } is nonincreasing in k. Then, using B.I]), we get

Z ax(n), bk < axm)o Z E=*4+0M\(n)"%) = O(\(n)™%). 0
k=1 k=1

5. Proof of Theorem [3.1]
Case L. If p > 1,0 < a < 1. Let {an x} be AMS in k. Then

A(n) A(n)
T (f ) Za)\(n)ksk fix) Zak(n)k se(fiz) — f(=)).
Using (1)) and Lemmas [2] and 3]
A(n)
72 (f32) = f(@)llp < Z axmykllsk(fsz) = f(@)lp
)\(n)

=" arw Ok ™) = O(A(n) ™).
k=1
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CaAseE III. If p > 1, a = 1, we have

T (fi2) = f(2) = 73 (f32) = sp(fr2) + sp(fi2) — f(2).
Now, using Lemma (1.2 we get
(5.1) I () = f(@)llp < Il (F;2) = sn(fs2)llp + lsa(f32) = F(@)lp
= I (f;2) = sh(fi2)llp + OA(m) ™).

Now to prove our theorem, it remains to show that

(5.2) I (fi2) = sn(fi @)l = O(A(n) ™).
Now, we write
A(n) A(n) k A(n)
Z axn),kSk(f;2) Z axmn), k(Z ;ZE)> = Asgyrur(f;o),
k=0
and thus, as A/\(n),o =1, we have
A(n)
T (fix) = sh(fi2) =D (A — Anmy.0)ue(f; ).
k=1
Hence by Abel’s transformation, we obtain
A(n) A(n)
]; (Ax(nm - Ax(n),O)k;u Z by kkue(f; )
A(n)—1 A(n)
= Z (Arban),k <Z]Ug iz > + Ox(n),A(n) Zjuj(f;x)-
k=1 j=1
Thus by triangle inequality, we find
A(n)—1
(5-3) I (Fr) = F@)llp < D [ Akbagy il i(fra
k=1 j=1 P
A(n)
Hoamy || D dus(f;
j=1 P
A(n)—1 k A(n)
= Z |AkDA(n) Zjuj(f;x) + ba(n),A(m) | Z Jui(f; @)
k=1 j=1 P j=1 P
Now
A A 1 & A
7alfie) =) = 3y 2 omlfio) —sallio)
A(n) A(n)
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A(n)

1 Z]'UJ] fa

Therefore by Lemma 1] we have
A(n)

> duy(f;x)

j=1

(5.4)

= (\n) + D)llop(f32) — sp(fi2)llp

p

We note that

Axm am) — Axm) 0
brmam] = | ) |
Az am) — Axmol — (Axm)am) — Axm),0) -1
_ A <A>(n) m.ol _ (Aaw) <A>(n) ®9) _ o(am))

Thus

A(n) A(n)
(55)  {[barmyae) D dui(F52)|| = oagaml|| Y dui(fiz)|| =0MAm) ™)

j=1 P j=1 P
We may write

Ai(A —A A —A
(56)  Aubyguys = 2 . xo) | Ty
. A(n) A(n)
“EETD [(k + 1) ArAxn),ix + Z Ax(n),r — Z ak(n),r:|
rekt1 =0
-t [ kE+1)a i a ]
EUESY ( A(n) & 2 A(n),r
Next, we shall verify by mathematical induction that
k-1
(57) Z a)\(n)7 k + 1)0’)\(71) k Z(T + 1)|a,\(n),r — a/\(n),T+1|.
=0

Ifk= 1, then ‘ Z’I‘:O Ax(n),r — 20,/\(”),1‘ = |a/\(n),0 — a/\(n),1|. Thus m holds.
Now, let us suppose that ([@.71) holds for k = m i.e.,

m—1

Z (7 + Dlaxm),r — axn),r+1ls
r=0

(5.8)

Z ax(ny,r — (M +1)axm) k

and we have to show that (L.7) is true for k = m + 1(< A(n)).
For k = m+ 1(< A(n)) and using (IBEI), we get

m—+1

m + 2)ak(n),m+1 m + 1)0’)\(71) m+1

259
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(m + 1)axm),m

+ (m + 1)a’/\(n),m - (m + 1)a)\(n),m+1

m—1
< Z (1 + Dlarxmy,r — axm),r41] + (M + D)]axm),m — armn),m+1l
r=0
(m+1)—1
= Z (r + Dlaxm),r — axn),r+1l;
r=0
which shows that (B.7) is true for & = m + 1. Thus (@7) holds good for any
1<k < An).
Using (2, (3), (58) and (1), we find

A(n) A(n)
(5.9) > 1Akbagy .kl = Z |AR[E™ Ay e — Argn),0)]l
k=1
A(n) k
_ Z K7Lk + D)7 (B + Danyn — D aapy
r=0
A(n)
= Zk k+1 Za’)\(")v k+1)a>\(n)k
A(n) k—1
< Z El(k+1)7t Z(T + Dlaxm),r — ) r+1l
r=0
/\(n k
= Z k™ k +1)” Z mlax(n),mq - a)\(n),m|
m=1
(n) x 1
< A7n n),m— T L)
A(n)—1
= Y |Akarm il = O(axm)0) = O((A(n) ™).
k=0

The combining (B3)—(E30) and (£9) yields (B2). From (&.2) and ([G&.1]), we get
I3 (f52) = F(@)]lp = O((Am))™1).

CASE II. p > 1, a = 1. For this, we first prove that the condition

A(n)—1
(5.10) (A(n) = k)[Araxm)xl = O0Q1) =
k=0
A(n) A(n)
Bym) = | Ak k| = Z IA{E™ (Axgy e — Axny,0)H = O((A(n) ™)

k=1
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is satisfied. For this, using (B.1) as in case (iii), we have

A(n) k
(5.11) By = > k7 (k+ )7k + Daxpy ke — 3 Gagn).r
k=1 r=0
A(n) k—1
<Y ETMEH DT+ Dlaxmyr — )l
k=1 r=0

A(n) k

< ( + Z )k_l(k +1)7! Z m|ax(n),m—1| = B1 + Ba, say.

k=1 k=r m=1

Now, using (B3] and interchanging the order of summation, we get

k
(5.12) Z EN k4170 mlAmasm),m-1l
m=1
< i m|Ama/\(n) m71| i #
m=1 1 k=m k(k + 1)
r A(n)
= Z |Amaxm),m-1] = Z [AX(R)=m @A) A(n)—m]
m= m=A(n)—r+1
A(n) m
< A n)—m n n)—mi\ 1
m;1| Alm)=m@A(n), A(n) |(,,,1)
1 A(n)
ST D mIAN ) m @A) Am)—m]
m=1
1 A(n)—1 1
= 3 )~ B Asargy sl = —0(1) = O((Am) ).
k=0
On the other hand
/\(n k
m=1
/\(n

Zk (k+1)" [(Z Z)m|Ama)\n)m1|

= B,\(n),1 + B(n),2, say.
Using arguments as B; and ([33)), we obtain

A(n) r
(5.14) An),1 = Z k™ k’ + 1 Z m|Ama>\(n)7m,1|

m=1

261
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A(n)
Z k+ 1 Z |Ama>\(n)7m 1|
k=r
A(n) A(n)
=Y E+DTN YT A —m ) Am)—ml
k=r m=XA(n)—r+1
A(n) A(n) m
< Z(k +1)7t Z |A>\(n)—ma>\(n),>\(n)—m|r_—2
k=r m=r—2
1 A(n) A(n)
ST 5 D E+DTNY T mIAN ) —mam) Am)—ml
k=r m=1
A(n) A(n)—l
=— Z (E+1)7" > (An) = k)| Akaxm) x|
k=0
1 A(n)
_ -1 _
- L ;ac +1)70(1) = 0(1/A M),

again using ([B.3)) and interchanging the order of summation, we have

A(n) k
(5.15) Bapme= 3 K 'k+1)7 D mlAmaxm)m-il
k=r m=r
(n)
<2k+1 Z'Ama/\(n m— 1|
k=r
A(n) A(n)
S r+lmz [Am e m-1] Z 1
1 A(n)
Tl WZ:T(A(") =M+ DAnaxm),m-1]
1 A(n)—1 1
= A — KB)IA =— 0(1)=0((\ -1y
1 2 A0 = BlAkam ] = 2700 = 0m) ™)

From G.10), G.12), E13), G-I9) and G.I5), we get (G.10). Thus G.1), G3), G4,
the estimate of by, x(n) and Lemma again yield (32)).

Case IV. If p=1, 0 < a < 1, using @), ax(n),a(n)+1 = 0 and Abel’s transforma-
tion, we obtain

A(n)—1

k
R~ 1) = 3 (Brann)] o0 - )}

k=0 r=0
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A(n)

+ (axm) () = GA(m) A(n)+1) Z(Sr(f; r) — f(x))
r=0

(n) k

=S A ) Stertsio) - )}

k=0 r=0

A(n)

= > (Agarpyr)(k+ 1) (ok(f;2) — f(2)).
k=0

Hence, by conditions [B.3]), (3:6) and Lemma 1] we find

A(n)
172 (F32) = F@)ll <D klAkaxmy sl (ox(f;2) = F@))]h
k=0
An) A(n)
= O{ Z k1a|Aka>\(n)yk|} = O(()\(”))ka) Z |Aka)\(n),k|
k=0 k=0

(A(n)'=*)O(axm),0)
(M) =)O((A(n)~1) = O((A(n))~).

0
O

This completes the proof of case (IV) and consequently the proof of Theorem Bl
is complete.
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