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THE FOURTH POWER MOMENT
OF THE DOUBLE ZETA-FUNCTION

Isao Kiuchi

ABSTRACT. We prove the fourth power moment of the Euler—Zagier type dou-
ble zeta-function (2(s1,s2) and provide an improvement on the Q results of
Kiuchi, Tanigawa, and Zhai. We also calculate the double integral under cer-
tain conditions.

1. Introduction

Let s; = o +it; (0j,t; € R, j = 1,2) be complex variables, and let ((s) be
the Riemann zeta function, which is defined as -, n™* for Res > 1. The double
zeta-function of the Euler—Zagier type is defined by

1
(1.1) Ca(s1,82) = Z P
1<m<n

which is absolutely convergent for oo > 1 and o1 + 02 > 2. The proof of Atkinson’s
formula for the mean value theorem of the Riemann zeta-function {(s) (see Atkinson
[2] or Ivié [7]) is applied applies to series (II)). Double zeta-function (LI has many
applications to mathematical physics. In particular, some algebraic relations among
the values of double zeta-function (L) at positive integers have been extensively
studied by Ohno [17]. Some analytic properties of this function have been obtained
by Akiyama, Egami, and Tanigawa [1], Ishikawa and Matsumoto [6], Kiuchi and
Tanigawa [12], Kiuchi, Tanigawa, and Zhai [13], Matsumoto [14}, 15], Zhao [19],
and others.

1.1. Mean square formula. Matsumoto and Tsumura [16] were the first
to study a new type of the mean value formula for f2T |C(s1, 82)|2dty with a fixed

complex number s;. They conjectured that when o1 + 02 = %, the form of the
main term of the mean square formula would not be CT" with a constant C, and

2010 Mathematics Subject Classification: Primary 11M41; Secondary 11MO06.
Key words and phrases: double zeta-functions, fourth power moment, Riemann zeta-function.
Communicated by Zarko Mijajlovié.

229



230 KIUCHI

that, most probably, some log-factor would appear. Their results were considered
by Ikeda, Matsuoka, and Nagata [5], who showed that

T ) 0 1 m 1 2
/2 |C2(s1, 82)|7dtr = <7§=:1 T C(SQ)*;E >T

(1.2)

0(10g2 T) if o1+ 02 = 2,
O(T472017202) if % < o1 +o09 <2,

Here, the coefficient of the main term on the right-hand side of (2)) converges if
o1+ o9 > % Tkeda, Matsuoka, and Nagata deduced that the asymptotic formula

5TlogT + O(T)

1 2 1
1. dt; = ———
( 3) /2 |C2(51;52)| 1 |52 1|

holds on the line 01 + 05 = % This result implied that the conjecture of Matsumoto
and Tsumura on the line 01 +09 = % was true. Tkeda, Matsuoka, and Nagata made
use of the mean value theorem for Dirichlet polynomials and suitable approxima-
tions to the Euler-Maclaurin summation formula to obtain formulas (I2)) and (L3]).
Assuming that 2 < t1 < T,0< 01 <1,0< 03 <land 0 < 01 + 03 < %, Kiuchi
and Minamide [11] recently considered five formulas for the mean square of the
double zeta-function (2(s1, s2) concerning the variable ¢; and showed that, for any

sufficiently large positive number T > 2,

[ st s = ey S I0) pucanae
(1.4) +O(ty 273712
with 1 < o1+ 02 < 2 and 2 <t < T1-3(01+02)
(1.5) /ZT |Ca(s1, 82)|%dty = %TQ + O(t;%(loth)T%)
with o1 + 09 =1 and 2 <ty < IOTjT,
((4 =201 — 209) 4—201—209

T
1.6 2dty = (2m)? 71 +202 73
D O TR T

3-207 —209

with % <o1+o09<1,and 2 <ty <T5 21292, and

T ¢(3) :
2 __ S\9) 3
(1.7) /2 |C2(s1, 82)|7dts = 1272]55 — 1|2T

+ 0(T2) if o1+ 09 =
O(t§1T2\/logT) if o1 4+09=

and +/logT < tg < T%,
and 2 <to < /logT.

N[— N[
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Furthermore, they derived the formula

T
_ 4—20‘1—20’2) _ _
].8 ’ th _ 2 2014+202—3 C( T4 201—209
18) [ Gl s)Pit = n) T T T
1-207—209 3—201 209

{O(t—al U2T%701702) if T3 201202  tg < T3 201202 ,

[\SIN]

1-207 —209

O(t2—1T3720172U2) if 2 <ty < 3301205

for 0 < o1 + 03 < 3. They used the mean value formula for [((c + it)| and a weak
form of Kiuchi, Tanigawa, and Zhai’s approximate formula for (2(s1, s2) to obtain
formulas ([4)—(L8). Kiuchi and Minamide also showed that

: , £
(19) C2(0'1 +Zt1,0’2+2t2):Q<1t7)
2
for1<oy+o02<3,2<t; <Tand2<t, <T™ 301-302—¢ and
t§—0'1—0'2
(1.10) C2(0'1 +it1,0‘2+it2)=ﬂ(1t7>
2

3-201 209

for0 < o1 4+02<1,2<t; <T,and 2 <ty < T5 2122 ° with € being any
small positive constant. Formulas (I9) and (II0) provide a certain improvement
on the Q-results of Kiuchi, Tanigawa, and Zhai [13].

1.2. Fourth power moment. Before the introduction of our theorems, let
us recall the 2k-th power moment of the Riemann zeta-function {(o + it). It is well
known that

/2T|C(a+z‘t)|2kdt (Z d;( ))T+O(T2 o+2) £ 0(1)

n=1

holds, when ¢ > 1 is fixed and k > 1 is a fixed integer (see Theorem 1.10 in [7], or
[8]), where the divisor function di(n) is the number of ways n can be written as a
product of k fixed factors. Then, in the case k = 2, we have

T 4 o
(1.11) /2 |C(o +it)|[*dt = CC((420))

for ¢ > 1 and any small positive number €. The higher power moment for the
Riemann zeta-function ((1 + it) was derived by Balasubramanian, Ivi¢, and Ra-
machandra (see Theorem 1 in [3]), who showed that

/T|(C(1+zt V¥ 2dt = (Z'd’“ )T+O((logT)k2)

holds for any complex number k and ({(s))* =Y 7, d’;—(sn) in o > 2. For the case
of k = 2 in the above expression, we have

(1.12) /T |C(1 +it)|[*dt =

T+O0(T* )+ 0(1)

¢*(2)
¢(4)

T +O(log* T).
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Ivié¢ [9}, [10] obtained the formula
¢*(20)
((40)

for % < o < 1. The fourth power moment for the Riemann zeta-function ¢ (% +1it)
in the critical line was obtained by Heath-Brown [4], who showed that

T
(1.13) / |C(o +it)|*dt = T+ O(T?727 log® T)
2

T 4
1 4
(1.14) / ’g(§ +it)’ dt =T er(log T)** + O(T¥+)
2 k=0
holds with ¢y = #, and the other constants c; being computable.

The main purpose of this paper is to prove the fourth power moment for the
double zeta-function (2(s1, $2) within the region 0 < o7 < 1,0 < 03 < 1, and 0 <
01 + 02 < 2 without using the mean square formulas (L4)—(L8). We use formulas
(CID)-I4) for the fourth power moment of |((c + it)| and Lemma 3 below, as
well as Lemma 2 below, which was derived from a weak form of the approximate
formula of Kiuchi and Minamide [11] for {2(s1, s2) to obtain the following formula.

THEOREM 1.1. Suppose that 2 < t1 < T, 0 < 01 < 1,0 < 02 < 1 and
01+ 02 = 1. Then, for any sufficiently large positive number T > 2, we have
¢f2) 10
1272¢(4) |s2 — 1]*

T - 5
(115) / |C2(81, 52)|4dt1 = + O(t;a(lothTE)
2

'l
with 2 <ty < L2,

1
REMARK 1.1. Inserting to = % into (I.IH), the right-hand side of the formula
1

(I3 is estimated by T3 log* T, but if we can take to = %, we can estimate that
T'log" T. The main term of this theorem is not T'log™ T' (A > 0), but T since the
analytic behavior of the double zeta-function ((s1, s2) depends on both s; and ss.
This observation in fact supports the result of Kiuchi, Tanigawa, and Zhai.

As an application of (ILIH), we consider the evaluation of the double integral

N T
/ / |Co (51, 52)[*dt1dts,
2 2

and then we deduce the following.

COROLLARY 1.1. Let 0 < 0y < 1,0 < 092 <1 and o1 + 09 = 1. Within the
1

region 2 < N < %, we obtain

1 N T 4 572w 2 201 1
— 52)|Adtydt —>7,(——T 12 ) 0(—)
T3/2 /2 (G (sn, s2)l dtadtz = ags (g —Tan ™ o = 3 ) + Ol

as T — 0.
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Hence, this observation may be regarded as an average order of magnitude for
the double zeta-function, which is

52 <7T n_lz 20 )

22 (Z_7T —
172803 \ 2 & o1 4+0?

1
if0<01<1,0<02<1,01+02=1,and2<N<%.

THEOREM 1.2. Suppose that 2 < t1 < T,0< 01 < 1,0 < 09 < 1, % <
o1+ 02 < %, and o1 + o9 # 1. Then, for any sufficiently large positive number
T > 2, we have

T
(1.16) / Ca (51, 82)|dty =
2

(27T)401+40276 <4(4 _ 20_1 _ 20_2) T774017402
7—40‘1—40’2 C(8—40'1—40'2) |82—1|4

+ O(tgéT%730'1730'2)

for 2 <ty < Ti1=3(01+02) gng 1 < o1 +09 < %, and

T 40144056 4 7 4oy —do
2 1 2 4 —2 -9 T 1 2
(1.17) / |(:2(S1,52)|4dt1 _ ( 7T) ¢ ( o1 02)
2 7—401 — 402 ((8 — 4oy —403) sz — 1[4
O(t2—4T6—301—302+6) if2 <ty < T75*2“11*2“2 +5,
O(t;%701702T%*3‘71*302) ifT5—25117202'+5 <ty < Tigiiiiiiig

for%<01+02<1.

THEOREM 1.3. Suppose that 2 < t1 < T, 0 < 01 < 1,0 < 03 < 1, and
0<op+o02< % Then, for any sufficiently large positive number T > 2, we have,

T
(1-18)/2 |C2(51,82)|4dt1=

(27.‘_)401-1—402—64-4(4 _ 20.1 _ 20.2) T7—401—402
(7T— 401 — 402)((8 — 401 — 4o3) |sa — 1*
+ O(t374017402T) + O(t2—3T674017402)

n O(tggfcnfcmT%fBalfBag) + O(t2—4T673017302+5)
3—201—209
for 2 <ty < T5-201-202,

REMARK 1.2. An average order of magnitude for double zeta-function (II))
derived from the asymptotic behavior of the integrals of the double zeta-function
with (CI5)—(TI8) holds when the ratio of the order of ¢; to that of t3 is small.
However, it is often difficult to determine their analytic behavior for a general ratio
of the order of ¢; to the order of ¢5.

From Theorems [[.T] [[.2, and [[.3], we are able to determine an additional proof
for the Q-result of Kiuchi, Tanigawa, and Zhai [13], and Kiuchi and Minamide [11].

COROLLARY 1.2. Let0<o01<1,0<02 <1, and2<t; <T. Then, we have
3
5—0'1—0'2

4
(119) C2(0'1 +it1,02+it2):Q<1T)
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for1<oi+o02<3 and2 <ty < T1-3(@1to2)=¢  gng

3—01—02

. ) t?
(120) C2(0'1 +Zt1,0’2+lt2) :Q<1t7)
2
3-201 20y
for 0 < o1 +02 <1 and 2 < to < T5201-202 ~ where € is any small positive
constant.

Formulas (ILT9) and (20) are equivalent to (I9) and (ILI0), respectively, and
Corollary [[.2 provides an improvement upon the Q-result of Kiuchi, Tanigawa, and

Zhai [13].

THEOREM 1.4. Suppose that 2 < t1 < T, 0 < 01 < 1,0 < 09 < 1, and
< 01+ 02 < 2. Then, for any sufficiently large positive number T > 2, we have

[\GI (9N}

T

(1.21) / |Ga(s1, 82)[*dtr = O(3T)
2

for% <oy +09<2, and

T 1 Tlog*T . 2
(1.22) / [Ga(s1, 52)|*dty = 272 Lo L 4 Oty *Tlog® T) if2<1s < (logT)3,
2 O(t3T) if ty > (logT)3
_ 3
for oy + 09 = 5.
To improve our theorems, we must obtain a sharper estimate for the integral
fQT |E(s1, s2)[*dt; in Lemma 22 below, but this is very difficult.

Notations. When g(x) is a positive function of x for « > zo, f(z) = Q(g(z))
means that f(z) = o(g(z)) does not hold as © — co. In what follows, & denotes any
arbitrarily small positive number, not necessarily the same ones at each occurrence.

2. Some lemmas
Let a be any complex number and x(sz) = 2(27)*>~*sin(Zs2)[(1 — s2). The
generalized divisor function o4(n) is defined by >, ,, d*. We use a weak form of the
approximate formula of Kiuchi, Tanigawa, and Zhai [13] to prove our theorems.

For our purpose, it is enough to quote the following weak form, which follows from
Lemma 1 of Kiuchi and Minamide [11].

LEMMA 2.1 ([11]). Suppose that 0 < o1 <1 and 0 < o3 < 1. Then, we have

+s2-1) 1
Soatom=l) Lo o)+ Bl s,
s9—1 2

where the error term E(s1, $2) is estimated as

(2.1) Ca(s1,82) =

|752|%_‘71_U2 f0<op+o9<1,
(2.2) E(s1,52) < X |ta|2 logta| if o1 + 02 =1,
|t2|% if o1 + 09 > 1.
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Note that the error term in this lemma is independent of t;. We establish a
formula for the fourth power moment of (2(s1, s2). Using (210), (Z2)), and Holder’s
inequality, we deduce the following:

LEMMA 2.2. For 0 < 01 < 1, 0 < 09 < 1 and any sufficiently large number
T > 2, we have

T
(2.3) /2 Ca(51, 82)|*dty

3 1 3 1 3 1 3 1 3 1 3 1
=h+L+L+O0I L + L + I + TGI8 + I3 + I 1)),

where
1 T A
2.4 L =—— —1)|%dt
(2.4) 1 |52—1|4/2 I¢(s1 + s2 — 1)["dtx,
1 T

(2:5) L=— [ [((s1+s2)|'dts

T T|t2|6_401_402 f0<oyp+o09 <1,
(2.6) Ig = / |E(51,52)|4dt1 <, T|t2|2 1Og4 |t2| Zf o1+ 09 = 1,

2

T|t2|2 if o1 + 09 > 1.
Kiuchi and Minamide [11] suggested that

(1 id'~*1752)(n)
nlf‘sz

(27) E(Sl7 52) = X(SQ) Z + O(|t2|maX(O,1—01—02)+a)

ng%
1 1 max(0,1—01—02)+e
=x(s2) Y 5y 7 + O(|te[ O m e

m1752 151
mi< 2l

holds, where * denotes the Dirichlet convolution. The first term on the right-hand
side of ([Z7) can be written as

1 1
X(s2) Y mzls—ﬁr@(“-)
m<M I<L

with M > 1, L > 1 and ML = % We use the approximate functional equation
of the Riemann zeta-function [18, Theorem 4.13] and the simplest form of the
approximation to the Riemann zeta-function [18, Theorem 4.11] to obtain

1 1 — O l—0’ 02—
x(s2) D o = Clsa) = D gy + O™ logltal) + Ot 2=72 M)
m<M I<L

with 0 < 02 < 1, and

1751

1 oy
Zlé—,lzdsl)ﬂ_sl +O(L™7)
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with 0 < o1 < 1, respectively. Taking the product of the above formulas and using
[20), we see that the function E(s1,s2) is given by
1 L= L= 1
E(s1,82) = ((s2)C(s1) — C(S1)Z T EC(SQ) T, 7 O(--+).

I<L Like

Roughly speaking, in the case where |t1] < |to|, the true order of magnitude of
the function F(s1,s2) may be regarded as |E(s1,s2)| < [C(s1)]|¢(s2)]. Thus, it
follows from the above and Lemma 211 that [(2(s1, s2)| < |¢(s1)]|¢(s2)]. However,
in the case where |to| < [t1]* (0 < a < %), the order of magnitude of the function
E(s1, s2) is smaller than that of the first term on the right-hand side of (Z1]); hence,
@77) implies the error term of 21]).

To deal with the integrals I; (j = 1,2, 3), we shall use Lemma [2.3] and formulas

CID)-(@C14).

LEMMA 2.3. For any sufficiently large positive number T > 2, we have

T d0-2 4
g, (@m)TR (2 = 20), 5y, 2—20 1,3
(2.8) L|QU+M|ﬁ— e T 0T g )
with 0 < o < %,
e ¢ -
4, _ 3 274
(2.9) /2 [C(it)|*dt = 127r2C(4)T +O0(T*log™T)

with o0 =0, and

T do—2 4
PNV (2m) (*(2-20), 3 45 3—30+4¢
(2.10) /2 |¢(o +it)|*dt = 3 1o (4 do) T +O(T3737%¢)

with —1 < o < 0.

PROOF. Since the functional equation is ((o 4 it) = x(o + it){(1 — o — it) (see
Titchmarsh [18] or Ivi¢ [7]), the equality |((1 — o —it)| = |{(1 — o + it)| and the

formula,
A t\24 1-4o
Xe+ibl = (5=)  +0ET) (k=4 >0),

we can integrate by parts and use (CI3) to obtain
T T
/ (o +it)|*dt = / Ix(0 +it)[*C(1 — o + it)[*dt
2 2
1 \2—40 [T T
- (_> / t27191¢(1 — o +it)|*dt + 0(/ 1911 — o + it)|4dt)
2'/T 2 2
(2m)* 2 (M2~ 20) 54 2-2 3
= T°7% +O(T* % log® T
3— 40 ((4—40) +0( o T)

for0< o< % Similarly in the case of o = 0, we have, by integrating by parts and

using (LI2)
T T
/ C(it)|dt = / (it) Y11 + i)
2 2
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1
_4:7T2 2

T T
£2(¢(1+ it)|*dt +0</ e +it)|4dt)
2

_ C4(2) 3 2 4
- 712W2<(4)T +O(T?log* T).

In a similar manner, we deduce from ([LTT]) that formula (ZI0) holds. O

3. Proofs
3.1. Proofs of Theorem [I.1]l and Corollary .1 We set 2 < t; < T and
1

2<ty < %. We shall evaluate the integral f2T |C2(51, 82)|*dt1 under the condition
0<o01<1,0<03<1,and o1 4+ 02 = 1. From (LI2)), we have

T+to 24t
31) L= %{/2 |C(1+it)|4dt—/2 |§(1+it)|4dt} — O(T).

Similarly,

1 T+to ' 2+4to '
(3.2) I = W{/Z |§(zt)|4dt—/2 |§(zt)|4dt}.

Inserting ([Z9) into ([B2), we obtain

CA(2) (T +t2)3 — (t2 +2)° (T +t2)% .
) s 1] O( =iy o&'7)

(3.3) I =

C4(2) 3 —3m2 —4m2 4
= T3+ O(t53T?) 4+ O(t;4T? log* T).
1272¢(4)|s9 — 14 +O0(t;"T7) + Ot o T)

From (2.6), we have
(3.4) Is = O((t2 log* t2)T).

Substituting (B1I), 33), and (B4) into (23, we observe that all error terms on the

right-hand side of ([Z:3)) are absorbed into O(t, : (log t2)T'%), completing the proof
of (LIH).

As an application of (LT]), we shall evaluate the double integral for the double

zeta-function (2 (s1, s2):
N T
/ / |Ca(s1, 82)| dt1dty.
2 J2
From (LIH), we have

N T
//|<2(81,52)|4dt1dt2
2 2
(2 /N 1 . g/N L
= Ta2c(d) ————dty |T T3 3
2@ \ Jy Jsp—1pit2) T H0 |t logtadty
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for 2 < N < L2 Tt follows that

N
1 1 7 L2 2(1 — 09) 1
dty = (Z_m - o~
/2 s — 122 2(1f02)3(2 R 4+(1f02)2)+ (N)

and
N 5 * _s 3
/ t2210gt2dt2:/ ty 2 logtadty + O(N ™2 log N).
2 2

Then, we easily see that

N T
/ / |Ca (51, 52) | dt1dts
2 2
57r2 9 2(1702)

™
= 70| — - T3
1728(1—02)3(2 1—o, 4+(1f02)2)
+O(T3N"21og N) + O(T%) + O(T*N1).

— Tan !

1
Henee,for0<01<1,0<02<1,al+agz1,and2<N<k’;%,
T — o0,

1 N T A 572w 2 201 1
— so)|Adt dt —>7,(——T 12 ) 0(—).
T3/2 /2 Ga(s1, o)l dtadtz = gz (g —Tan ™ 2 = 7 ) + Ol

Therefore, we obtain the assertion of Corollary 211

we obtain, as

3.2. Proof of Theorem Throughout this section, we assume that 0 <
o1 < land 0 < o2 < 1. As in the proof of Theorem [T, we shall calculate
the integral f2T |C2(51, 82)|*dt; under the condition that 1 < o1 + 02 < % with
2 <ty < T1-3(01402)  From (CII) and 235, we have

1 T+ts 2+to
_ E{/ IC(on + o3 + it)[Adt —/ (o1 + 02+ it)|4dt} — o),
2 2

From ([24) and (Z8)), we have

(27T)401+402—6 C4(4 _ 20.1 _ 20.2) (T + t2)7—401—402 _ (t2 + 2)7—401—402

(3.5) I

(3.6) I =

7—401 — 4oy ((8 — 4oy — 40o9) [sg — 1|*
T t 4—201—209
+0(( +t2) 1og3T)
|2 — 1|*

_(2m)tr o276 (4(4 — 201 — 207) 1
7T—401 — 40y ((8 — 401 — 4o2) |s2 — 1]*
4 O(t; 3T 401402y 4 (15474291202 153 ).
From (2.6), we have
(3.7) I3 = O(t3T).
Substituting (3.1)), (3.6), and (.7 into [2.3), we observe that all error terms on the

right-hand side of (23] are absorbed into O(t, %T%_?"’l_s"?). Hence, we derive
formula (CI6) with 2 < t2 < T1=3(1402)  Ip g similar manner as above, we

T7740’1 740’2
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shall calculate the integral f2T |C2(s1, 82)|*dt1 in the case of % < 014+ 09 < 1 with

3-201 —209

2 <ty < T521—202. By ([LI3) and (Z3), we have

(3.8) I, = O(T),
and by (2.0)
(3.9) I3 = O(ty "1 *2T).
By (24) and ([ZI0) we have
1 T
(3.10) I = W/Q |C(0'1 +o2—1+ i(tl + t2))|4dt1

C*(4 — 201 — 209) T7—401—402
(7— 401 — 402)C(8 — 4oy —402) |s2 — 1|*
Oty 3T 401402y 4 O(17AT0-301-30+e),

Substituting BX), B3), and FI0) into (Z3]), we observe that all error terms
on the right-hand side of ([Z3) are absorbed into O(ty *T6-371=3024e) jf 2 <
ty < TF 7% or into O(t, ® 7' 772 T% —801-302) if TFomm3 1 < 1, <
T%. We derive formula (LIT7) with 2 < t2 < T%. Next, we shall
calculate the integral f2T |C2(s1, 82)|*dt; in the case where o1 + 09 = % under the
assumption that 2 < ¢y < T3, By (CI4)) and (Z3), we have

— (271_)40'14*40'276

(3.11) I, = O(Tlog* T),
and by (Z8), we have
(3.12) I3 = O(t5T).

By (24) and (2I0), we have

(3.13) I = W/ ‘g( (t1+t2))‘4dt1

C4( ) T5 —3m4 — 42

= o(ty°T O(ty;*T=7e).

80’/T4<(6) |5271|4+ (2 )+ (2 )

Substituting B1I1), B12)), and BI3)) into (23], we observe that all error terms on
the right-hand side of (Z3) are absorbed into O(t;4T5+¢) if 2 < o < T3+ and
O(t*2T4) if T3¢ <ty < T3. We derive the formula (CI7) with o1 + 09 = % and

2<ty <T5. Thus, we obtain the assertions of Theorem [[.2]

3.3. Proof of Theorem [I[.3l Assuming that 0 < 01 < 1, 0 < 03 < 1, and
0< o140y < = , we shall calculate the integral f2T |C2(s1, 82)|*dt; with 2 <ty <
T5%1=%5 . Similar to the above theorems, ([Z5) and (Z8)) provide us
(3.14) I, = O(T3 471 —402),
and by (Z.4)

(3.15) Iy = OS5 112,
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By (24) and (2I0), we have
4 4 —92 -9 T774017402
(3.16) I = (2m)iortioa=t (T4~ 20, — 20,)
(7 — 40‘1 — 40‘2)((8 — 40‘1 — 40‘2) |82 — 1|4
+ 0(t2_3T674017402) + 0(t2_4T673017302+6).
Substituting (3I4), BI5), and 18] into (Z3]), we observe that all error terms on
the right-hand side of (23)) are given by

O(tQ—%—Ul—O'QT%_go-l_30—2) + O(tg—4o'1—402T)
+ O(t53T674017402) + O(t2*4T67301*302+€)

3—201—20

for 2 <ts < T5 201205 | Hence, this completes the proof of Theorem

3.4. Proof of Theorem [I.4l. Throughout this section, we shall assume that
0 < o1 <1and0 < oy < 1. We shall calculate the integral f2T |C2(s1, 82)|*dt1 with
3 <oy402<2 When 2 < 0y 40, <2, (LI, (CI3), and @) (20) tell us that
(3.17) L=0(T), I =0(t'T), Iz=O0(3T).
Substituting BI7) into (Z3)), we derive formula (LZI). Similarly, in the case of
o1+ 02 =3, (LIT), (CI4), and ZZ)-(Z0) tell us that
_ 1
o 27T2|52 — 1|4
Substituting (BI8) into ([Z3]), we observe that all error terms on the right-hand
side of (Z3]) are absorbed into O(t;%Tlog?’ T) if 2 < ty < (logT)?, and that the
right-hand side of (Z3) yields O(£2T) if t > (logT)%. Hence, we derive formula

(r22).

Acknowledgements. The author would like to thank the referee for his/her
careful reading of the earlier version of this paper and giving many valuable sug-
gestions.

3.18) I, =O(T), Is=O0(T), I, Tlog* T + O(t;*Tlog® T).
2
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