
PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE
Nouvelle série, tome 104(118) (2018), 241–249 DOI: https://doi.org/10.2298/PIM1818241N

HARMONIC BETA-CONVEX FUNCTIONS

INVOLVING HYPERGEOMETRIC FUNCTIONS

Muhammad Aslam Noor, Khalida Inayat Noor,

and Sabah Iftikhar

Abstract. We introduce and study a new class harmonic convex functions,
which is called harmonic beta-convex functions. This new class includes several
new and previously known classes of harmonic convex functions as special
cases. We obtain some new integral inequalities involving hypergeometric
functions. Some special cases are also discussed. Results obtained in this
paper continue to hold for these cases. Ideas and techniques of this paper may

stimulate further research.

1. Introduction

Convexity theory provides us a sound basis for studying a wide class of unre-
lated problems in a unified and general framework. Integral inequalities present a
very active and fascinating field of research. These integral inequalities are useful
in physics, where upper and lower bounds for natural phenomena described by in-
tegrals such as mechanical work are required. It is known that integral inequalities
are closely related with convex functions and their variant forms. In recent years,
convex sets and convex functions have been generalized and extended in several
directions using different techniques and ideas. In fact, it is known that a function
f is a convex function, if and only if, it satisfies an integral inequality, which is
known as Hermite–Hadamard inequality. A very significant and important gener-
alization of the convex functions is called the harmonic convex functions. Some
authors established new integral inequalities related to harmonically convex func-
tions. For recent results, refinements, generalizations, and new integral inequalities,
see [1–9,12–19,22].

Motivated and inspired by the on going research, we introduce and investigate
a new class of harmonic convex functions, which is called the harmonic beta-convex
functions. It is shown that harmonic beta-convex functions are quite general and
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unifying ones. We obtain some new estimates for the harmonic beta-convex func-
tions involving the Euler beta function and the Hypergeometric function. Some
special special cases are also discussed. Results obtained in this paper represent
significant improvement and refinement of the known results. The ideas and tech-
nique of this paper may stimulate further research in this dynamic field.

2. Preliminaries

In this section, we discuss some new and known results.

Definition 2.1. [20]. A set I = [a, b] ⊆ R r {0} is said to be a harmonic
convex set, if

xy

tx + (1 − t)y
∈ I, ∀x, y ∈ I, t ∈ [0, 1].

Definition 2.2. [5]. A function f : I = [a, b] ⊆ R r {0} → R is said to be
harmonic convex function, if

f
( xy

tx + (1 − t)y

)

6 (1 − t)f(x) + tf(y), ∀x, y ∈ I, t ∈ [0, 1].

It has been shown by Noor and Noor [10] that the minimum of a differentiable
harmonic convex functions on the harmonic convex sets can be characterized by a
class of variational inequalities, which is called the harmonic variational inequalities.
For the properties and other aspects of the harmonic convex functions, see [8,10,11]
and the references therein.

We now introduce a new class of the harmonic convex functions, which is called
harmonic beta-convex functions.

Definition 2.3. A function f : I = [a, b] ⊆ Rr{0} → R is said to be harmonic
beta-convex function, where p, q > −1, if

(2.1) f
( xy

tx + (1 − t)y

)

6 (1 − t)ptqf(x) + tp(1 − t)qf(y), ∀x, y ∈ I, t ∈ (0, 1).

The function f is said to be harmonic beta-concave function, if −f is harmonic
beta-convex function. We say that f is harmonic beta-mid convex, if (2.2) is
assumed only for t = 1

2 , that is

f
( 2xy

x + y

)

6
f(x) + f(y)

2p+q
.

Remark 2.1. In the above definition, if (p, q) = (0, 0), (1, 0), (−1, 0), (−s, 0),
(s, 0), (1, 1), we obtain harmonic P -function, ordinary harmonic convex function,
Godunova–Levin harmonic convex function, s-Godunova–Levin harmonic convex
function, harmonic s-convex function and harmonic tgs-convex function respec-
tively.

We remark that, if p = q, then Definition 2.3 reduces to:

Definition 2.4. A function f : I = [a, b] ⊆ Rr {0} → R is said to be general-
ized harmonic beta-convex function, where p, q > −1, if

(2.2) f
( xy

tx + (1 − t)y

)

6 (1 − t)ptq[f(x) + f(y)], ∀x, y ∈ I, t ∈ (0, 1).
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It is worth mentioning that these generalized harmonic beta-convex functions
have been introduced and studied by Noor [8]. For recent developments, see [8,10,
12–14,17] and the references therein.

Theorem 2.1. [8]. Let f : I = [a, b] ⊆ Rr {0} → R be harmonic beta-convex

function with a < b. If f ∈ L[a, b], then

2p+q−1f
( 2ab

a + b

)

6
ab

b − a

∫ b

a

f(x)

x2 dx 6
Γ(p + 1)Γ(q + 1)

Γ(α + β + 2)
[f(a) + f(b)].

We recall the following special functions which are known as beta function and
hypergeometric function respectively.

β(x, y) =
Γ(x)Γ(y)

Γ(x + y)
=

∫ 1

0
tx−1(1 − t)y−1dt, x, y > 0,

2F1[a, b; c; z] =
1

β(b, c − b)

∫ 1

0
tb−1(1 − t)c−b−1(1 − zt)−adt, c > b > 0, |z| < 1.

The generalized quadrature formula of Guass–Jacobi type has the form
∫ b

a

(x − a)α(b − x)βf(x)dx =
m

∑

k=0

Bm,kf(γk) + Rm[f ],

for some Bm,k, γk and rest term Rm[f ]. For more information, see [21].

3. Integral Inequalities

We need the following result in order to obtain new integral inequalities related
to harmonic beta-convex function involving hypergeometric functions.

Lemma 3.1. [6]. If f : I = [a, b] ⊆ R r {0} → R is a function such that

f ∈ L[a, b], then the following equality holds for some fixed α, β > 0.
∫ b

a

(x − a)α(b − x)βf(x)dx = aα+1bβ+1(b − a)α+β+1
∫ 1

0

tα(1 − t)β

A
α+β+2
t

f
( ab

At

)

dt,

where At = ta + (1 − t)b.

We now derive the main results of this paper.

Theorem 3.1. Let f : I = [a, b] ⊆ R r {0} → R be a differentiable function

on the interior I◦ of I. If f ∈ L[a, b] and |f | is harmonic beta-convex function on

[a, b] and α, β > 0, then
∫ b

a

(x − a)α(b − x)βf(x)dx 6

(a

b

)α+1
(b − a)α+β+1

(

|f(a)|β(α+q+1, β+p+1)

2F1[α+β+2, α+q+1; α+β+p+q+2; 1 −
a

b
]

+ |f(b)|β(α+p+1, β+q+1)

2F1[α+β+2, α+p+1; α+β+p+q+2; 1 −
a

b
]
)

.
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Proof. Using Lemma 3.1 and harmonic beta-convexity of |f |, we have
∫ b

a

(x − a)α(b − x)βf(x)dx = aα+1bβ+1(b − a)α+β+1
∫ 1

0

tα(1 − t)β

A
α+β+2
t

∣

∣

∣

∣

f
( ab

At

)

∣

∣

∣

∣

dt

6 aα+1bβ+1(b − a)α+β+1
∫ 1

0

tα(1 − t)β

A
α+β+2
t

{

(1 − t)ptq|f(a)| + tp(1 − t)q|f(b)|
}

dt

= aα+1bβ+1(b − a)α+β+1

×

(

|f(a)|

∫ 1

0

tα+q(1 − t)β+p

A
α+β+2
t

dt + |f(b)|

∫ 1

0

tα+p(1 − t)β+q

A
α+β+2
t

dt

)

= aα+1bβ+1(b − a)α+β+1 ×
(

|f(a)|
β(α + q + 1, β + p + 1)

bα+β+2

2F1

[

α + β + 2, α + q + 1; α + β + p + q + 2; 1 −
a

b

]

+ |f(b)|
β(α + p + 1, β + q + 1)

bα+β+2

2F1

[

α + β + 2, α + p + 1; α + β + p + q + 2; 1 −
a

b

])

. �

Theorem 3.2. Let f : I = [a, b] ⊆ Rr {0} → R be a differentiable function on

the interior I◦ of I. If f ∈ L[a, b] and |f |λ is harmonic beta-convex function on

[a, b] and α, β > 0, λ > 1, then
∫ b

a

(x − a)α(b − x)βf(x)dx 6

(a

b

)α+1
(b − a)α+β+1

(

β(α + 1, β + 1)2F1

[

α + β + 2, α + 1; α + β + 2; 1 −
a

b

])1−
1

λ

(

|f(a)|λβ(α + q + 1, β + p + 1)

2F1

[

α + β + 2, α + q + 1; α + β + p + q + 2; 1 −
a

b

]

+ |f(b)|λ
β(α + p + 1, β + q + 1)

bα+β+2

2F1

[

α + β + 2, α + p + 1; α + β + p + q + 2; 1 −
a

b

])
1

λ

Proof. Using Lemma 3.1, harmonic beta-convexity of |f |λ and power mean
inequality, we have

∫ b

a

(x − a)α(b − x)βf(x)dx = aα+1bβ+1(b − a)α+β+1
∫ 1

0

tα(1 − t)β

A
α+β+2
t

∣

∣

∣
f

( ab

At

)∣

∣

∣
dt

6 aα+1bβ+1(b − a)α+β+1
(

∫ 1

0

tα(1 − t)β

A
α+β+2
t

dt

)1−
1

λ
(

∫ 1

0

tα(1 − t)β

A
α+β+2
t

∣

∣

∣
f

( ab

At

)∣

∣

∣

λ

dt

)
1

λ

6 aα+1bβ+1(b − a)α+β+1
(

∫ 1

0

tα(1 − t)β

A
α+β+2
t

dt

)1−
1

λ
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(
∫ 1

0

tα(1 − t)β

A
α+β+2
t

{

(1 − t)ptq|f(a)|λ + tp(1 − t)q|f(b)|λ
}

dt

)
1

λ

= aα+1bβ+1(b − a)α+β+1
(

∫ 1

0

tα(1 − t)β

A
α+β+2
t

dt

)1−
1

λ

(

|f(a)|λ
∫ 1

0

tα+q(1 − t)β+p

A
α+β+2
t

dt + |f(b)|λ
∫ 1

0

tα+p(1 − t)β+q

A
α+β+2
t

dt

)
1

λ

= paα+1bβ+1(b − a)α+β+1

(β(α + 1, β + 1)

bα+β+2 2F1

[

α + β + 2, α + 1; α + β + 2; 1 −
a

b

])1−
1

λ

(

|f(a)|λ
β(α + q + 1, β + p + 1)

bα+β+2

2F1

[

α + β + 2, α + q + 1; α + β + p + q + 2; 1 −
a

b

]

+ |f(b)|λ
β(α + p + 1, β + q + 1)

bα+β+2

2F1

[

α + β + 2, α + p + 1; α + β + p + q + 2; 1 −
a

b

])
1

λ

,

which is the required result. �

Theorem 3.3. Let f : I = [a, b] ⊆ Rr {0} → R be a differentiable function on

the interior I◦ of I. If f ∈ L[a, b] and |f |λ is harmonic beta-convex function on

[a, b] and α, β > 0, then

∫ b

a

(x − a)α(b − x)βf(x)dx

6

(a

b

)α+1
(b − a)α+β+1

(

β(αµ + 1, βµ + 1)

2F1

[

(α + β + 2)µ, αµ + 1; (α + β)µ + 2; 1 −
a

b

])
1

µ

×
([

|f(a)|λ + |f(b)|λ
]

β(p + 1, q + 1)
)

1

λ ,

where 1
λ

+ 1
µ

= 1.

Proof. Using Lemma 3.1, harmonic beta-convexity of |f |λ and Hölder’s inte-
gral inequality, we have

∫ b

a

(x − a)α(b − x)βf(x)dx

= aα+1bβ+1(b − a)α+β+1
∫ 1

0

tα(1 − t)β

A
α+β+2
t

∣

∣

∣
f

( ab

At

)∣

∣

∣
dt

6 aα+1bβ+1(b − a)α+β+1
(

∫ 1

0

tαµ(1 − t)βµ

A
(α+β+2)µ
t

dt

)
1

µ
(

∫ 1

0

∣

∣

∣
f

( ab

At

)∣

∣

∣

λ

dt

)
1

λ
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6 aα+1bβ+1(b − a)α+β+1
(

∫ 1

0

tαµ(1 − t)βµ

A
(α+β+2)µ
t

dt

)
1

µ

(
∫ 1

0

[

(1 − t)ptq|f(a)|λ + tp(1 − t)q|f(b)|λ
]

dt

)
1

λ

= aα+1bβ+1(b − a)α+β+1
(β(αµ + 1, βµ + 1)

b(α+β+2)µ

2F1

[

(α + β + 2)µ, αµ + 1; (α + β)µ + 2; 1 −
a

b

])
1

µ

×
([

|f(a)|λ + |f(b)|λ
]

β(p + 1, q + 1)
)

1

λ , �

Theorem 3.4. Let f : I = [a, b] ⊆ Rr {0} → R be a differentiable function on

the interior I◦ of I. If f ∈ L[a, b] and |f |λ is harmonic beta-convex function on

[a, b] and α, β > 0, then

∫ b

a

(x − a)α(b − x)βf(x)dx

6

(a

b

)α+1
(b − a)α+β+1β

1

µ (αµ + 1, βµ + 1)
(

|f(a)|λβ(q + 1, p + 1)

2F1[(α + β + 2)λ, q + 1; p + q + 2; 1 −
a

b
] + |f(a)|λβ(p + 1, q + 1)

2F1[(α + β + 2)λ, p + 1; p + q + 2; 1 −
a

b
]
)

1

λ

,

where 1
λ

+ 1
µ

= 1.

Proof. Using Lemma 3.1, harmonic beta-convexity of |f |λ and the Holder’s
integral inequality, we have

∫ b

a

(x − a)α(b − x)βf(x)dx

= aα+1bβ+1(b − a)α+β+1
∫ 1

0

tα(1 − t)β

A
α+β+2
t

∣

∣

∣
f

( ab

At

)
∣

∣

∣
dt

6 aα+1bβ+1(b − a)α+β+1
(

∫ 1

0
tαµ(1 − t)βµdt

)
1

µ
(

∫ 1

0

1

A
(α+β+2)λ
t

∣

∣

∣
f

( ab

At

)
∣

∣

∣

λ

dt

)
1

λ

6 aα+1bβ+1(b − a)α+β+1
(

∫ 1

0
tαµ(1 − t)βµdt

)
1

µ

(
∫ 1

0

1

A
(α+β+2)λ
t

{

(1 − t)ptq|f(a)|λ + tp(1 − t)q|f(b)|λ
}

dt

)
1

λ

= aα+1bβ+1(b − a)α+β+1
(

∫ 1

0
tαµ(1 − t)βµdt

)
1

µ
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(

|f(a)|λ
∫ 1

0

(1 − t)ptq

A
(α+β+2)λ
t

dt + |f(b)|λ
∫ 1

0

tp(1 − t)q

A
(α+β+2)λ
t

dt

)
1

λ

= aα+1bβ+1(b − a)α+β+1β
1

µ (αµ + 1, βµ + 1)
(

|f(a)|λ
β(q + 1, p + 1)

b(α+β+2)λ

2F1

[

(α + β + 2)λ, q + 1; p + q + 2; 1 −
a

b

]

+ |f(a)|λ
β(p + 1, q + 1)

b(α+β+2)λ

2F1

[

(α + β + 2)λ, p + 1; p + q + 2; 1 −
a

b

])
1

λ

, �

Theorem 3.5. Let f : I = [a, b] ⊆ Rr {0} → R be a differentiable function on

the interior I◦ of I. If f ∈ L[a, b] and |f |λ is harmonic beta-convex function on

[a, b] and α, β > 0, then

∫ b

a

(x − a)α(b − x)βf(x)dx 6

(a

b

)α+1
(b − a)α+β+1

2F
1

µ

1

[

(α + β + 2)µ, 1; 2; 1 −
a

b

]

(

|f(a)|λβ(αλ + q + 1, βλ + p + 1)

+ |f(b)|λβ(αλ + p + 1, βλ + q + 1)
)

1

λ ,

where 1
λ

+ 1
µ

= 1.

Proof. Using Lemma 3.1, harmonic beta-convexity of |f |λ and the Holder’s
integral inequality, we have

∫ b

a

(x − a)α(b − x)βf(x)dx

= aα+1bβ+1(b − a)α+β+1
∫ 1

0

tα(1 − t)β

A
α+β+2
t

∣

∣

∣
f

( ab

At

)∣

∣

∣
dt

6 aα+1bβ+1(b − a)α+β+1
(

∫ 1

0

1

A
(α+β+2)µ
t

dt

)
1

µ
(

∫ 1

0
tαλ(1 − t)βλ

∣

∣

∣
f

( ab

At

)∣

∣

∣

λ

dt

)
1

λ

6 aα+1bβ+1(b − a)α+β+1
(

∫ 1

0

1

A
(α+β+2)µ
t

dt

)
1

µ

(
∫ 1

0
tαλ(1 − t)βλ[(1 − t)ptq|f(a)|λ + tp(1 − t)q|f(b)|λ]dt

)
1

λ

= aα+1bβ+1(b − a)α+β+1
(

∫ 1

0

1

A
(α+β+2)µ
t

dt

)
1

µ

(

|f(a)|λ
∫ 1

0
tαλ+q(1 − t)βλ+pdt + |f(b)|λ

∫ 1

0
tαλ+p(1 − t)βλ+qdt

)
1

λ

= aα+1bβ+1(b − a)α+β+1
(

2F1[(α + β + 2)µ, 1; 2; 1 − a
b
]

b(α+β+2)µ

)
1

µ

(

|f(a)|λβ(αλ + q + 1, βλ + p + 1) + |f(b)|λβ(αλ + p + 1, βλ + q + 1)
)

1

λ , �
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4. Conclusion

We have introduced and investigated the class of harmonic beta-convex func-
tion. We have derived some new integral inequalities via harmonic beta-convex
functions. This new class is quite general and unifying one. Consequently, the
results obtained in this paper continue to hold for all new and known classes of
harmonic convex functions.

Acknowledgements. The authors would like to thank Rector, COMSATS
Institute of Information Technology, Pakistan, for providing excellent research and
academic environments.

References

1. M. U. Awan, M. A. Noor, M. V. Mihai, K. I. Noor, On bounds involving k-Appell’s hypergeo-
metric functions, J. Inequal. Appl. (2017), Article 118.

2. , Two point trapezoidal like inequalities involving hypergeometric functions, Filomat
31(8) (2017), 2281–2292.

3. , Some fractional extensions of trapezium inequalities via coordinated harmonic convex
functions, J. Nonlinear Sci. Appl. 10 (2017), 1714–1730.

4. M. U. Awan, M. A. Noor, M. V. Mihai, K. I. Noor, A. G. Khan, Some new bounds for Simp-
son’s rule involving special functions via harmonic h-convexity, J. Nonlinear Sci. Appl. 10(4)
(2017), 1755–1766.

5. I. Iscan, Hermite–Hadamard type inequalities for harmonically convex functions, Hacet. J.
Math. Stat. 43(6) (2014), 935–942.

6. I. Iscan, M. Aydin, S. Dikmenoglu, New integral inequalities via harmonically convex func-
tions, Math. Stat. 3(5)(2015), 134–140.

7. M. Liu, New integral inequalities involving beta function via P -convexity, Miskolc Math. Notes
15(2) (2014), 585–591.

8. M. A. Noor, Advanced Convex Analysis, Lecture Notes, Mathematics Department, Comsats
Institute of Information Technology, Islamabad, Pakistan, 2010–2017.

9. M. A. Noor, M. U. Awan, M. V. Mihai, K. I. Noor, Bounds involving Gauss’s hypergeometric

functions via (p, h)-convexity, Sci. Bull., Politeh. Univ. Buchar., Ser. A 79(1) (2017).
10. M. A. Noor, K. I. Noor, Harmonic variational inequalities, Appl. Math. Inf. Sci. 10(5) (2016),

1811–1814.
11. , Some implicit methods for solving harmonic variational inequalities, Int. J. Anal.

Appl. 12(1) (2016), 10–14.
12. M. A. Noor, K. I. Noor, M. U. Awan, S. Costache, Some integral inequalities for harmonically

h-convex functions, Sci. Bull., Politeh. Univ. Buchar., Ser. A 77(1) (2015), 5–16.
13. M. A. Noor, K. I. Noor, S. Iftikhar, Hermite-Hadamard inequalities for harmonic nonconvex

functions, MAGNT Research Report 4(1) (2016), 24–40.
14. , Some Newtons’s type inequalities for harmonic convex functions, J. Adv. Math. Stud.

9(1) (2016), 7–16.
15. , Integral inequalities of Hermite-Hadamard type for harmonic (h, s)-convex functions,

Int. J. Anal. Appl. 11(1) (2016), 61–69.
16. , Integral inequalities for differentiable realtive harmonic preinvex functions (survey),

TWMS J. Pure Appl. Math. 7(1) (2016), 3–19.
17. M. A. Noor, K. I. Noor, S. Iftikhar, K. Al-Bany, Inequalities for MT -harmonic convex func-

tions, J. Adv. Math. Stud. 9(2) (2016), 194–207.
18. M. A. Noor, K. I. Noor, S. Iftikhar, M. U. Awan, Strongly generalized harmonic convex func-

tions and integral inequalities, J. Math. Anal. 7(2) (2016), 66-77.
19. M. E. Ozdemir, E. Set, M. Alomari, Integral inequalities via several kinds of convexity, Creat.

Math. Inform. 20(1) (2011), 62–73.



HARMONIC BETA-CONVEX FUNCTIONS 249

20. H.-N. Shi, J. Zhang, Some new judgement theorems of Schur geometric and Schur harmonic
convexities for a class of symmetric functions, J. Inequal. Appl. 527 (2013), 9 pp.

21. D. D. Stancu, G. Coman, P. Blaga, Analiza numerică si teoria aproximării, Vol. II, Cluj-
Napoca: Presa Universitară Clujeană, 2002.

22. M. Tunc, U. Sanal, E. Gov, Some Hermite-Hadamard inequalities for beta-convex and its
fractional applications, New Trends Math. Sci. 3(4) (2015), 18–33.

23. M. Tunc, U. Sanal, Some perturbed trapezoid inequalities for convex, s-convex and tgs-convex
functions and applications, Tbilisi Math. J. 8(2) (2015), 87–102, DOI: 10.1515/tmj-2015-0013.

COMSATS Institute of Information Technology (Received 29 06 2016)
Islamabad, Pakistan

COMSATS University Islamabad
Islamabad, Pakistan
noormaslam@gmail.com

khalidan@gmail.com

sabah.iftikhar22@gmail.com


	1. Introduction
	2. Preliminaries
	3. Integral Inequalities
	4. Conclusion
	References

