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PSEUDO-SYMMETRIES OF GENERALIZED WINTGEN
IDEAL LAGRANGIAN SUBMANIFOLDS

Miroslava Petrović-Torgašev and Anica Pantić

Abstract. Mihai obtained the Wintgen inequality, also known as the general-
ized Wintgen inequality, for Lagrangian submanifolds in complex space forms
and also characterized the corresponding equality case. Submanifolds M which
satisfy the equality in these optimal general inequalities are called generalized
Wintgen ideal submanifolds in the ambient space M̃ . For generalized Wintgen
ideal Lagrangian submanifolds Mn in complex space forms M̃n(4c), we will
show some properties concerning different kinds of their pseudosymmetry in
the sense of Deszcz.

1. Introduction

For surfaces M2 in E3, the Euler inequality K 6 H2, where K is the intrinsic
Gauss curvature of M2 and H2 is the extrinsic squared mean curvature of M2 in E3,
at once follows from the fact that K = k1k2 and H = 1

2 (k1 + k2) where k1 and k2
denote the principal curvatures of M2 in E3. And, obviously, K = H2 everywhere
on M2 if and only if the surface M2 is totally umbilical in E3, i.e. k1 = k2 at
all points of M2, or still, by the theorem of Meusnier, if and only if M2 is a part
of a plane E2 or of a round sphere S2 in E3. In 1979, Wintgen proved that the
Gauss curvature K and the squared mean curvature H2 and the normal curvature
K⊥ of any surface M2 in E4 always satisfy the inequality K 6 H2 − K⊥, and that
actually the equality holds if and only if the curvature ellipse of M2 in E4 is a circle
[36]. This Wintgen inequality between the most important intrinsic and extrinsic
scalar valued curvatures of surfaces M2 in E4 was shown to hold more generally
for all surfaces M2 in arbitrary dimensional space forms M̃2+m(c), inclusive the
above characterization of the equality case, by Rouxel [31] and by Guadalupe and
Rodriguez [22]. After these extensions, in 1981 and in 1983 respectively, in 1999
De Smet and Dillen, Vrancken and Verstraelen formulated the conjecture on the
Wintgen inequality also named DDVV conjecture for all submanifolds in all real
space forms [9],
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(1.1) ρ 6 H2 − ρ⊥

where ρ is the normalized scalar curvature of Mn defined by

ρ = 2
n(n − 1)

∑
i<j

R(ei, ej , ej , ei),

and ρ⊥ is the normalized normal scalar curvature function of Mn at a point p,
defined by

ρ⊥(p) = 2
n(n − 1)

√ ∑
16i<j6n

∑
16α<β6n

(R⊥(ei, ej , ξα, ξβ))2,

{e1, . . . , en} is any orthonormal basis of the tangent space Tp(Mn) (p ∈ Mn), and
R is the Riemann–Christoffel curvature tensor of Mn, where R⊥ is the curvature
tensor of the normal space, and {ξ1, ξ2} is an orthonormal basis of the normal
space. They proved the above Wintgen inequality for for all submanifolds Mn

of codimension 2 in all real space forms M̃n+2(c) of Mn, and also characterized
the equality case in terms of the shape operators of Mn in M̃n+2(c) [9]. Other
extensions of the Wintgen inequality were studied for submanifolds in Kaehler,
nearly Kaehler and Sasakian spaces, see e.g. [19, 20, 28, 29], etc. Later, Choi and
Lu [4], Lu [27] and Ge and Tang [21] proved that indeed (1.1) holds in general
for all submanifolds Mn in M̃n+2(c) and gave a characterization of the equality
situation in terms of an explicit description of the second fundamental form.

The submanifolds Mn in M̃n+m(c) satisfying equality in Wintgen inequal-
ity are called Wintgen ideal submanifolds; for many examples and for geometrical
properties of such submanifolds, see e.g. [1, 4–9, 16, 21, 22, 24, 27, 29–31, 36, 37].
Recently, Mihai [29] established a generalized Wintgen inequality for Lagrangian
submanifolds in complex space forms and characterized the equality case in terms
of the shape operators.

A Riemannian submanifold Mn in an ambient manifold M̃ is called totally
geodesic when its second fundamental form h vanishes identically, totally ubmil-
ical when h = gH⃗, H⃗ is its mean curvature vector, minimal when H⃗ = 0 and
pseudoumbilical when the mean curvature vector field H⃗ determines an umbilical
normal direction on M in M̃ .

We recall that an n-dimensional Riemannian manifold Mn, (n > 3) is said to
be a pseudosymmetric space in the sense of Deszcz or a Deszcz symmetric space
[10,23,24,33–35] if the (0,6) tensors R ·R and Q(g, R) are linearly dependent, i.e.,
R · R = LQ(g, R) for some function L : M → R (on the open subset of M on which
Q(g, R) ̸= 0). Hereby, by the action of the curvature operator R as a derivation on
the (0, 4) curvature tensor R results the (0, 6) curvature tensor R · R,

(R · R)(X1, X2, X3, X4; X, Y ) = (R(X, Y ) · R)(X1, X2, X3, X4)
= −R(R(X, Y )X1, X2, X3, X4) − R(X1, R(X, Y )X2, X3, X4)

− R(X1, X2, R(X, Y )X3, X4) − R(X1, X2, X3, R(X, Y )X4),
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and the Tachibana tensor Q(g, R) (see, e.g. [13, 23, 26]) is the (0, 6) tensor which
results from the action as a derivation on the (0,4) curvature tensor R, by the
metrical endomorphism, i.e., Q(g, R) = − ∧g ·R, or

Q(g, R)(X1, X2, X3, X4; X, Y ) = −(∧g · R)(X1, X2, X3, X4; X, Y )
= −((X ∧g Y ) · R)(X1, X2, X3, X4)

= R((X ∧g Y )X1, X2, X3, X4) + R(X1, (X ∧g Y )X2, X3, X4)
+ R(X1, X2, (X ∧g Y )X3, X4) + R(X1, X2, X3, (X ∧g Y )X4),

where X, Y, X1, X2, X3, X4 are arbitrary tangent vector fields on M . The Rie-
mannian manifolds Mn for which R · R = 0 are called Szabó symmetric spaces or
semisymmetric spaces (see, e.g. [24, 32]). The geometrical meaning of the tensor
R·R and the Tachibana tensor Q(g, R) is given in [23]. And a Riemannian manifold
Mn of dimension n > 3 is Deszcz symmetric or pseudosymmetric when its Deszcz
sectional curvature or double sectional curvature function L(p, π, π̄) is isotropic,
i. e., at all of its points p has the same value L(p) for all curvature dependent
tangent planes π and π̄ at a point p [23]

Next, we consider the (0, 4) tensor R·S, obtained by the action of the curvature
operator R(X, Y ) on the (0, 2) symmetric Ricci tensor S, given by

(R · S)(X1, X2; X, Y ) = (R(X, Y ) · S)(X1, X2)
= −S(R(X, Y )X1, X2) − S(X1, R(X, Y )X2)

and the Ricci Tachibana tensor Q(g, S) [26] which is given by
Q(g, S)(X1, X2; X, Y ) = ((X ∧g Y ) · S)(X1, X2)

= −S((X ∧g Y )X1, X2) − S(X1, (X ∧g Y )X2).
A Riemannian manifold is said to be Ricci pseudosymmetric space, or Ricci

Deszcz symmetric space if R · S = LSQ(g, S), for some real valued function LS on
M [10,17,26,33]. It is known that every Deszcz symmetric manifold automatically
is Ricci pseudosymmetric. The converse is not true (see, e.g. [17]).

The property to be a Deszcz symmetric space is not invariant under confor-
mal transformations of Riemannian spaces [14,15]. The formally related curvature
condition for a Riemannian manifold Mn of dimension n > 4 to have a pseudosym-
metric Weyl tensor C however is conformally invariant. We recall that the latter
property means that C · C = LCQ(g, C) for some function LC : Mn → R on the
open part of M where Q(g, C) ̸= 0 [10–12, 18]. We refer to [11, 12] for recent
results on manifolds satisfying that condition.

There are close connections between Wintgen ideal submanifolds and intrin-
sic pseudosymmetry conditions. For instance, for n > 3, every Wintgen ideal
submanifold Mn in M̃n+m(c) has pseudosymmetric conformal Weyl tensor, and
the minimal Wintgen ideal submanifolds are characterized by the fact that LC =
− n−3

(n−1)(n−2) Kinf . Moreover, the Deszcz symmetric Wintgen ideal submanifolds
are either totally umbilical (with L = 0), (in particular, then M being a real space
form), or minimal (in which case M is pseudosymmetric of constant type, namely
L = c) [8].
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It should be observed that for submanifolds Mn in M̃n+m(c) with flat normal
connection, and thus in particular for hypersurfaces (m = 1), the Wintgen inequal-
ity actually reduces to a Chen inequality ρ 6 ∥H∥2 + c and the corresponding
ideal submanifolds M then are totally umbilical in M̃ and hence spaces of constant
curvature (a special Deszcz symmetric spaces, with L = 0). As general basic refer-
ence for optimal inequalities relating various extrinsic and intrinsic characteristics
of submanifolds, we refer to Chen’s book [2].

2. Generalized Wintgen inequality for Lagrangian submanifolds

Let M̃m(4c) be a complex space form of constant holomorphic sectional curva-
ture 4c. Denote by J its standard complex structure.
The Riemann–Christoffel curvature tensor R̃ of M̃ is given by

R̃(X, Y, Z, W ) = c{g(X, Z)g(Y, W ) − g(X, W )g(Y, Z) + g(JX, Z)g(JY, W )
−g(JX, W )g(JY, Z) + 2g(JX, Y )g(JZ, W )},

for any tangent vector fields X, Y, Z, W on M̃m(4c).
A submanifold Mn in complex space form is called a totally real submanifold

if J(TpMn) ⊂ T ⊥
p Mn, at any point p ∈ Mn. The totally real submanifold M of M̃

is called a Lagrangian submanifold if n = m.
Let Mn be an n-dimensional totally real submanifold of a complex space form

M̃m(4c). Let {e1, . . . , en} be an orthonormal frame on Mn and {ξ1, . . . , ξ2m−n} an
orthonormal frame in the normal bundle T ⊥Mn. Denote by h and A the second
fundamental form and the shape operator of Mn in M̃m(4c). Then the Gauss and
Ricci equations are given by

R(X, Y, Z, W ) = c{g(X, Z)g(Y, W ) − g(Y, Z)g(X, W )}
+ g(h(X, Z), h(Y, W )) − g(h(X, W ), h(Y, Z))

for any tangent vector fields X, Y, Z, W on Mn,

R⊥(X, Y, ξ, η) = c{g(JX, ξ)g(JY, η) − g(JX, η)g(JY, ξ)} − g([Aξ, Aη]X, Y ),

for any tangent vector fields X, Y, on Mn and ξ, η ∈ T ⊥Mn.
In the recent paper [29] Mihai established a generalized Wintgen inequality for

Lagrangian submanifolds in complex space forms.

Theorem 2.1. [29] Let Mn be an n-dimensional Lagrangian submanifold of
a complex space form M̃n(4c). Then

(2.1) (ρ⊥)2 6 (∥H∥2 − ρ + c)2 + 4
n(n − 1)

(ρ − c)c + 2c2

n(n − 1)
,

and equality holds identically if and only if with respect to suitable orthonormal
frames {e1, e2, . . . , en} and {ξ1, . . . , ξn}, the shape operators of Mn in M̃n(4c) are
given by
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Aξ1 =


λ1 µ 0 . . . 0
µ λ1 0 . . . 0
0 0 λ1 . . . 0
...

...
...

. . . 0
0 0 0 . . . λ1

 ,

Aξ2 =


λ2 + µ 0 0 . . . 0

0 λ2 − µ 0 . . . 0
0 0 λ2 . . . 0
...

...
...

. . . 0
0 0 0 . . . λ2

 ,

Aξ3 =


λ3 0 0 . . . 0
0 λ3 0 . . . 0
0 0 λ3 . . . 0
...

...
...

. . . 0
0 0 0 . . . λ3

 ,

Aξ4 = · · · = Aξn
= 0,

where λ1, λ2, λ3 and µ are real functions on Mn.

Lagrangian submanifolds Mn in complex space forms M̃n(4c) satisfying equal-
ity in generalized Wintgen inequality (2.1) are called generalized Wintgen ideal
Lagrangian submanifolds. A frame {e1, e2, . . . , en; ξ1, . . . , ξn} with the correspond-
ing shape operators from Theorem 2.1 is called a Choi–Lu frame on such Mn in
M̃n(4c) and its distinguished tangent plane e1 ∧ e2 is called the Choi–Lu plane of
the generalized Wintgen ideal Lagrangian submanifolds concerned [8,16].

3. Pseudosymmetry properties of
generalized Wintgen ideal Lagrangian submanifolds

First consider the pseudosymmetry condition in the sense of Deszcz of the
generalized Wintgen ideal Lagrangian submanifolds Mn in a complex space form
M̃n(4c), (n > 4). Their Riemann–Christoffel curvature tensors are obtained by
inserting the shape operators from Theorem 2.1 in the equation of Gauss. Up to the
algebraic symmetries of the (0,4) curvature tensor R of such generalized Wintgen
ideal submanifolds, all components of R are zero except possibly the following ones

R1212 = 2µ2 − c1,(3.1)
R1k1k = −λ2µ − c1, (k > 3)(3.2)
R1k2k = −λ1µ, (k > 3)(3.3)
R2k2k = λ2µ − c1, (k > 3)(3.4)
Rklkl = −c1, (k ̸= l, k, l > 3),(3.5)

where c1 = c + λ2
1 + λ2

2 + λ2
3. Then expressing the condition R · R = LQ(g, R)

for the Deszcz symmetry to be satisfied by the (0, 6) tensors R · R and Q(g, R)
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for some function L : M → R, by evaluating these tensors on the tangent vec-
tors {e1, e2, . . . , en}, one finds that this pseudosymmetry is characterized by the
following system of algebraic equations

λ1µ(2µ2 − c1 + L) = 0
λ2µ(2µ2 − c1 + L) = 0

λ2
1µ2 + (2µ2 + λ2µ)(λ2µ − c1 + L) = 0

λ2
1µ2 + (2µ2 − λ2µ)(−λ2µ − c1 + L) = 0

λ2
1µ2 − λ2µ(−λ2µ − c1 + L) = 0
λ2

1µ2 + λ2µ(λ2µ − c1 + L) = 0
λ1µ(−c1 + L) = 0.

This system of equations is obtained by the evaluations of tensors R ·R and Q(g, R)
on the seven combinations

(e1, e3, e1, e3; e1, e2), (e1, e3, e2, e3; e1, e2), (e1, e2, e1, e3; e2, e3),
(e1, e2, e2, e3; e1, e3), (e1, e4, e3, e4; e1, e3),
(e2, e4, e3, e4; e2, e3), (e2, e4, e3, e4; e1, e3).

All other choices of combinations of basic vectors {e1, . . . , en} lead either to any
equation of the above system or to a triviality. And this system is satisfied if and
only if (I) µ = 0, in which case L = 0, or, (II) µ ̸= 0 and λ1 = λ2 = 0, in which
case L = c1 = λ2

3 + c.
Therefore, by virtue of the above calculations and the fact that every totally

umbilical submanifold of a complex space form is totally geodesic [3], we obtained
the following

Theorem 3.1. A generalized Wintgen ideal Lagrangian submanifold Mn in a
complex space form M̃n(4c), (n > 4), is a Deszcz symmetric Riemannian manifold
if and only if it is totally geodesic (with L = 0) or a minimal or pseudoumbilical
submanifold of this complex space form M̃n(4c).

Using the nonzero components of Riemann–Christoffel curvature tensor R, the
nontrivial components of the (0, 2) Ricci tensor S of generalized Wintgen ideal La-
grangian submanifolds Mn in the complex space form M̃n(4c) in a {e1, e2, . . . , en}
frame are found to be

S11 = −2µ2 + (n − 2)λ2µ + (n − 1)c1,(3.6)
S22 = −2µ2 − (n − 2)λ2µ + (n − 1)c1,(3.7)
S12 = (n − 2)λ1µ,(3.8)
Skk = (n − 1)c1, (k > 3).(3.9)

Then expressing the pseudosymmetry condition R · S = LSQ(g, S) satisfied by
the (0,4) tensors R · S and Q(g, S) for some function LS : M → R, by evaluat-
ing these tensors on the tangent vectors {e1, e2, . . . , en}, one finds that this Ricci
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pseudosymmetry, i. e. Ricci Deszcz symmetry is characterized by

(n − 2)λ1µ(2µ2 − c1 + LS) = 0
(n − 2)λ2µ(2µ2 − c1 + LS) = 0

µ[(2µ − (n − 2)λ2)(λ2µ + c1 − LS) − (n − 2)λ2
1µ] = 0

(n − 3)λ1µ = 0
µ[(2µ + (n − 2)λ2)(λ2µ − c1 + LS) + (n − 2)λ2

1µ] = 0.

This system of equations is obtained by the evaluations of tensors R ·S and Q(g, S)
on the five combinations (e1, e1; e1, e2), (e1, e2; e1, e2), (e1, e3; e1, e3), (e1, e3; e2, e3)
and (e2, e3; e2, e3), all other choices of combinations of basic vectors {e1, . . . , en}
lead either to any equation of the above system or to a triviality. And this system
of equations is satisfied if and only if (I) µ = 0, λ1, λ2, λ3 ∈ R in which case LS = 0,
or, (II) µ ̸= 0, λ1 = λ2 = 0, λ3 ∈ R and LS = λ2

3 + c. Based on this result on
the Ricci Deszcz symmetry for Lagrangian submanifolds Mn in the complex space
form M̃n(4c), (n > 4) and by virtue of Theorem 2.1, we thus obtained the following

Theorem 3.2. Any generalized Wintgen ideal Lagrangian submanifold Mn in
a complex space form M̃n(4c), (n > 4), is Deszcz symmetric if and only if it is
Ricci Deszcz symmetric.

In the sequel, we will characterize generalized Wintgen ideal Lagrangian sub-
manifolds in a complex space form with pseudosymmetric Weyl conformal curvature
tensor C.

From (3.6)–(3.9), the scalar curvature of generalized Wintgen ideal Lagrangian
submanifold in a complex space form M̃n(4c) is found to be given by

(3.10) τ = n(n − 1)c1 − 4µ2.

Then, combining (3.1)–(3.5) and (3.6)–(3.9) and (3.10), up to algebraic symmetries,
the components of the Weyl conformal curvature tensor C of such Mn are trivially
zero or are determined by

C1212 = 2(n − 3)
n − 1

µ2,

C1i1i = − 2(n − 3)
(n − 1)(n − 2)

µ2, (i > 3)

Cijij = 4
(n − 1)(n − 2)

µ2, (i ̸= j, i, j > 3).

The nontrivial components of the (0, 6) tensors C ·C and the Weyl–Tachibana tensor
Q(g, C), [13,25] by the algebraic symmetries of them, are all determined by

(C · C)(e1, e2, e2, e3; e1, e3) = −2µ2(n − 3)
n − 2

C1313,

(C · C)(e1, e4, e3, e4; e1, e3) = − 2µ2

n − 2
C1313,
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Q(g, C)(e1, e2, e2, e3; e1, e3) = 2µ2(n − 3)
n − 2

,

Q(g, C)(e1, e4, e3, e4; e1, e3) = 2µ2

n − 2
.

The pseudosymmetry condition C · C = LCQ(g, C) is then characterized by the
following:

2µ2(n − 3)
n − 2

(LC + C1313) = 0,
2µ2

n − 2
(LC + C1313) = 0.

Thus the condition C ·C = LCQ(g, C) is satisfied for LC = −C1313 = 2(n−3)
(n−1)(n−2) µ2.

From the specific forms of the shape operators from Theorem 2.1, we observe
that, for generalized Wintgen ideal Lagrangian submanifolds Mn in a complex
space form M̃n(4c), inf K = K12 = c1 − 2µ2, from which we obtain that

µ2 = 1
2(n + 1)(n − 2)

[τ − n(n − 1) inf K].

Thus, we can state the following

Theorem 3.3. Let Mn (n > 4) be a generalized Wintgen ideal Lagrangian
submanifold in complex space form M̃n(4c).

(i) Then Mn is conformally flat if and only if Mn is a totally geodesic sub-
manifold in M̃n(4c).

(ii) If Mn is a nonconformally flat submanifold, then Mn has a pseudosymmet-
ric Weyl conformal curvature tensor C and corresponding function of pseudosym-
metry is given by

LC = 2(n − 3)
(n − 1)(n − 2)

µ2 = n − 3
(n2 − 1)(n − 2)2 [τ − n(n − 1) inf K].
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