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WEIGHTED BOUNDEDNESS FOR COMMUTATORS OF
PARAMETERIZED LITTLEWOOD-PALEY OPERATORS
AND AREA INTEGRALS

Yan Lin and Xiao Xuan

ABSTRACT. We establish the boundedness for commutators of parameterized
Littlewood—Paley operators and area integrals on weighted Lebesgue spaces
LP(w) when 1 < p < oo, where the kernel satisfies certain logarithmic type
Lipschitz condition. Moreover, the weighted endpoint estimates when p = 1
are also obtained.

1. Introduction

Suppose that S™~! is the unit sphere of R"(n > 2) equipped with normalized
Lebesgue measure. Let 2 be a homogeneous function of degree zero and

(1.1) /Sni1 Q(z")do(2") = 0.

The parameterized area integral /1f, ¢ and parameterized Littlewood-Paley operator
py” are defined by

1 Qy — 2) 2dydt\ *

st = ([ |5 ] | )
. _ t A Qy — 2) dy dt e
:u’Ap(f)(I) - (//]R;Hrl (m) t_p/y_z<t Wf(z) dz tn+1) ’

respectively, where p >0, A > 1 and I'(z) = {(t,y) e R} : |2 —y| < t}.
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Define the Hilbert spaces as follows.

o= ([, peor )’ <o)
Ho={ninle = ([ [ (0 M|h<t,y>|2@ ol
o Jre \1+yl

where A > 1. Then
116, 5 (F) (@) = [|e,5 (N (@) laas 1y (@) = 6ty ()(@) |34

where ¢(z) = X (guja <1}, and Gey (f)(2) = [17"0(252 — y) f(2) d2.
The commutators of i, ¢ and ) are defined by
2dydi\ 2
t"'H ’

s (//r(x) r /y 2|<t |y(—2|” )”( Y =Rz

s (f <//R+ <t+|x—y|>

X M xr) — z V4 y4
a (b(z) — b)) f(2)d

—z|<t |y - Z|n P

2 1
dydt 2
tn+1 !

respectively.
Denote fg = |Q| fQ )dy. For § > 0, we define

My(f) = [M(F19)]%, MA(F) = [MA(F19)]7,

where M is the Hardy-Littlewood maximal operator and M? is the Fefferman-Stein
sharp function. The corresponding dyadic maximal operators are denoted by M SA
and Mg’A, respectively.

A function A : [0,00) — [0,00) is said to be a Young function if it is contin-
uous, convex and increasing satisfying A(0) = 0 and A(¢t) — oo as t — oo. The
complementary Young function A(t) of the Young function A(t) is defined by

A(s) = sup [st— A(t)], 0<s<o0.
0<t<oo

As an example, ®,,(t) = t(1 +log™ )™, 1 < m < oo, is a Young function with
its complementary ®,,(t) ~ " I Aisa Young function, then the Luxembury
norm of f on a cube @ C R” is defined by

. o1 |f (W)l
||f||A,Q—mf{A>o.@/QA(T)@@}.

If A(t) = ®1(t), we denote
[fllz1ogr,@ = Ifller.@,  [flleepr.o =1fll8,,0: Mriogrf(z) = ng [ fllz10g L@
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For the Luxembury norm, there is the following generalized Hoélder inequality.

1
@/Qlf(y)g(y)ldy< I1flla.0llgl

Let us recall the definition of A, weight class. A locally integrable nonnegative
function w is said to belong to A,(1 < p < c0), if there is a constant C' > 0 such
that

AQ

-1

r r “1/(p-1) ),,
&EQQXQWMOQQA“W dr) <G

where ) denotes a cube in R™. The smallest constant C' such that the above
inequality holds is called the A, constant of w and denoted by [w]4,. A weight w is
said to be in the class A; if there is a positive constant C such that Mw(z) < Cw(z),
a.e. ¢ € R™. We denote by [w]4, the infimum of all these C. A weight w is in the
class Ay, if there are positive constants C, € such that

o) o(12)

w(@Q) QI
for all cubes @ and all measurable sets E C . We denote by [w]4_, the infimum
of all these C.

Inspired by Hérmander’s work [7] on the parameterized Marcinkiewicz integral,
the parameterized Littlewood-Paley g3 function uz’p and parameterized area inte-
gral ug, ¢ were discussed by Sakamoto and Yabuta [12] in 1999. In [12], the authors
studied the LP(1 < p < co) boundedness with kernel satisfying the Lip, condition.
In 2002, Ding, Lu and Yabuta [2] proved the LP(2 < p < o) boundedness of p}”
and ,u& 5 with kernel satisfying a weaker Llog*L(S™~!) condition.

Torchinsky and Wang [14] considered the weighted LP boundedness of ui’p
and ug, ¢ with kernel satisfying the Lip, condition. In 1999, Ding, Fan and Pan [1]
improved Torchinsky and Wang’s result in [14] and gave the weighted LP bound-
edness of p)” and p¢ ¢ when Q € LI(S™~')(¢g > 1). In 2002, Duoandikoetxea and
Seijo [5] studied the weighed L? boundedness of ;3” and puf, ¢ with rough kernel.
In 2004, Xue [15] proved the weighed L? boundedness of py” and pg) ¢ with ©
satisfying the L?-Dini condition.

Lee and Rim [8], in 2004, established the logarithmic type Lipschitz condition

(12) 1901) ~ Q)| < —
(1og m)

for any y1,y2 € S"7!, where a > 1, and proved the type (L>°, BMO) and (L?,
L?) boundedness of the Marcinkiewicz integral with kernel satisfying the condition
(C2). In 2012, Lin, Liu and Gao [9] gave the endpoint estimate of p}”.

THEOREM 1.1. [9] Let n > 2, Q € L3(S"" ) be a homogeneous function of
degree zero satisfying (1) and (L2) with o > %, then for p > n/2, A > 2 | there
exists a constant C > 0, such that for all 3 >0 and f € L*(R"),

{e e R : [ux" (@) > B} < Cllfllr/B.
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In 2013, the authors in [10] discussed the operators p}” and ug’ ¢ with ker-
nel satisfying (L2) on weak Hardy spaces. Recently the authors in [11] gave the
weighted LP boundedness of puf, ¢ and py” with kernel satisfying (L2).

THEOREM 1.2. [11] Let Q € L?(S™1) be a homogeneous function of degree
zero satisfying (LI) and [L2) with o > % Suppose w € A,, then for p > n/2,
A>2and 1l <p< oo,

16,5 (Dllpo < Cllfllpor 13" (Dllpo < Cl S llpo-

On the other hand, the boundedness of the commutator has also received in-
creasing attentions. Torchinsky and Wang [14] in 1990 proved that if b € BMO,
then the commutator of the Marcinkiewicz integral [b, o] is bounded on weighted
spaces LP(w) for 1 < p < oo and w € A,. In 2002, Ding, Lu and Yabuta [2]
gave the weighted LP boundedness of the higher order commutator By for rough
Marcinkiewicz integral. In 2004, Ding, Lu and Zhang [3] gave the endpoint weighted
esimates for the higher order commutator p¢y,. In 2007, Ding and Xue [4] gave
the weighted boundedness and the weak Llog L estimates for the commutators of
parameterized Littlewood—Paley operators and area integrals with kernel satisfying
the L2-Dini condition.

Inspired by the above results, in this paper, we will focus on the weighted
L? (1 < p < o0) boundedness and the weighted endoint estimates (p = 1) for
the commutators Ng’,bs and y)'p, where the kernel satisfies the logarithmic type
Lipschitz condition (L2)).

2. Main results

Now, we state our main results as follows.

THEOREM 2.1. Suppose that p > n/2, A > 2, Q € L*(S"" 1) is a homogeneous
function of degree zero satisfying (L1) and (L2) with o > % Ifb€ BMO, then for
1<p<ooandw € Ap, there exists a constant C > 0 such that for any f € LP(w),

b 5,
1165 (Dllpo < Cllfllpor x5 (llpo < Cl S llpo-

THEOREM 2.2. Suppose that p > n/2, A > 2, Q € L>(S"1) is a homogeneous
function of degree zero satisfying (1) and (L2) with o > g If b € BMO and
w € A, then there exists a constant C' > 0 such that for any 8 > 0 and each
smooth function f with compact support, the following inequalities hold

w{zr e R": pg’f’s(f)(x) > [} < C/R" %x)' (1 + log™ U(’%)')u(x) dx,

sleer i@ > o) < ¢ [ T (1ot Mooy an
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3. Some lemmas

In order to prove the main results, we need the following necessary lemmas

[16] Suppose f € BMO. There exist constants Cy, Co >0

LEmMMmA 3.1.
-, every cube @ in

depending only on the dimension n, such that for 0 < C < H

R"™, we have

£l

LEMMA 3.2. Let 1 <p < oo and X' > 0. Then, when b(x) € BMO with ||b||. <
}, where Cy is the constant in Lemma Bl we have eX"®) € A,

C —1
/ Ol @) ~Fal g < clc( > C) Q.
Q

min{ 2, 21
Proor. We have
1 1 p—1
— "b(z )d:c)< / ( )\’b(z)) 1d:c>
<|Q|/ Q|
1 / 1 , 1 p—1
<_/ e (b(l‘)—bQ)d:C> ( / e (b(m)—bQ)) pldx)
@l Jeo Ql Jg
<( 1 / N b(z)=bal g )( 1 / () bl g )p—l ,
IR € X x = Ig.
1Ql Jg 1Ql Jo Q
Let \g = 7. If 1 < p <2, then A > X. By taking C = \o in Lemma [T}
we have
L[ olbe)—bel L[ aber—volr )
o o) g )
@\l Jo @l /o

P
_ <L/ exow(x)—bcgdx)p <[ Cro
1Ql Jg ﬁ - o
M. By taking C' = )\ in Lemma 3.1, we have
-1

If p > 2, then )y <

Io < (L/ ele(w)—dex) (L/ exlb(x)—b@dm)
Q |Q| Q

Q)
1 / P oo\
_ (_/ o |b<x>—dex) < (22X )
@l /o ot =

The two cases imply the desired result.

REMARK 3.1. It follows from Lemma that if 1 < p < oo, A > 0 and
&} 02(” 1)} then e a(‘”) € A, and

a(x),b(x) € BMO with ||all. < [[b]|+ < min { 5%,
the A, constant of e} *(*) satisfies

O

p
/ (0_27&) , l<p<?,
{ex a(a;)} < Toll=
4 o\ 2 < p<oo.

P
—\ ’

Co
161+
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LEMMA 3.3. Suppose b € BMO. There is a positive constant C such that for
all ball B C R,
16— b5llexpL.B < C|bll-.

Proor. When C' > C%, by Lemma 3.1l we have

1 / b(z)—bp | 1 Cs 1 -t Ci
— | e dr < Oy ( _ ) N
|B| /i Cllbll« \ [1bl[.  CI[b]]« C:C -1

. C1+1 C 1 @) —bp|
Taking C' > <5, we have mg— < 1, then WfBe ol dr < 1. By the

definition of ||b — bp|lexpr,B, there is ||b — bp|lexpr,B < C|b]| O

LEMMA 3.4. [6] Let 0 < r <l < oco. For each function f, define

f fyelr 1 1 1
17 lwes = suptlte : @) > 1 Nip(7) = sup WXL L1

t>0 E lxells s r 1
where the supremum is taken over all the measurable sets E with 0 < |E| < oo.

Then

AN
1w < Niwh) < (7= Iflw

LeEMMA 3.5. [3] (1) Let M®, M*% be the dyadic Hardy-Littlewood mazimal
operator and the dyadic sharp function, respectively. If w € Ao, then there exists
a positive dimensional constant C' for which the following good-\ inequality holds.
For all A\, € > 0,

w({y € R : M2 f(y) > X\, MP2 f(y) < e)})
< Clw]aew({y e R™: MAf(y) > A/2}).

(2) If ¢ : (0,00) — (0,00) is a doubling function and 6 > 0, then there exists a
positive constant C such that

sup p(Nw({y € R" M (y) > A}) < Clola supeNw({y € R :MF2/(y) > A})
> >
for all functions f such that the left side is finite.

LEMMA 3.6. [3] There exists a constant C > 0 such that for any weight w and
all 6> 0,

oty 274150 > ) < © [ L1 progr LY Py a

for every locally integrable function f.
LEMMA 3.7. As for |y — z| = 4r, there is
—z|\74+2€
[10g( ly \)]

/oo (log %)4—}-25 d C -
A TR

S
N

y—2|
wherer >0,0<e<p—5 andp> 3.
The proof of this lemma is similar to that of Lemma 2.1.2 in [15], so we omit
the details.
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LEMMA 3.8. [11] There exists a constant C > 0 such that for any z € (8B*)°,
|y - Z| 2 6r,

Qy—2)  Qw-mt+y—z) | CO+|2y—2))
ly—2["" |w—zo+y— 2" ly — z|"=*(log lv— Zl)

where Q2 € L2(S™™1) is a homogeneous function of degree zero satisfying (L)) and
2 with o > %; B is a ball with center at  and radius ro; B* is a ball with center
at T and radius r = 2rg and xg, w € B.

LEMMA 3.9. Let b € BMO, 0 < § <l < 1. Suppose that p > n/2, X > 2,
Q € L?(S"1) is a homogeneous function of degree zero satisfying (L1) and (L2)
with o > % Then for any smooth function with compact support f, there exists a
positive constant 0 < C' = Cs such that

MEA (35 () (@) < ClBlL (M (13" () (@) + MP(f)(x)).

PrROOF. Given & € R"™, let Q@ = Q(Z,m1) be a dyadic cube centered at &
with half side length 1 and x € Q. Let B be a ball centered at x and with radius
ro = +/nr1, and B* = B(Z,r) with r = 2rg. Decompose f = fxsp-+f(1—xsp*) :=
f1+ f2. Take Cg = ﬁ Jo 13716 = bp-) f2)(u) du; then

135 () (u) = Col
() () + (b = bp=) f1) (w) + |y (b = bp+) f2)(u) = Cql,

< |b(u) — b
(Tc12|/ \Iui:’;(f)(u)|a B ICQP\du)%

Cé<|Q|/| e A’p(f)(u)l“du)%

+C§<@/Q|Mf\7p((b_bB*)fl)(u)|5du)_

1 * :
TG (@ /Q (b — bie) f2) (u) — C@'”“)
i=Cs(L + 1> + Is).

and

As for I, we can choose 1 < r < rnin{57 - 6} then by Holder’s inequality,

i _ *57"’ ,P 5r )}T
“(m/ o(w) = bo| "“> <|Q|/ D)l du

<l (& [ i etan)” < e e
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As for I, applying Lemma [3.4] with % = % — 1, Theorem [[.T] Holder’s gener-
alized inequality and Lemma B3] we have

NIEELE
h< (@) (1—) 11576 ~ b)) lwi el

57 L b = bl

|
16 — b+ |lexpr,sB* || fl L10g 8B
CllbllMriog L(f)(2).

Note that M2(f)(z) ~ Mp10gL(f)(z), we have Iy < C|b||.M2(f)().
Finally, let us estimate I3. Since f € LP, and py” is L? bounded for 1 < p < oo

by Theorem [[L2] then

[ eian<ior ([ i ra)” <o ([ ira)”

This fact shows that ) (f2)(u) < co a.e. on @, so except a subset £ with measure
zero, for all u € Q \ E, p\?(f2)(u) < co. Thus,

Is < |Q|/ [P (b= bpe) f2) (1) — (uyP((b— bp=) f2))qldu

< W /Q\E /Q\E 1P (b= bp) f2)(w) — py? (b — bp=) f2) (v)|dvdu.

(3.1)

<
<

Next we will prove the following fact. For any zg,w € @ \ F,

= 13 ((b = bp) f2)(w0) — py*((b = bp-) f2) (w)]

cor [ Wb, g [ MOt
8By |2 —wo|"TE @B |z — x| He/2
G2 +oet | 6=) ~ bo- 17 (2
(8B*)¢ |Z — 2|2 P
b(2) — bp-[|f(2)]

+C =N
8B*)° |z — wo|"(log E=0 )2+

=T+ 1o + T35+ Ty.
write

= |[I6t,4((b = b=) f2)(x0) 1725 — lpe.y (b — bp=) f2)(w) |24, |
< Ity ((0 — bB*)f2)($0) b1y ((b(2) = bp+) f2)(w)]|3,

(/ / 1+|y| )" /f"((‘)(%t ~v) o))

X (b(z) — bp+) f2(2) dz @)
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(L ) ) o)

2dydt\ ?
t

x (b(z) — bp) fa(z) dz =J1+ Jo.

An
. 1 .
Since (m) < 1, there is

2 1
o0 _n To — % dydt 5
J1<</O /y<1 /:Lz__yyljlt rb( : *y)(b(z)—bB*)fQ(z)dZ T)
" (/O /|y|<1 /motiz_m?lt (b( t 7y)
[ == —yl<1
2 3
% (b(2) — bp-) fa(2) d2 @)

L

X (b(z) — bp+) f2(z) dz

J

[==—yl<

2 dy dt 3
|

ey (0T ) ()
R

’
To—yY
t

Use the transform y — (we still use y instead y’), then

[e'e] 2 %
AU
0 Jlzo—yl<t szilityiz‘« lw—zo +y —2["°
2 gydt \?
< 0:) ~ b)) | i)
+(/OO/ / (Q(y—z) _Q(w—xo+y—z))
R PN e R U R A
2 1
X (b(Z) - bB*)fQ(Z) dz tndigfil) 2

=Ji1+ 12+ J13.

5 (A\=2)

Take 0 < € < min {%, p—5,a— 35,5 n} (we always restrict that e satisfies

this in the whole proof of this lemma). As for Jj 1, it follows from the Minkowski
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7 K//iffﬁ;

[zo—yl<t
|w—zo+y—z|>t

Qy — ) dydt ]*
+ /ﬁe(w*)c ) ly — z|2n—20 tn+2p+1 dz

ly—z[<t
|zo—y|<t
|w—zo+y—2z|>t

< Jiia +Jiae,

0y —2)2 dydt \?
ﬂz)'(//iyy@ﬁ;t ly — z|2n—2p gnt2o+1 az,

|zo—y|<t
|w—zo+y—z|2t

Oy — =) _dydt \*
()l (/ye(2B*)C ly — z[2n—2p nt2p+1 dz.

ly—z|<t
|zo—y|<t

Ji12= / |b(z) — bp~
(8B*)¢
|w—z0ty—2z|>t

For Ji 1.1, since y € 2B*, z € (8B*)¢, then |y — z| ~ |xo — 2| ~ |w— 20 +y — 2|.

We have
[y — 2)?

J‘,g/ bzb*fz</ ————
1.1.1 (SB*)C| ( ) B ( )| yeoB y_z|2n_2p

dt 2

2
></ 7dy) dz
2p+1
ly—zl<t<lw—zo+y—z| "2

2y — 2)I? r z
(8B*)e | (Z) B f(Z)l(/yEQB* Y — Z|2n72p |y _ Z|n+2p+1 Y z

b(z) — bp-||f(z r|Qy — 2)|? H
Py - B . VEET AN
ly—z|>6r |y Z|

(8B*)¢ |Z — X0
cor [ Melbelitl,,
(8B*)e |Z — X n+e
For Jy.1.2, we have

Ji1.2 g/ |b(z) — bp~
(8B)e

Qy — ) _dydt \*
X yE(2B™)°, |y—z|<t ly — z|2n—2¢ tn+2p+1 dz

|zo—y|<t, 2|ly—z|Z|z—zol
|w—zo+y—2z|2>t

ORI
(8B*)°

inequality that

J1,1 g / |b(z) — bB*
(8B)°

Jii1 = / |b(z) — bp~
(8B*)¢

f(2)

f)
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1y —2)|* dyadt
ye(2B™)°, |y—z|<t ly — z|2n—2p n+2p+1

|lzo—y|<t, 2|y—z|<|z—x0|
lw—zo+y—z|2t

=Ji12 +Jiiar.

First we give the estimate of Jy.1.2/.

Tis < / 1b(2) — bp-||£(2)]
(8B*)°

T
X ye(2B*)° |y _ Z|2n—2p Iy tn+2p+1

2|ly—z|=|z—x0| —

<c/ 1b(2) — bi-
(8B)e

1
0 _ 2 2
" -~ [y — 2)]| r dy) d
ye(2B™) |y _ Z|2n72p |y _ Z|n+2p+1

2|ly—z|=|z—wo|

f(2)

)dz

1
2
dy) dz

1
cof Bhelfel(f dlegR )R,
(8B+)e |z —o|"TE ly—z|>3r [y — 2|72
Similarly to the estimate of (B3), we have
b(z) — bp+
Ji1 éC’re/ b(=) — bs f(zﬂdz
(SB*)C |Z—x0" €
Then we give the estimate of Jy 1.97.
YRR </ b(2) — bp=||f(2)]
SB* c
</ [y — ) _dydt >%d
(2B*)° z — Z
|y93€g y\<t 2‘?|Jy z‘|<<t|z o |y_Z|2n 2p gnr2ptl
|w—zo+y—z|>t, |ly—z|<2r
# [ ) bl )
8B*)e
A Jfer 0P i )?,
€ )¢ z|<t n— n
?|J10 y\<t T e

lw—z0+y—2|>t, |ly—z|=2r
=Jir21r +Ji1220.

For Ji 1217, since |y — z| < ‘Z_—;"‘, then |y — zo| > ‘Z_;"‘ and we get

Jii.21r < / 1b(2) — bp-||f(2)]
(8B*)¢

1
Qy —2)* [ dt

x (/y2|<27“ | (y 2nz|2p/ n+2p+1 dy)
ly — 2| ly—zol t

Y

|z—xg]
Pl

ly—xo|>

193
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194
— b~ Qly — 2)|2 3
<C [b(2) — bs ,_Uf(z)l(/ 2y QZZL dy) .
(8B*)° |’Z_‘770|2 r |ly—z|<2r |ny| neep
[6(z) = bp-|1f(2)]

3+p

< Cr”_%/
(SB*)C |Z — X

For Ji 1.2, since t > |y — xo| > |Z_21'0|, and |y — z| ~ |w — g+ y — 2|, we have

J1122N </ |b(z)7bB* f(z)|(/€(2B*)c |Q(y72)|2
o (8B*)e (\Z—_;O\)n+e g\y—z\<\z—zo\ ly — z|2n—2p
ly—z|>2r

dt 3
X / - dy) dz
ly

2| <t<|w—zoty—z| LPTTITE
r|Qy — 2)?

b(2) — by- :
< C’/ 15(z) = bs ||_{(Z)| (/ +1_2-dy) dz.
(8B*)e |Z - $O|n ° ly—z|>2r |y - Z|n c
Similarly to the estimate of [B3), we have

Ji1.2.00 < Cra/ b(2) — bs-
o (8B*)e |Z — X9

e

n—+e

Combining the estimates of Jy1.1, J1.1.2/, J1.1.2.1» and Ji1.1.2.2+, we obtain

Jia < CTE/ b(z) = bs- J{(Z”dz +CrP2 / 1b(z) = bB*llf(Z”dz.
(8B*)e |z — ao|™Fe 8B |z — o2 TP

Similarly as we deal with Jj 1, we can get
b(z) — bp« n
Ji2 < CTE/ b(z) = bz TH‘_fE(Z”dz +Crf=2 /
(8B*)¢° |Z_x0 (8B*)c
Next we give the estimate of J; 3. Apply the Minkowski inequality to J; 3 and
divide the region by |y — z| > 6r and |y — z| < 6r. When |y — z| < 6r, we have

y € (2B*)¢, so
Uy — 2)

J1.3</ bz)—bB*fz(/ e ‘—

(SB*)cl ( )l ?ye_(iit) ly — z|7—r

|[zo—y|<t
ly—z|<6r
|w—zo+y—z|<t

dydt \? .
{n+2p+1 <

el [z [

|[zo—y|<t
lw—zo+y—z|<t

dydt \?
Y ) dz = Ji31+ J13.2.

) b IS C
|z — mo|2 TP

 Qw-—z0ty—2)
lw—a0+y—2z|""

+ / |b(z) — b~
(8B*)e

 Qw-—z0ty—2)
lw—a0+y—z|""

{n+2p+1
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When z € (8B*)¢ and |y — z| < 6r, there are |y — zo| ~ |z — zo| and |w — z¢ +
y — 2| < |w — 20| + |y — 2| < 8. Then

12y — Z)|2
31 < — bp= _
Jra1 S C/(SB*)C 1b(z) = bp-[/(2)] (ﬁ/e(zB*)ﬁ ly—z|<6r <|y — z|?n=2p

lzo—y|<t, |w—z0+y—2|<87

1
I )| i Y A R S
|w —x0+y— Z|2n_2p ly—zo| tnt2etl 4

—bp- Qy — 2)[2 3
<c/ b(z) — bp M{(Z)I</ 1Q(y 2222 dy) &
@B |z — @027 ly—z|<6r |y — 2|2"72P

b(2) — bp-||f(2)]

(8B*)e |Z—$0 2tp

1
Q(w — —2)? B
x(/ (9w =0ty 2:2|2 dy) dz
|w—z0+y—2z|<8r |w —To+Y— Z| P

cop-s [ MAZblOI,
8B+ |z —wo|PT2

+C

Next we estimate J; 5.2. Note that |z—xzo| < |zo—y|+]|y—2] < 2t,s0t > |Z_2—10|

Qly — z
J1‘3,2</ b(z) — bp-||f (//> —20l/2, |y—z|<t ( )
(8B*)c ly—zo|<t, |y—z|=6Tr

ly —z["=°

lw—zo+y—z|<t
Qw—zo+y—2) (log £)*2=dy dt %d

- z

lw—a0+y—z|""

t20— n+1t2n(10g )4+25
gc/ |b(2) — bp=||.f (2)] </
8B*) |z — mo|"(log = 10|)2+5 ly—2|>6r

2

Qy — 2)
ly — z|"=*

1

00 (1 g )4+25 5

y—z|

 Qw-—z0ty—2)
lw—a0+y—2z|""

By Lemma B.7 and Lemma 3.8 there is

(3.4)

132 <C lz) = bo- 117 (2)
8B*)e |z — xg|"(log L5 )2+
2 3
(3.5) x < / 1+ (9 — 7)) dy) N
ly—zI=6r |y — 2| (log L2 )20—4-2¢

(8B%)c |2 — 2| (log Z=2el)2+e

Combining the estimates of Ji 3.1 and Ji 3.2, we obtain

o) b0,y o [ Bl bl
8

Jis <COrP™3% / il
h (8B)e |2 — 202 B)e |z — o[ (log Z=2ely2+e
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As for Js,
0o 1 An
T
? o Jyy=1 \1+ 1yl };:yy“il
To— 2 dy dt 3
xas(O y)(b()bB*)fzm yT)

_ t"
‘Z‘Ut = _y‘>1

[“F=—yl
2dydt\?
t

—n

()
< o( M55 =) 00e) = b o)
() /|| (fm)k 2eoual
(o272 )~ (M52 ) ) 0te) bty o]

Using the trasform y — “:‘)Tfyl again (we still use y instead y’ ), we have

dydt\
t

J2<(/Oo/ (_ t )M 2y —2)
0 Jlzo—y|>t t+ |xo — y }y ZK_ﬁy o> |y*Z|n ’
2 1
dydt \?2
x (b(2) = bp+) fa(2) d= m)
+(/°°/ ( t )A"/ Qw — 20 +y — 2)
0 Jlzo—yizt \t+ |20 — }Z_—Zx‘iiy—z\<t |w —z0 +y — z["7P
2 1
dydt \?2
x (b(2) = bp+) fa(2) d= m)

( Qy — 2)

00 ¢ An
(L )
0 Jimo—y|>t \t+[T0o — Yl

ly—z|<t — y|n—p
\i—xo+y—z\<t |y Z|
Qw —xzo+y—2)  dydt 3
o —ae +y—ar )P T ORE ] G

=Jo1 4+ Joo+ Jos.

For Jy.1, we claim that y € (2B*)¢. Otherwise if y € 2B*, then ¢t < |zo—y| < 4r.

But z € (8B*)¢ and t > |y — z| > 6r. Thus by the Minkowski inequality, we get

¢ n
o, </ b(2) — bp-||f (= (/ / ( )
2.1 (SB*)C| ( ) || ye()(2%‘>t t+|l"07y|

ly—z|<t
lw—zo+y—2z|2t
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Qy —2)|?> dydt
2y y
|y _ Z|2n72p {n+2p+1

oo ¢ An
f<z>|( J Ay — (7)
0 yye(QB*)l, |zole|J<t t+[zo —yl

|w—zo+y—z|>t

3
) dz < Ja11+ J21.2,

where

J2‘1,1 = / |b(z) — bB*
(8B*)c

Q-2 _dydt \*
X |y _ Z|2n—2p tn+2p+1 %

o ¢ An
sz [ @b N [ fopn s ()
(8B*)e° 0 Lye(QlB*)l, ||z[izl|Jl<tt t+ |zo — yl

|w—zo+y—z|>t

Q-2 _dydt \*
|y _ Z|2n—2p tn+2p+1 2.

X

For Jo1.1, since |y —z| < 8r, z € (8B*)¢ and y € (2B*)¢, then |y — xo| ~ |z — x0]|. So

2n-+2e
J. < b(z) — bp-||f
2.1.1 /(SB*)C| (2) (/ /y z|<8r, |zo— y|>t (t+|IE0 y|)

€(2B")%, ly—

An—2n—2 1
% ( t ) e Et2n+2€ |Q(y )|2 dydt )de

t+ |£L’0 _ y| Z|2n 2p tn+2p+1

1
<c/ 1b(=) — b |If (/ / _al<tr
(8B%)° Sy T2 — wo2r e

y€(2B")°
ly—z|<t

0O _ 2 %
2w - 2) dydt) .

|y _ Z|n7€ tlfe

<C b(2) — bp-|| f(2)] (/ 2y — 2)
8B |z — @o|Pte/? ly—z|<sr |2 — Tol*|ly — 2["7¢

|zo—yl 1 %
X (/0 tledt)dy) dz
<o [ MaZbmlfal,,
poy |z — ol

For J5.1.2, there is

An
t
Jo1.2 < / |b(2) — bp«||f </ D y—z|>|z—o| (7)
(8B*)e Qf; y‘|>‘t y;éOQB “ye t+ |zo — y|

ly—z|<t, |y—z|=87
lw—zo+y—z|2t

Q-2 _dydt \*
X |y _ Z|2n—2p tn+2p+1 z
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o ¢ An
A T A e )
5y 0 Jro—yin yetasy \EF 120 =]

ly—z|<t, |y—z|>=8r
|lw—zo+y—z|>t

0y — =) _dyadt
|y _ Z|2n72p {n+2p+1

Q _ 2
f(2)|<ﬁe<23*>° %

ly—z|>8r
2|y—z|>|z—ol

fu—oty—2| }
a_ N\
S i)

— by~ _ 2 5
cof BEZbelCIf 0 dr ),
(sBeye |z — x| e ly—z|zsr |y — 2|72

b2) — b lIF G,
By |2 —xo|™tE

%
) dz = Jy 1.2 4+ Jo1.2.

As for Js5.1.9/, we have

Jo.1.00 < / |b(z) — b~
(8B)°

<Crf

For Jo.1.27, by |z — x| > 2|y — z|, we have |y — xo| > |z — x0|/2 and |y — 2| ~
|w — a0 +y — z|. Then

t2n+28
SO [fecmr vsssr o
?y_w0‘>‘z_'io‘j2/ T |1.0 _ y|2n+25

ly—z[<t, lw—zo+y—z|2t

An—2n—2¢e 1
Qy — 2)|? 2
() 0y of it Y,

Ja1.20 < / |b(z) — bp-
(8B*)e

t+ |zo —yl ly — z[?r—2e grt2etd

cc |b(2) = bp-||f(2)] (/ 120y —2)1”
= e |z —mo|nte YERBT)®, ly—z|>8r |y — z|2n=2p
(8B4 |z =0 iy Sl A

. 1
|[w—zo+y—z| 1 3
- (/ | t2””2€“dt)dy) *
y—z

(8B*)c |z — xo —z|>8r ly — 2

Similarly to the estimate of [B3)), we have Ja.1.97 < Cr® f(sm)c [bG)=bp- 111 () g,

|z—zg|nte
Combining the estimates of Jo.1.1, J2.1.2- and Ja.1.2+, we obtain

Ja1 <C7’€/2/ |b(z)7bB*||f(Z)|dZ+cre/ |b(Z)*bB*||f(Z)|dZ'
' (8B*)°

(8B*)° |Z — xo|”+5/2 |Z - $O|n+6

Similarly as J5.1, we can obtain

[ |b(2) — bp-[1f(2)]

b(z) — bp-
Joo < CT6/2/ dz + Cre dz.
8B+ |z — xo|nFE/2 8B |z —xo|mte




WEIGHTED BOUNDEDNESS FOR COMMUTATORS... 199

Finally, we deal with the last part Js 3. By the Minskowski inequality,

" An
f(2)|(//yz<6r, |zo—y|>t (m)

ly—z|<t, |lw—zo+y—=z|<t

(y —2) Qw —x9+y—2) dy dt B
— dz
—z[PmP |w—xo+y— z|nP| tnt2etl

An
t

ly—z|<t, lw—zo+y—z|<t
(y—2)  Qw-—zo+y—2) > dydt
—z[PmP |w—xo +y— z|nP| tnt2etl

J2_3 < / |b(2) — bB*
(8B*)c

‘
X
| y

1
0 3
X ‘ Iy ) dz := Ja31 + Ja3.2.

For Jo.31, it follows from |y — z| < 6r and z € (8B*)° that |y — z| > |z — Z| —
ly — 2| > 2r. We can get y € (2B*)¢ and |w —xo+y — 2| < |w—zo| + |y — 2] < 8r.

‘ An
f(2)] (/ﬁe(w*)ﬂ [zo—y|>t (W)

ly—z|<6r, |ly—z|<t

Qy —2)° _dydt \*
X |y _ Z|2n—2p tn+2p+1 z

t An
[ = 5N ey v (7
(8B*)c |y5£a:g+)y7,|z\0<8i/| t t+ |$0 — y|

lw—zo+y—z|<t
" |Qw —z0 +y — 2)|*> dydt
|U} —x0 + y— Z|2n—2p tn+2p+1

balg/i 1b(2) — b
(8B*)c

1
2
) dz := Jo3.1 + Ja.3.17.

Estimate J2.3.1- and Js 3.1~ by the similar method as we deal with Js 1.1. There is

b(z) — bp+|[f(2)]
Jos31<C 5/2/ | dz.
231 " (8B*)e |Z — IQ|”+E/2 z

¢ An
P t+[xo —y

ly—z|<t, |lw—zo+y—2z|<t

(y — 2) Qw —z0+y—2) dy dt 3
- dz
—z[PmP w—xo+y— z|nP| tnt2etl

¢ An
L C RSO - ()
(8B*)¢ |y‘?iz|‘>67‘"7 \z(?Ly|>t t+ |l‘0 - y|

ly—z|<t, |lw—zo+y—z|<t
(y —2) Qw —z9+y — 2) dy dt B
— dz
—zlnmP Jw—mg +y — z|nP| T2t
= Jozo + Jag.or.

As for J5 3.9, we have

b&zé/ﬁ 1b(2) — b
(8B*)c

‘
X
| y

‘
X
| y
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For J3 3.0/, there is

Jaz2 <C |b(2) — b~
(8B+)e

x(/
ly—z|26r

° (log L)**+2=dt
% / [z2—=o| dy | dz
maz{|ly—=z|,|2—=z0|/2} tQﬂ*"+1|z - :L'()|2n (log 3 )4+2€

. / |b(z) — bp-||f(2)|
(887 |z — o|"(log Z52ely2+e

<
ly—z|=6r
oo (10g %)4+25dt %

X (/y_z Qe )dy) dz.

By the estimate of [B.4]), we get Ja.3.9 < Cf(8B*)C Ib(z)—bBTIIf(z)\ dz.

|z—xo|" (log E=20ly2+e

f)

Qy —=2) Qw—zo+y—2)

ly—z""  |w—woty—2z"r

2

N|=

Qy — 2) Qw—z0+y—2) |°

ly— =" Jw—wo+y — 2

S

For Jo 391, denote C(e) = 429/, Since 2|y — 2| < |z — xo|, then |zg — y| >
|z — x| — ly — 2| > lz;—x“l, thus

Ja.3.27 < / |b(z) — bp=
(8B)°

f(z)l(/|y_z|>s7-, |zo—y|>t
|zo—y|>|z—z0l /2

ly—z|<t
y An (log t+\y*1(;‘\+c(€)r)4+25
(t + |1’() — y|))\n72n+2n (10g t+\y7:n(;‘\+c(6)r)4+2€
><‘Q(Z/Z) C Qw-—moty—2) |F dydt )%dz
[y— 27 Jw—mzoty—2rs| troen

cof _bObelie)
(8

B*)e |z — zo|"(log _IZ;:‘()\ )2+e

ly—z|>6r

lzo—yl A (log t+\y—xo\+0(€)7')4+2e dt 1
% (/ . An—2n n+2 +1)dy> dz.
|ly—=2| (t+ |zo —yl) gntee

Qy — 2) Qw —x0+y — 2)

ly—z["7  Jw—zo+y—zr

\4+2e
Notice that the function G(s) = % is decreasing when s > e(*+2¢)/¢ and

t+ |y —xo| + Cle)r < ly — z| + C(e)r
r = T

> C(E) _ e(4+2€)/5’

then

ttly—zo[+C(e)r 1442 ly—z|+C(e)r 1442
(LHy—zo Tl a2 (LzClelryarze

[log
—x C(e)r = —z|+C(e)r
(t+|y t;lJr (e) ) (Iy I:r‘ (e) )

[log
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Since t + |y — 0| ~ t + |y — 20| + C(e)r and 0 < & < min{3, it 2>",p—ﬂ a—2},
then

—y| A t+ly—zo[+C(e)r\4+2
/ll’o vl An (log THY=TOECIE)4t2e gy
ly—2| (t + |$O _ y|))\n—2n nt+2p+1

<o /°° log( W= EE@n) 42 ay
Sy Gy + Oy B

[log( Lzl Celr ) 4+22

<¢ ly — z[?"

Since |y — z| > 6r, there exists a constant [ > 1 such that |y — z|+C(e)r < 2!y —z|.
Hence

|b(z) — bp-|1f(2)] (/
(8B*)c |zf:E0|”(1ogM)2JrE ly—z|>6r

1
(log 2! \y Z‘ )4+25 3
ly — |2p )

< C/ |b(z) — bp-|1f(2)]
(8B7)c |2 — @[ (log el )2+

1+ |2y 2 3
x(/ (Lt 10 - 2)* dy> "
ly—z|>6r |y — z|"(log y 2)2a—4-2¢

By the estimate of [B.H]), we get Ja.3.27 < Cf(SB . [b(2)=bp+||f(2)]

)¢ |z—xo|™ (log \Z*Two\)2+a
Combining the estimates of Js. 3.1, J2.3.2/ and J5 3.2, we obtain

, e/ [b(2) —b-|If(2)] ;. 1b(z) — be=[|f(2)]
Joz < C 2/ d+C/(8

8B 12— zo|nte/2 B*)e |z — xo|™(log l2— I0|)2+5

Then we complete the proof of ([B:2)). Next we will show that T; < C||b||.M2(f)(x),
fort=1,2,3,4.

Denote B; = {z : |z — Z| < 2/r}, then |bp
Mpiog1(f), by Lemma B3] we get

oo

Qy —2)

J " < C
2.3.2" X |y _ Z|n7p

C Yw—mot+y—2)
|lw— a0 +y—z|"P

o1 — bpe| < j|[b]]«. Since M2(f) =~

b() = b IS ()]

T1 < C’I"E E / —Tnte
=3 J2r<|z—a|<2itir |z — x|

) Cjz:; 27 (/B P T )(x))
|

gCZﬁ(”b bB]+1||eg,pL BJ+1HfHL10gL B]+1 +JHbH M( ( ))
7j=3

<O S (I Matog L (@) + LM () @) < I M(F) ),

<
I
w
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Taking €/2 and p — % instead of ¢ in the above inequality respectively, we get

T < Ob||l. M?(f)(2) and T3 < C|b]|. M>(f) ().
Similarly to the way in estimating 7%, we obtain

neey | bz) = b1/ ()]

=3 J2ir<iz—al<24 1y [2 — @0 " (log @)2“

<O (10l Masas (1) (0) + 310 M) @)

=3
< Clloll M2 (f)(@).
So we have J < C||b][.M?(f)(z) and I3 < C||b]|+M?(f)(z). Combining the

estimates of I7, Is and I3, we have

MEA (u52()) () = [M*2 (1 ()1) ()]

1
5
<sw (g7 [ [ - 0o o)
@sx \ Q|

< Ol (MP (137 () (@) + M (f)()),
where the supremum is taken over all dyadic cubes @ with =z € Q. O
LEMMA 3.10. Suppose that 0 <6 <1, p>n/2, A\ >2, and Q € L*(S" ') isa
homogeneous function of degree zero satisfying (LI) and (L2) with o > 3. Then

for any smooth function with compact support f, there exists a positive constant
0 < C' = Cjs such that

MEA (137 (f)) (2) < CM(f) ().

PROOF. Let f1, fo, @ and B* be the same as in the proof of Lemma B9 Then
applying Lemma [Z4 with 1 = 4 — 1 and Theorem [T}, similarly to get B0, we
have

(i [ s 5dy> < |l < Cr(.

Since f € LP for 1 < p < oo, and p}” is L? bounded, then p”(f2)(u) < oo a.e.
on @, so except a subset E with measure zero, for all u € Q \ E, p}”(f2)(u) < oc.
Next we will prove the following fact. For any xg,w € Q \ E,

T = [y (f2) (o) — p3” (f2) (w)| < CM(f)(@).
In fact, similarly to ([B:2)), we know that

(8

Brye |2 — ol FE 8B+ |2 — zo|nFe/?

+C’7~P*%/ dec/ Je) dz
(8B+)° |me0|7+p (8B+)c |Z _$O| (log |z2— 930|)2+a
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o0

el

< € PR LA S
<Cr Z ) i ) |Z _ j|n+€ z
=3 2irL|z—z|<2it1r

S f(2)]
+C7"E/2 / |77d2
; 2ir<|z—g| <21y |2 — T|MFE/2

rom s =

G=3 J2r<|z—g| <2ty |z — Z|>

Ci/ /)

ir<lz—a|<2itir |z — T (log = m|)2+€

=1
0222_?/ O
J:

2—E|<2i 1y

T ———dz

1 1
e —7/ £(2)|dz
JZ;QJE/Q (2741r)n |z—i‘|<2j+1r| &)

> 1 1
+C — . / f(z)|dz
;2](’)_7 (27+tr)" \z—gz|<zj+17-| &)

— 1 1
+C§3 Fm/lz_x<2jﬂr [/ (2)ldz < CM(f)(@).

Let Co = (137 (f2)) - Since |uy”(f)(u) = Cq| < 11y” (fu)(w)| + |13 (f2) (u) —
Cogl, then

M4 (1)) @)

ERERRERY
<cagg3(|Q|/Q|uA ()W) du)

1 . ’
R AGCERERD
<OME) +Csmgn [ [ )~ i) 0
<CM(f)a)

O

For b € BMO, let bi(x) = b(z) if |b( ) < k, bp(z) = k if b(z) > k and
bi(z) = —k if b(z) < —k for k = 1,2,3, . Then by, € L* and ||bg||« < ||b]|«. The
following lemma shows that u}’ b ( ) can be controlled by the maximal operator.

LEMMA 3.11. [4] Suppose that Q € L*(S"~1') is a homogeneous function of
degree zero. If p > n/2, A > 2, suppf C B(0, R) and |z| > 2R, then for any k, there
exists a constant C' independent of k, f, R and x such that 137 (f)(x) < CkM f(x).
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REMARK 3.2. By checking the proof of Lemma 3.7 in [4], we find out that
the condition “Q € L?(S"~1) and Q is a homogeneous function of degree zero” is
sufficient to get the desired result.

4. Proof of theorems

First, we give the proof of Theorem 2] as follows.

PRrROOF. It is easy to check that N?z’,bs < 2’\"/2u§\’,§, so we only give the proof of
Theorem [Z] for M:’,’Z-

Since w € A, , there is an € > 0 such that w!™® € A,, then by Theorem [Z
we have

(4.1) 15 (@)llpre < Cil@llparse, for ¢ € LP(w!+).

Take N = p(l 4+ ¢)/e and n = min{Cy/N,Ca2(p — 1)/N'}, where C5 is the
constant in Lemma Bl Without loss of generality we may assume that ||b]|. < .
Otherwise we take 0 < § < 1 and set bo(x) = db(z)/||b]|«, then ||bol|l« = § < n and
1y (f)(@) = ([bll/8)uyh, (f)(x). Therefore, it suffices to consider uy; (f)(x). By
Lemma B2l we have ePob(@)/z ¢ A, for b(z) € BMO with ||b||, < n. Since
b(x) € BMO implies that tb(z) € BMO with ||tb||. < ||b||« for |t] < 1, by Remark
B we have

(4.2) ePUFO@)/e e A forb(x) € BMO with |b]|, < nand |t| < 1

where [eP(1Te)t(z)/2] A, can be dominated by a constant independent of .

By ([2) and Theorem [[2, we know that for any ¢ € LP(eP(1+e)b(z)cosd/e) and
6 € [0, 2],

(4.3) ||,u§’p(¢) ||pyep(1+s)b(z)co499/5 < CQ ||¢||p’6p(1+5)b(m)cose/s ,

where Cy depends on n, p, b, Q, but not on 6 and ¢.
Applying the Stein-Weiss interpolation theorem with change of measure in [13]
between (I and [@3J), we have for any 0 € [0,2n] and ¢ € LP(wePP(®)eos?)

(44) ||:u’§’p(¢)||p,wel’b(m)°"59 < C’”(b”p,we?’b(z)cosgv

where C' = max{él, C'g} depending only on n, p, b, w, €, but not on 6 and ¢.
Denote F(y) = e¥l?@) =) 4 € C, then by the analyticity of F(y) on C and
the Cauchy integration formula, we have

1 F(y) L (27 ) —b(s)) i
45)  b(x) —b(z) = F'(0) = — Wy = = [ e C@)-be) ~i0 g9,
45) b —b) =0 = o [ By [T :

By (£3) and the Minkowski inequality we get

(// Vo L # v
Yy
/\b RO+ t+|x—y| 2 ly—z| <t |y—z|” r

. i dy dt 3
X e O (b(x)—b(2 Gf( )dzd@ tn+1)
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271'(// ))\n ]_/ ( )
]R”+1 t+|1’7y| P ly—z|<t |y Z|n P

o eieigb(z)f(z) dz} (Zgit) 3 |ee’r9b(z)}|67i0|d9

1 27

*, 6 x)cosl
=57 | B @),

where f%(z) = f(z)e*ewb for 6 € [0,27]. Then by the Minkowski inequality and
E2) we get
» 1
15l < ( / () d:c>
1
<= (/ ‘u:’p(fe)(z)|pw(x)e”b(z)c°59daz) do
2w R®

1 2
27r 1
<o [T ([ 1Pl an) do = Ol
0 R™

Thus we complete the proof of Theorem 211 O

1

2
% /0 ‘uz,p(fe)(x)eb(z)cosedo

Now, we turn to the proof of Theorem

PROOF. Since Mg,bs < 22/2y, x5, we only give the proof of Theorem for
1y Let (1) = (1 + log™ t). We first prove the following inequality

sup (e € B (1) @) > 1)

(4.6) < Cyy, sup w{zx e R™: MQ(f)(:c)) > t}).

(1/ t)
If ||b]]« = 0, (@8] holds 0bv1ously. As below we may assume ||b||. > 0. Denote

Lip(f) = sup gl € B MEGE()@) > 1),

then it is easy to see that

(@) sup (e € B (@) > 1) < Loal).

First we will prove that for any 0 < § < 1 and r > 0, there is

b|. 1
(4.8) Lss(f) < CsrLsy(f HC@(UAUJ) b (/1)

By Lemma [B5(1), we get for any ¢ > 0,
w({z €R™ s MAGLA(N) (@) > )
Wz € R M) (@) > 60, MRS (it (NP @) < rt})
+w{z e R : MPA([uyp(N)]°)(x) > rt’})

w({z € R : M2(f)()) > 1),
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< Crw({z € R : M (uyh(f)) (@) > t/27})
+w({z e R MPA(uyh()(z) > rit}).
Since 0 < 0 < 1, we can choose an [ satisfying 0 < 0 < < 1. By Lemma [3.9]
w({z € R™: MPH (35 () (@) > rit})
w({z € R™ : MP(uy(f))(x) > r3t/(2C]|b].)})
+w({z € R™ : M*(f)(@) > 7t/ (2C[b].)}).

Note that ®(ab) < ®(a)®(b) for a,b > 0, and  is increasing and doubling, so we
have

—qﬁ T e € R MEGRE()) @) > 1)
Cr
S e(1/t)

* 5(‘11/7:)“({”3 € R : MP(uy’ (f))(x) > r¥t/(2C|Bll.)})

* —@(i/w{x eR™: M2(f)(x) > r¥t/(2C|bl|.)})
20|l

< CsrLsp(f) + ‘I’< 7176

LB 206« - 1
75 ) B/t
Applying Lemma [B5(2) and Lemma BI0, we have

w{z €R™ : M{(uh(f)) (@) > /25 })

) sup gz € RS MR G (1) (@) > 1)

w{z e R™: M2(f)(x) > t}).

Loalf) < CarLoa(f) + O (L5 Y sup mat(o € B AP0 > 1)

||b||* 1 n . A *p
oo ) sup g mate € RY S MFA (570 @) > 1)
161l
v ) e e(1/8)
Thus we obtain the result of ([@3J]). Next we will show that
(4.9) Lsp(f) < C”b” Sup (1/t) w{z eR": M2(f)(x) > t}).

For b € BMO, let by be the same as in Lemma BIIl Then by, € L and
1]« < ||b]l«. Since f is smooth with compact support, we may assume suppf C
B(0, R). Then by Lemma [BI1] Theorem 2] Lemma B0l and t®(1/¢t) > 1, we get

w({z € R™ : MR (v}, (f))(2) > t})

<CgrL57b(f)+C<I>( w{z € R™ : M2(f)(x) > t}).

1
o(1/1)

< mw({x € R": M(xB,2r)\ 5, ()(x) >1/2})
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+ @(ll/t)w({x cR"™: M(XBC(0,2R)N§:gk (f))(x) > t/2})

¢ N x)|w(z) dz
< T oo ap D@l

+

sl € B 22 () (@) > 1/(CR))

<cumori( [ NCATCREE i)

w i L (T et

<cwBo( [ @lu@a) v [ et i

B(0,R) B(0,R)

So Lsp, (f) < co. Then choose an r > 0 with r < 1/Cjs, applying (£J)) for by, we
have

1
2

(1= Cor)Lan(£) < Cpu. sup ﬁw({x ER": M2(f)(z) > ).

That is
1
4.1 L < — R™ : M? t
where C is independent of k. Thus we get (&3] by letting ¥ — oo in (£I0). By

(&7) and (&3)), we prove that (€8] holds.
For § =1, applying (@8) and Lemma [3.6] we obtain

w({z €R™ : py5(f)(x) > 1})

< sup (e € R ) @) > 1)
< Gy sup grelie € B : MA()(a) > 1))

1 T T
< Cjy. ig}g B(1/0) /Rn |f(t ) <1 + log™ —|f(t )|>w(x) dx
<G, [ ¥7@)Dee)da
=i, [ 1F@I(1+ 108" £ (@) (o) do.

Then by homogeneity, we complete the proof of Theorem O
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