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ABOUT A CONJECTURE
ON DIFFERENCE EQUATIONS IN
QUASIANALYTIC CARLEMAN CLASSES

Hicham Zoubeir

ABSTRACT. We consider the difference equation 23:1 aj(z)e(z+aj) = x(z)
where a1 < -+ < ag (¢ > 3) are given real constants, a; (j = 1,...,q) are
given holomorphic functions on a strip Rs (§ > 0) such that a1 and aq vanish
nowhere on it, and x is a function belonging to a quasianalytic Carleman class
Cn{R}. We prove, under a growth condition on the functions a;, that the
difference equation above is solvable in Cps{R}.

1. Introduction
Belitskii, Dyn’kin and Tkachenko in [1] formulated the following conjecture.

CONJECTURE. Let x,a;, j=1,...,q, be functions in a Carleman class Cpr{R}
such that a1 and aq nowhere vanish on R, and an < --- < ay some real numbers.
Then the difference equation

(1.1) Zaj(x)s@(x +a;) = x(z)

is solvable in the Carleman class Cpr{R}.

In that paper, the authors, relying on a result of decomposition in Carleman
classes, proved the conjecture in the particular cases where the coefficients a; are
constants or when the coeflicients are variables with ¢ = 2. They also suggested
that the same method could be used to show the solvability of equation () in

11

a quasianalytic Carleman class Cy/{R}, if we assume that the functions A
q

(¢ = 3) can be continued in a strip Rs := {z € C :

az g a1 Gq-1
T A e

|Im(2)| < ¢} as analytic functions increasing on Ry, not too rapidly in infinity. As
an example of such coefficients, they mentioned the class of rational functions. Our

aim here is to give a precise meaning to this assertion, by proving that the result is
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1 1 a a9 a1 Gq-1
a1’ ag’ a1’ v ai’ ag’ 0 ag

in infinity, provided that it is of the form exp(e€!Re(2))

true even if the functions have more rapid increase

where C > 0 is a constant.

2. Notations, definitions and statement of the main result
We set for every p > 0,a >0
R, :={z € C:|Im(z)| < p}, Rf ={z€R,: £Re(z) > p}
Rya:={z € R, :|Re(z)| < a}
A, ={z€C:|z| <p}, A;t ={z€A,:£Re(z) <0}
I,:={2€C:|z|=p}, I‘ff ={zeTl,: £Re(z) <0}
For every nonempty subset V' of C and every z € C and n € N* we set
vO .y, v .= {ui+-Fup:u; €V, j=1,...,n}, n>1
z+Vi={z4uiueV}, z-Vi={z—u:ueV}
Denote by dm(¢) the Lebesgue measure on C. Let S be a nonempty subset of
C. By O(S) we denote the set of holomorphic functions on some neighborhood of

S. Let F : U C C — C be a function of class C' on an open subset U of C. For all

z € U we set
— 170F . OF
“V”—§5#”+%ﬂwﬁ

0 is called the operator of CauchyRiemann.
Let M := (Mp)n>0 be a sequence of strictly positive real numbers. The Carle-
man class Cpr{R} is the set of all functions f : R — C of class C*° such that

1™ oo,r < Crp} My, n €N

for every compact interval I of R with some constants C7, p;y > 0. The Carleman
class C{R} is said to be quasinalytic if every function f € Cp{R} such that
f™(u) = 0 for some v € R and every n € N is identically equal to 0. The
Carleman class Cps{R} is called regular when the following conditions hold

(Mn-‘,—l >2<% Mn+27n€N
(n+1)! n! (n+2)!

Mn+1 )%
sup| —————+ < 4009,
neg((n—i—l)Mn

1
lim M = +oco

n—-+oo

To the Carleman C)/{R} we associate its weight Hjs defined by the following
relation

Hy(z) = }liérﬁll[%z"], x>0

In this paper, the following result will play a crucial role.
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THEOREM 2.1. [3] We assume that the Carleman class Cp{R} is regular. A
function f:R — C belongs to Cpr{R} if and only if there exists for every compact
interval I of R a compactly supported function F : C — C of class C* such that
F is an extension to C of the restriction to I of the function f and satisfies the
following estimate

|0F (2)| < ArHp(Br|Im(z)]), zeC
where Ay, By > 0 are constants.

Throughout the paper, we assume that the Carleman class Cy/{R} is regular
and quasianalytic. Our main result is the following.

THEOREM 2.2. Let ¢ € N* \ {1,2}, 0 > 0, x € Cu{R}, and a; € O(Rs)
( = 1,...,q) such that a1 and ag nowhere vanish on Rs. We assume that the
following growth condition holds

Z 1 _¢ClRez]|
‘ Z‘ ‘ + )e < 400
(2) |a1 2)| - aq(2)]

for a constant C > 0. Then difference equation (L)) is solvable in the class Cpr{R}.

(2.1) sup (Z

zERg

3. Proof of the main result
Let us first prove the following lemma.

LEMMA 3.1. Given f € Cy{R}, Cy > 0 and p € ]O;ﬁ[, there exist two
functions fi : ((C ~ A:pt) UR — C which are holomorphic on C ~ (I’:pIE UA%),

whose restrictions to R belong to Cy{R}, and such that the following conditions
hold

f(@) = fr(z) + f-(2), =€ [-p,p]
| f+(2)] < Do exp(— cos (pCh) eCol Re(z)l), z € Rf
where Dy > 0 is a constant.

PROOF. Since f belongs to Cp{R}, there exists, according to Dyn’kin’s theo-
rem [3], a compactly supported function F : C — C of class C! such that F is an
extension of the restriction of f to the interval [—p, p] and satisfies the following
estimate

|OF (2)| < AHp(B|Im(z)|), z€C
where A, B > 0 are constants. Following the same approach as that of [I], pp. 34,35],
[2, pp. 148-150], but using the Cauchy-Pompeiu formula on the disk A,, for the
function exp(e€0* 4 e~C0%) f(z), we show that the functions

Co¢ —Co(
fi(2) = g1 exp(—e* — =) / mple e O g
1 CoC Co\F
_ ; GXp( Coz _ 7Coz //Ai eXp +i . ) (C) dm((:)

satisfy the required conditions. O
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Now we set

) a;j(z) .
Bi=a;—a, j=2,...,q, bi(2):=—-L"2, 2€Rs, 1=2,...,q
J J 15 J J() al(z) J

) a;j(z) )
=ag—ay, j=1,...,0—1, ¢j(z)i=—"L=%, 2€Rs, j=1,...,q—1
V=g =y, j q ¢;(2) 2ez) 2 ERoJ q

Let Cy > C(% + %) and &y € |0, min(, 70-) [. Then according to the lemma
above, there exists a constant D; > 0 and two functions x4 : (C ~\ Agto) UR —=C
which are holomorphic on C~ (Ff;to UA(:;EO ), whose restrictions to R belong to Ca/{R},
and such that the following conditions hold

X(@) = x+(z) + x-(2), =€ [~do,d0],

3.1
31) X+ (2)] < Dyexp(— cos(Cl(So)ecllRe(z)l), z € Réio.

Let (gn)nen and (hy,)nen be the sequences of complex valued functions defined
on the strip Rs, by

ho(2) = ’;q((j)), hs1(2) 1= Y €5()hnlz =),

It is clear that all the functions g, g and h,r belong to Cpr{R}.
Let us set

Ki:={8;:7=2,...,q}, Ko:={vj:j=1,...,¢—1}.
It follows from (ZI)) that we have for every n € N, z € R,

C| Re(Z)l) max_ |gn(u)|,

<
gn+1(2)] < exp(Le max

[n41(2)] < exp(LeFE) max |y (u)]
ucz— Ko

where L > 1 is a constant. Then we have for all n € N*, z € Ry,

n—1
|gn(z)| < exp<ZLeC (|Re(z)|+j5q)) max |g0(u)|

j=0 u€z+K{™

< exp(nLeCUREHn80) max |y, (u),
uez+ K™

nfl
(2 < exp(( 3 LI ) o)
= uGZ*Kém
C(|Re(z)\+"71)) max |X—(u)|

< eXp(nLe
ueszé")
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Let a > 0. There exists N, € N* such that (82 + v4—1)Na > a and
z +K§") C R;{O, n 2 Ng, z€Rs,q,
Z—K(") CR;,, n2Nag 2z€Rsq.

It follows then from ([B.I)) that we have for all n > Ng, 2z € Rsy 4

max |x+(u)] < Dy exp( - cos(Cl(So)exp(Cl min |Re(u)|>>
uEz-l—Kln) uEz-l—Kin)

<Dy exp( — cos(0150)ecl(—a+"52))7

max |x—(u)| < Dy exp( — cos(Cydo) exp(C’l min |Re(u)|))
u€z7K£n) u€z— K, ™

<Dy exp( — cos(C’léo) —atnyg- 1))
Consequently we have for all n > Ng, 2 € Rs; 4
lgn(2)| < D1 exp(nLe (@+n80) _ cos(Crbp)e” “+"52)),
|hn(2)| < Dy exp(nLeC(‘”'"'“) - cos(Cléo)ecl(_a+mq*1)|).
On the other hand we have

nLeClatnba) — o [005(0150)601(7a+"52)},
n—-+o0o

nLeClatnm) — [COS(Clgo)eCl(*aJrnvq—l)l].
n—-+o0o

So, there exist real constants D, > 0 and E, > 0 and an integer P, > N, such
that the following inequalities hold

lgn(2)| < D, exp( — Eaecl(f‘”"ﬁ”)7 2 €Rsp 0, N2 Py,
|hn(2)] < Dy exp( — Eaecl(_aww‘?*l)l), 2 €Rs5p.0, N =Py
It follows that the function series > In|Rs, and ) hn\Rao are uniformly convergent

on every compact subset of Rs, and that the functions Z:ZOPG g, and Z::’Pa hn,
are holomorphic on Ry, , for every a > 0. Let G4 and G be the sums of ) g, [r;,
and ) hy g, , respectively. Since all the functions g, g and h, g belong to Cp{R},
it follows that the functions gy := G4|r and g_ := G_|g belong to Cy{R}.
Elementary computations show that

Za] z) 9+(z + aj) = x+(2), = €R,

Zaj (z+a;)=x-(2), zeR

Then it follows from (B:[I) that the function g := g4 + g— is a solution on the
interval [—dp, dg] of the difference equation (II]). But the function

2 > a;(@) gla + o) — x(a)
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belongs to the quasianalytic Carleman class Cp/{R}. Consequently the function
g € Cp{R} is a solution on R of difference equation (IIl). The proof of the main
result is complete.
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