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KOROVKIN TYPE THEOREM FOR FUNCTIONS
OF TWO VARIABLES VIA LACUNARY
EQUISTATISTICAL CONVERGENCE

M. Mursaleen

ABSTRACT. Aktuglu and Gezer [1] introduced the concepts of lacunary equis-
tatistical convergence, lacunary statistical pointwise convergence and lacunary
statistical uniform convergence for sequences of functions. Recently, Kaya
and Géniil |11] proved some analogs of the Korovkin approximation theorem
via lacunary equistatistical convergence by using test functions 1, Hiz’ ﬁ,
(HLZF + (ﬁ)2 We apply the notion of lacunary equistatistical convergence
to prove a Korovkin type approximation theorem for functions of two variables

by using test functions 1, 2, 1%;/’ (%)% + (ﬁ 2,

1. Introduction and preliminaries

The following concept of statistical convergence for sequences of real numbers
was introduced by Fast [6]. Let K C Nand K,, = {j:j <n, j € K}. Then the
natural density of K is defined by §(K) := lim,,_, o | K, |/n if the limit exists, where
| K,,| denotes the cardinality of the set K.

A sequence x = (z;) of real numbers is said to be statistically convergent to
the number L if, for every ¢ > 0, the set {j : j € N, |z; — L| > €} has natural
density zero, that is, if, for each ¢ > 0, we have

1
lim=|{j:j<n, |z; — L] 26}‘20.
non

By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such
that kg = 0 and h, = k., — k,—_1 — o0 as 7 — oco. Throughout this paper the
intervals determined by 6 will be denoted by I, = (k,._1, k,-], and the ratio k,./k,_1
will be abbreviated by g¢,.
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Fridy and Orhan |7] defined the notion of lacunary statistical convergence as
follows. Let 6 be a lacunary sequence; the number sequence z is Sg-convergent to
L provided that for every € > 0),

1
limh—|{k €l : |z, —L| > €} =0.

In this case we write Sp-limit © = L or xp — L(Sp).

The concept of equistatistical convergence was introduced by Balcerzak et al. [2]
and was subsequently applied for deriving approximation theorems in [1,(8-10.19].
In [1], Aktuglu and Gezer [1] generalized the idea of statistical convergence to
lacunary equistatistical convergence. Recently, Kaya and Goniil |[11] established
some analogs of the Korovkin approximation theorem via lacunary equistatistical
convergence. Korovkin type approximation theorems for various kinds of statistical
convergence are studied in [3H5}{14H18|. In this paper, we prove such type of
theorem via lacunary equistatistical convergence by using the test functions 1, 1#—
and (%)%

Let Cla, b] be the linear space of all real-valued continuous functions f on [a, b].
We know that Cfa,b] is a Banach space with the norm given by

[fllctap == sup [f(z)]  (f € Cla,b]).
z€[a,b]

Let f and f,, (n € N) be real-valued functions defined on a subset X of the set
N of positive integers.

DEFINITION 1.1. A sequence (fi) of real-valued functions is said to be lacunary
equi-statistically convergent to f on X if, for every e > 0, the sequence (S, (¢, x))ren
of real-valued functions converges uniformly to the zero function on X, that is, if,
for every € > 0, we have lim,_, ||S;(¢, 2)||c(x) = 0, where

1
ST(E,IL’) = h7|{k ke Ira |fk(x) - f(CE)| 2 6}’
and C(X) denotes the space of all continuous functions on X. In this case, we write
fx = f (f-equistat).

DEFINITION 1.2. A sequence (fy) is said to be lacunary statistically pointwise
convergent to f on X if, for every € > 0 and for each x € X, we have

1
liin h—Hk k€L, |fu(z) = f(z)| = €}| =0.
In this case, we write f. — f (f-stat).

DEFINITION 1.3. A sequence (f,) is said to be lacunary statistically uniformly
convergent to f on X if (for every € > 0), we have

o1
lim o= |{k k€ L, [|fi — flox) > €| =0.

In this case, we write f,. = f (6-stat).
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DEFINITION 1.4. (see [10]). A sequence (f,) of real-valued functions is said
to be equistatistically convergent to f on X if, for every ¢ > 0, the sequence
(Py,e(x))ren of real-valued functions converges uniformly to the zero function on
X, that is, if (for every e > 0) we have lim,, ;o || Pp.c(2)|lc(x) = 0, where

1
P, (x) = E’{k k< fy(z) = f(x)] = e}‘ =0.
In this case, we write fr ~» f (equistat).

The following implications of the above definitions and concepts are trivial.
fx = f (0-stat) = fr ~ f (f-equistat) = fr, — f (f-stat).

Furthermore, in general, the reverse implications do not hold true.

2. Main Results

Let I =[0,A], J=[0,B], A,B € (0,1) and K = I x J. We denote by C(K) the
space of all continuous real valued functions on K. This space is equipped with the
norm || fllc(x) = sup(, yyex |f(@,y)|,  f € C(K). Let H,(K) denote the space of
all real valued functions f on K such that

5:0) = flal < (1 \/(1f3 ) s,

where w is the modulus of continuity, i.e.

w(f;0) = sup {|f(s,t)—f(m,y)|:\/(sfx)2+(tfy)2<5}.
(s,t),(z,y)EK

It is to be noted that any function f € H,(K) is continuous and bounded on K.

In [1], Aktuglu and Gezer proved the Korovkin theorem for lacunary eqis-
tatistiacal convergence by using the test functions 1,z and z?; while Kaya and
Goniil [11] used the test functions 1, $7, (735), (15)° + (131,)2- Recently, Sri-
vastava et al [19] defined and studied the M-eqistatistiacal convergence of positive
linear operators by using the notion of A-statistical convergence [15]. In this paper,
we apply the notion of lacunary equistatistical convergence to prove a Korovkin
type approximation theorem for functions of two variables by using test functions
Lo (1), (155 + (152

Let T be a linear operator which maps Cla,b] into itself. We say that T is
positive if, for every non-negative f € C[a,b], we have T'(f,z) > 0 (z € [a,b]).

We prove the following result:

THEOREM 2.1. Let 0 = (k,) be a lacunary sequence, and let (L,) be a sequence
of positive linear operators from H,,(K) into Cp(K). Then for all f € H,(K)

(2.1) L.(f;z,y) ~ f(x,y) (f-equistat)
if and only if
(2.2) L. (f;2,y) ~ gi(x,y) (f-equistat) (i =0,1,2,3),

with go(z) =1, g1(z) = 1%, g2(v) = ﬁ and g3(z) = (ﬁ)Q + (L)Q
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PROOF. Since each of the functions f; belongs to H,(K), conditions (2.2
follow immediately. Let g € H,(K) and (z,y) € K be fixed. Then for € > 0, there
exist d1,d2 > 0 such that |f(s,t) — f(z,y)| < € holds for all (s,t) € K satisfying

755 — 22| <0 |75 — 7] <02 Let
s T t Y
K(o,0) = {(s.t) e K| 2= - | <oy, |-— - | < &}.
(91,02) (s:1) € 1—s 1—x<1 1—-t 11—y 2
Hence
(2.3) F(5,8) = F@m)] = 1£5:8) = F@ 0 s, o (o
+[f(s,t) — f(x’y)|XK\K(§1,62)(51t)
Set 2NXK\K(§1,62)(Svt)’
where xp denotes the characteristic function of the set D and N = ||fllc,x)
Further we get
1 S x 2 1 t Yy o\2
24 PRI PR LI L N
(24) sk (8 S @l —17=5) Tl 1o,

Combining (2.3]) and (2.4) and choosing 6 := min{d,d2}, we get

2N s T \2 t Y o\2
’ t B ’ < { ( N ) ( B ) }.
£, - fel <+ { (T - ) (T -1
After using the linearity and positivity of operators {L,}, we get

|L(fs2,y) — f(z,y)| < e+ M{|L:(90;z,y) — go(z,y)| + |Lr(g1;2,y) — 91 (2, )]
+ Ly (925 2,y) — g2(x, y)| + | Lr(g3; 7, 9y) — g3(z,9)[},

which implies that

3
(2.5) Lo (f52,y) = f(@,9)| e+ BY |Le(gii2,9) — gi(w,y)),
1=0

where M := ¢+ N + %—]Zv. Now for a given p > 0, choose € > 0 such that € < p.
Then, for each i = 0,1,2,3, set ¥,(x,y) = {k € N: |Ly(f;2,y) — f(z,y)| = p}|
and ¥; ,(z,y) = [{k € N : |Ly(957,y) — gi(x,y)| = G} for (i = 0,1,2,3), it
follows from that ¥, (x,y) C U?:o i p(z,y). Hence

3

1602, )l (5 e, )l
(2:6) e D A !

i=o0

Now using hypothesis (2.2]) and Definition the right-hand side of (2.6) tends
to zero as 7 — oo. Therefore, we have lim,_, ., h%Hw,,(z,y)HcB(K) = 0 for every

p >0, ie.. (2.1) holds. O

EXAMPLE 2.1. Consider the following Meyer-Konig and Zeller [13] (of two
variables) operators:

Bn(fiz,y) == (1 — )" (1 —y)"
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k m+35\ /m+k\ .
XJZOkZOf(]JFerl k+n+1)( j )< k >x3yk’

where f € H,(K), and K = [0,A] x [0,B], A,B € (0,1).
), we have 1/(1 —x)" 1 = 3202 ("1 F)ak, it is

Since, for x € [0, 4], A € (0,1
easy to see that B, »(go;2,y) = fo(z,y). Also, we obtain

m+7j\ (n+k pigk

k Ty

— (1—2)™*(1 n+1zzm+1( )

Bm,n (91§ x, y)

7=0 k=0
+4)! (n+k\ .
= (1= m+1 n+1 m j—1_k
(1-2) xJZOkZOm+1m‘ -\ k& v
1 1 T
= (1— m+1 1— n+1 _
N (= ()

and similarly By, . (g2; %, y) = =k
Finally, we get

Bin.n(9s; 2, y) . n+1oo oo . kN2 (mAd (nkY
e S ) () 1) ()
=(@-ami- ”Hmi ]Zo,czomﬂm?lf—]i) <nzk)
+(17x)m+1(17yn+1 Y Zzn+1<m;rj)(”+k)!xjykl

nl(k—1)!
_— . T = (mAj+D! (n+k
=t g e S e (M)

"ty
=0
+ii <m+]+1 <n;—k)xjyk}

(n+k+ )1) (m "."j>xjykl

1_ m+11_ n+1
O T
A= (nA kT (mAG
2 ()
=0 k=0
_m+2( x )2 1 x n+2< Y )2 1 Y
m+1l—2 n+1\1l—y n+11l—y

T m+1\1—2
z 2 Y o\2
— — .
() +(5)

x]*lyk

x,y) (f-equistat) (i = 0,1,2,3). Hence

Therefore, we have B, (fi;x,y) ~ gi(
by Theorem we have B, (f;x,y) ~ g(x,y) (f-equistat).
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3. Rate of Lacunary Equistatistical Convergence

In this section we study the rate of lacunary equistatistical convergence of a
sequence of positive linear operators as given in [11].

DEFINITION 3.1. Let (a,) be a positive non-increasing sequence. A sequence
(fr) is said to be lacunary equistatistically convergent to a function f with the rate
B8 (0 < B <1)if for every € > 0,

Are(z,y)

lim
T—>00 T

=0
uniformly with respect to (z,y) € K or equivalently, for every e > 0,
lim ”Ar c(, y)HCB(X)

r—00 r—pB

=0,
where
Al €)= ok € 1o (o) = S| > 2} =0,
In this case, we write f,. — f = o(r=?) (f-equistat) on K.
We have the following basic lemma.

LEMMA 3.1. Let (fr) and (g,) be sequences of functions belonging to H,(K).
Assume that f. — f = o(rPv) (O-equistat) on X and g, — g = o(r—52) (0-equistat).
Let f = min{pB1, B2}. Then the following statement holds:

(i) (fr +90) = (f +9) = o(r™") (9-equistat),

(i) (fr = )gr—9) = 0(7"751) (6-equistat),
(iii) p(fr — f) = o(r~ ) (0-equistat) for any real number p,
(iv) v \fr fl = o(r=P) (0-equistat).

We recall that the modulus of continuity of a function f € H,(K) is defined by
w(f;8) = sup {[f(s) = f(2)]: |s —z[ <6} (6>0).
s, c€K
Now we prove the following result.

THEOREM 3.1. Let {L,} be a sequence of positive linear operators from H,(K)
into Cp(K). Assume that the following conditions hold:

(a) Ly(go;z,y) — go = 0(7’_61) (0-equistat) on K,
(b) w(f;6ru,0ry) = o(r=P2) (0-equistat) on K,

z 12 2
where 6y 5 = \/L 1 . —Q) , )) and 6y, = \/L 1 7 ﬁ) ,y)) Then
forall f € H,(K), we have L.(f;x,y) — f(z,y) = o(r™ ) (0-equistat) on K, where
B = min{p1, Ba}.

PrOOF. Let f € H,(K) and (z,y) € K. Then it is well known that,
\Lr(f;2,9) = f(2,9)| < M|Ly(g0; 2,y) = go(x,y)]|
+ (Lr(90;$>y)+ Lr(go;$7y))w(f§6r,a:a6r,y)7
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where M = || f| a,, (k). This yields that

|Lr(fa zvy) - f(xa y)| < M|(LT(90a Z,y) - gO(xay)| + 2w(f7 5r,z7 5r,y)
+ w(f; 0ra; 0ry)[(Lr(g0; 2,y) — go(,y)|.

Now using the conditions (a), (b) and Lemma in the above inequality, we get

L.(f) — f = o(r=?) (f-equistat) on K. 0
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