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DIRECT ESTIMATIONS OF NEW
GENERALIZED BASKAKOV-SZASZ OPERATORS

Vijay Gupta and Neha Malik

ABSTRACT. Several modifications of the discrete operators are available in
the literature. In the recent years, certain modifications of the well-known
Baskakov and Szisz—Mirakyan operators have been discussed based on cer-
tain parameters. We propose mixed summation-integral type operators and
estimate the quantitative asymptotic formula and a global direct result for
the special case. For general case, we establish moments and some direct
convergence results in ordinary approximation, which includes pointwise ap-
proximation, asymptotic formula and a direct result in terms of modulus of
continuity.

1. Introduction

In order to generalize the Baskakov operators, Mihesan [I5] proposed the fol-
lowing operators based on a non-negative constant a, independent of n as

(L1) By(f5x) = ibz,ku)f(g),
k=0

where

e Do (D(n)iah ot

n,k(z)ZG 1+z X (1+I)n+k’

and the rising factorial is given by (n); =n(n+1)---(n+1i—1), (n)o = 1. Also,
in order to generalize the Szdsz—Mirakyan operators, Jain [13] introduced the fol-
lowing operators

k

Sifa) =Y L@ (=), vl
k=0
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266 GUPTA AND MALIK

where 0 < 8 < 1 and the basis function is defined as

na(na + kB)* ! o—(na+kp)
k!

It was seen in [15] and [13] that > .2 b3, (z) = Y202, Lgf,)c(x) = 1. The integral
modification of the classical Bernstein polynomial was introduced by Durrmeyer [6].
Gupta et al. [10] proposed the hybrid Durrmeyer type operators by taking the gen-
Ef ,1 () under summation sign, the actual Durrmeyer operators
for this basis function were recently considered by Gupta and Greubel [16]. In
order to approximate Lebesgue integrable functions on the interval [0, c0), for a
non-negative parameter a and 0 < 8 < 1, we propose the mixed hybrid Durrmeyer
type operators as follows:

L) (2) =

eral basis function L

(L (), £ (1))
a,B ) = n, a(r

where (f,g) = [;° f(t) g(t)dt. Some approximation properties for the particular
case S = 0 were recently discussed by Agrawal et al. [1]. For the special case of
a = [ = 0, these operators reduce to the Baskakov—Szész operators introduced
about twenty years ago by Gupta and Srivastava [12], which are defined as

< (L) (1), £(1))
Dy (f,x) :== D% (f,z) = b0 (2
(f,x) (f.2) Z TISTORT #(@)

=3 B | T L@ fr,

where

n+k—1 z" nt)k
by () = < i >Wv LY () = efm%-
We may point out here that (L;ﬂ %(t), 1) is dependent of k, while for 8 = 0 this
term is just 1/n. Dragomir [3] established interesting approximation results of
continuous linear functionals in real normed spaces. Very recently, Gupta and
Agarwal [9] presented convergence estimates on several linear positive operators.
We also mention for the readers some of the related work as [2/[7.[8TTL17[18] etc.
Here, we first estimate the quantitative asymptotic formula for the special
case and a global direct result. For general case, we establish moments and some
direct results in ordinary approximation, which includes pointwise approximation,
asymptotic formula, error-estimation in terms of first and second order modulus of
continuity.

2. Approximation for the case a =3 =0

Very recently Luo-Milovanovic-Agarwal [14] established some results on the
extended beta and extended hypergeometric functions. We observe that in the
special case, if we take a = § = 0, then the moments can be obtained in terms of
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hypergeometric series as follows: Using the identities: k! = (1), and I'(k+m+1) =
T'(m+ 1)(m + 1)k, we have

D7) =0 YW (o) [ L ua)en

k=0

:ni (n)uz® k/oo )" gy
pos EN1 4 x)ntk Jg k!
I & (g Tk+m+1)

nm = k(1 4 )tk (1)x

I+z)™ i (n)k(m + 1) T(m + 1)z*

. EN(+ z)* (1)
ml(1+z)™" T
=T SR (em ).

nm 281 m+ 1+

Applying the well known transformation

oFi(a,b;c;2) = (1 —a) % Fy (a, c—b;c Ll)’
we obtain at once
m!
D,(t™ x) = n_m2F1(n’ —m; 1; —x).
Furthermore, we obtain

2+ 4nz+n(n+1)2?
= —

1
D,(t,z) =z + —, Dn(tQ,x)
n

and

1 242 2
(2.1) Da(t—2,3) ==, Dy((t—)%,2) = T 2L E T
n n

In general, using the similar approach, one can show that:
(2.2) Dy((t — z)",x) = O(n~ [ +D/2)

where [a] denotes the integral part of «.

Let B,2[0, 00) be the set of all functions f defined on R satisfying the condition
|f(z)] < Ms(1+2?) with some constant My, depending only on f, but independent
of . By2[0,00) is called weighted space and it is a Banach space endowed with the

norm
_ (z)
Il = sup 755
Let C,2[0,00) = C[0,00) N B,2[0,00) and by C*,[0, 00), we denote subspace of
all continuous functions f € B,2[0,00) for which lim,_, lf 4(_9;)2 is finite.
We know that usual first modulus of continuity w(d) does not tend to zero, as
0 — 0 on infinite interval. Thus, we use weighted modulus of continuity Q(f,d)
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defined on infinite interval R* (see [17]). Let

_ [f(z+h) = fz)]
Q(f,0) = ‘h|<§’u£)€R+ A0 +a2) for each f € Cy2[0, 00).

Now, some elementary properties of (f, §) are collected in the following lemma.

LEMMA 2.1. Let f € C*,[0,00). Then,

i) Q(f,9) is a monotonically increasing function of 6, § = 0.
ii) For every f € C*,[0,00), lims_0 Q(f,8) = 0.
iii) For each A >0,

(2.3) Q(f,A8) < 2(1+ N)(1+6)Q(f, ).
From the inequality (Z3]) and definition of Q(f, ), we get
t —
C4) 170~ Sl <20+ (14 0 ) (14 ) 1w a0
for every f € C,2[0,00) and z,t € R*. The following estimate is quantitative
Voronovskaya type asymptotic formula:

THEOREM 2.1. Let " € C!L?Q [0,00), a =5 =0 and x > 0. Then we have

Dalfa) =) 1)~ N5 )| < L ssaatioma (11, 7).

PRrROOF. By Taylor’s formula, there exist 1 lying between x and y such that

1) = 1)+ £ @) — )+ Ty a2+ hy, )ty - a7,

where

by = 110"

and h is a continuous function which vanishes at 0. Applying the operator D,, to
above equality, we get

1 (x) n 1 (x) [2 + 2nx + na?

T ] 4 Dbl 2 ).

Dn(fal‘) —f(I) =

Also, we can write that
! " 2 "
Dalfi) = f(o) - T2 - LD EEDN T b (g, )l - 27, 2)

To estimate last inequality using ([Z4) and the inequality |n — x| < |y — x|, we can
write

[h(y,2)| < (L4 (y—2)2)(1+2?)(1+ wg—x') (1+62)Qf",5).
Also,

2(1+ 22)(1 + 62)2Q(f",9), ly —z| < ¢

Ih(y, 2)| < {(1 +(y =)L+ a?) (1+ BFE) (1 6207, 8), Jy— ] > 6
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Now choosing § < 1, we have

(y—=2)*
54
2 (y — x)4 "
<8(l+x )(1+ - )Q(f 4).
Using (22)), we deduce that
Dy (|h(y, 2)|(y — 2)*,2) = 8L+ 2)Q(F", ){ Dn((t — 2)*, ) + 6~ D ((t — 2)°,2) }
=8(1+2*)Q(f",5){o(n ") +5*0(n?)}.
Choosing 6 = 1/4/n we have
Dy (|h(y, z)|(y — 2)%,2) <8(1+2*)O(n )Q(f",1/v/n). O
By Cgl0,00), we mean the class of all real valued continuous and bounded
functions f on [0,00). The second order Ditzian—Totik modulus of smoothness is
defined by

wi(f.8) = sup sup  [f(z +he(x)) — 2f(2) + fz — hp(2))],
0<h<d xztho(xz)€[0,00)

by, )] < 2(1+2%)(1+ ) +02)20(£",)

o(@) =/ (xz+1)(x+2), z > 0. The corresponding K-functional is
K 6%) = inf — h|| + 8%||¢*h”
o8 = it (IF = Hl+ 8]
where W2 (p) = {h € Cp[0,00) : i € AC)0c[0,0) : ¢*h" € Cpl0,00)}. By [5]
Thm. 2.1.1], it follows that
CT'W2(f,0) < Ka,o(f,6%) < Cwl(f,9)

for some absolute constant C' > 0. Also, the Ditzian—Totik modulus of the first
order is given by

T o(f.6) = sup sup  |f(z + heo() — f(@)],

0<h<d xtho(z)€[0,00)

where ¢ is an admissible step-weight function on [0, c0).
THEOREM 2.2. If f € Cp[0,00) and n € N, then we have the inequality
IDn(f,2) = f(@)|| < 4wZ(f,1/v/n) + w5 (f,1/n).
PRrROOF. We set ¢(z) = /(z + 1)(z + 2),
Wz[O, 00) = {g € AC)4[0,00) : ©*g” € Cp[0,00)}
Du(f,) = Du(f,) = f(x+1/n) + [ (2).
Then 24 < =21 for 4 between 2 and ¢, D, (t — x,x) = 0 by using @1, and for

P2 (u) = 92 (2)
g€ Wg [0,00), by Taylor’s formula, we have

o) =g(a) + g @)t~ )+ [ ")t~ w)du

Applying the operator D,, to above equality and then taking modulus, we get
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o)+

+lle?g”|

|Dn (g, x) — g()]

/ (= w) g () du

1+% ]' 1
(:L' + - - u)g (u)du
x n
T+ 1
/ —|Z+ I ul du
»  (+1)(z+2)
12

1 2
<"1 =+ (2) } < Zle?dll
n n n

<.

D, ((t — )% )
(x4 1)(xz+2)

<lle?*g"|

Now for f € Cp[0,00), we have

IDalf.2) — £ (@)
= [Dalf ~ 9,2) ~ (f ~9)(@) + Dalg ) — (@) + | (2 + ) ~ f(x)]

2
<Af =gl + 22" + |1 (o + Ve D +2)

1
ny/(x + 1)(30—1—2)) - f(:c)‘

1

<417 =l + T 1} s (o)) 10

< 4{Hf —gll+ %H@QQIIH} +dp (f, T +11)(:E n 2))

1 . 1
<4{Iy - g+~ 1} + 3, (£, ).
n n
Hence, by definition of K ,(f,d%), we have the inequality

IDa(F0) = £0) < 4K (£.7) + P (£17) <42 (=) + P (117) O

3. Moments for the general case

For the general case, we obtain moments as follows:

LEMMA 3.1. For the operators defined by (L)), if we denote

(@) = S 0@ (5"

n
k=0
then, we have the following recurrence relation:
x(1+x) ax
M1 (T) = T[Hi,m(x)]l + (w + m)ﬂ%,m(ﬂﬁ)-

PRrOOF. Using the identity
(1 +2)°[b5 1 (2)] = [(k —nx)(1 + z) — az]b}, 4 (2),
we have
w(1+ )y ()]
= 31k — )1+ @) — aalt (o) (5)”

n
k=0
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n

= . ko mt1 = . kym
=n(l+2) Y @) (5) — e +a)+a] Y @) (5)
k=0 k=0
= n(l+2)pg oy () — (1 + ) + azxlpy, , (2)-
REMARK 3.1. Using Lemma 1], the first few moments are as follows

axr
Pno(x) =1, ppq(z) =2+

O

n(l+z)’
1 2az> 1 a’x? ax
o :L':l‘2+—[1'+l‘2+ } —[ + }’
Hn2(7) n (14+2) 14+2)? 1+
3az®
a _ 3 3 2 :|
pafa) = a® 4+ 1 [3a" 4 307
n 1 [2303 1322 Lot 3az? n 6az? n 3a’z? }
n? (1+z) (142 (A+=x)?

i{ 3a%x? + ax + a®z® }
1+2)? (142 (14x)3
daz?
@ (z) = 624 + 6 }
piale) = ot + = [60t 4 62° e
1 12az* 18ax? 6a’z?
112t + 1843 + 74 }
ot + SR ey B e S R

1 4 9 8az? 18az? 14az?
+${6x +122° + 72% + o + R
3a?2%(2% + 4z +3)  9a’x® N 4az* N 3a }
(1+2)3 1+2)2 (1423 (1+4x)?
n i{ Ta’a? n ax n 6a’z3 n atx?
(1+2)? (14z) Q42 A+

LEMMA 3.2. [16, Lemma 2] For 0 < 8 < 1, we have
@“<>T>
— & = Pu(k; ),
(L), 1)
where (f, g) fo t)dt and P,.(k; ) is a polynomial of order r in the vari-
able k. In partzcular
PO(k,ﬂ) = ]-a

auunziﬁ - Bk + 1=,
Palhi 8) = 5 [(1 = 872 4 3k 2],

n2
1
n3
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1 — 4!
{(1 B 4+ 10(1 — B)2KP + 5(7 — a2 4 2O =30k :
1-3 1-3
1 )
Ps(k; 8) = — (1= 9"k + 15(1 = Bk +5(1 = B) (17 — 8H)R°
1515 — 208 + 662K | (274~ 1449)k 5! }
1-p 1-p 1-p1

LEMMA 3.3. If the r-th order moment with monomials e.(t) =t",r =0,1,...

of the operators (L2) be defined by

00 <L(5I)€(t),tr> 00
T (x) := Dy (e, x) = ’ b () = > Pr(k; B)by, 1 ().
| 2 @ " 2 *

The first few are

Tef@) =1, ol =0 -p)+ 200

n,l

2(1 _ R)2
T =0 8+ 120 9 a4 2L

1 a?2?2(1-p)?2  azx(1-58)%  3ax 2
?{ T+2?  1+a +1+x+1—5}’

T3 (z) = 2*(1 - B)°

3az®(1 — B)?
(1+x)

+ % [2:53(1 — B +322(1 - B)° +z(1 - B)°* +

6az?(1 - B)®  3a%23(1 - B)3
(1+x) (14 z)2

+ % {3303(1 — B 43221 - B)° + +6a2(1 — 6)}
3az3(1 - B)3
(1+x)

+62%(1 — B)

12az%(1 - B) n (11— Sﬂ)x}
(1+2) 1-5)
1 [3a?2%(1 - B)*  ax(1-p6)*  a®23(1 - pB)°
= A+22 (o)  (+ap
6a%x2(1 — B)  6ax(l — B) (11 — 8B)ax n 6 ]
(14 2)? I+z)  (1-p0+2) (1-5)

+62(1— ) +

I (x) = 2 (1 - B)*

4az*(1 — B)

+%{6x4(1—ﬂ)4+6x3(1—ﬂ)4+ - 4+10z3(17ﬁ)2}

4 _ 4

oo [11240 - ) 4+ 18531 - 9)* 4 7221 - B+ W

18az’(1— B)* | 6a’a’(1 - B)*
(1+2) (1+x)2

+ 3023(1 — B)?
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30a2(1 — )2
(1+2)

1 .
+— [614(1 — B)* +1223(1 — B)* + T22(1 — B)* + 2(1 — B)’
8azt(1 — B)*  18az®*(1 - pB)* = 14az?(1 - B)?

+302%(1— B)? + + (35— 20ﬁ)z2}

(1+2) (1+2z) (14 x)
3a2z3(z? + 4z +3)(1 — B)*  9a?z3(1 — B)*  4dadz*(1 - pB)*
(1+z)3 (1+x)? (1+x)3
Sa(ﬁiilx)f) +2023(1 — )2 + 302%(1 — B)? + 102(1 — B)?
30ax3(1 — B)?  60ax?(1—B)*  30ax3(1 — B)?
(14+2) (14 2) (14 2)?

(70 — 408)az? n (50 — 308)x
(1+2) (1-5)
1 [7a2x2(1 -B)*  ax(1-p)*  6adz3(1-p)r  atzt(l - p)*
(14 )2 (1+4+2x) (1+x)3 (1+2)*
30a%2%(1 — )% 10ax(1—B)?  10a323(1 — B)?
(4P i) (o
(35 — 203)a%x? N (35 — 2083)ax N (50 — 3083)ax 24
0+ 22 Tro) T U-A+s  T-B

PROOF. Obviously by ([2), we have ng(ac) = 1. Next, by definition of
T:f (x), we have

+ (35— 208)a® + (35 — 208)x +

+n4

= (L0, #) <
@) = T The (x) = - (K 2 ().

Thus, using Lemma B and Lemma [3:2] we have

Tod @) = 3 W@ Pk B) = S 8 (e)~ [ )k + ——]
k=0 k=0

1-5
B 1 o () — (1 ax(1—p) 1
= (1= Bz a( )Jrn(l—ﬁ)un’()( ) (1-58)+ n(l+ ) Jrn(l_ﬁ)

To (@) = 3 bk Palki B) = D B () g [(1 = 5K+ 3K+ %}
k=0 k=0
= (1= B (o) + o (@) + s (o)

x a’x? 2012 ax ]

n n?(1 + x)? i n(l+z) i n?(l+x)
ax 2

1+z)} A —p)

1.2
= (1-Bp[e?+ =+
3

+E[I+n(
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1 2az2(1 — B)?
= (1= 5 4 [ ) 21—+ ZEE=PL
1 ra?22(1-B)?  ax(1—-p)?  3ax 2

{ (14 x)2 14+ 1+m+1—ﬂ}'

A continuation of this process will provide T,‘ff (x) for cases of r > 3. O

+ Sx}

n2

REMARK 3.2. If we denote the central moment as U (z) = Dl ((t — z)", z),

then ( )
a8 _ ax(l—p 1
Uml(x)f x5+ (11 ) Jrn(l—ﬁ)’

Uff,’g(:c) =22p% + % [Sx +a(l+2)(1 - ﬂ)Q B 2az%6(1 — B) 2z }

l+z  1-7
1 r22a?(1—B)?2  azx(1-pB)?  3ax 2
ﬁ[ (14 2)? 1+ 1+x+1—ﬁ}’
Ui (z) = 23(1 - B)® — 2® — 32°(1 — B)? + 323(1 - B3)
+ % [32%(1 = 8)* 4 32%(1 - B)° + 73ax(i(i;)ﬁ)3
. 6az3(1 — ()2
+622(1 — B) — 323(1 — B)% — “aio
9 3az®(1 — B) 322
—32%(1 - )% — 922 + i) + (17@}
3(1 _ B)3
+ oz 200 9P 3220 - 9P a1 - gy 4 2B
6az?(1 - B)®  3a?z3(1 - B)3 5
1+ I+ ) +62°(1 - pP)
3 12az%(1 - B) = (11 —8B)x
+6x(1—B) + (+2) =)
3 3a?z3(1 — B)? 3 3az?(1 — ()2 3 9ax? 6z }
(1+ )2 (1+x) (14+2z) (1-p)
N 1 [3a2z2(1 B2 ax(1-p8)?  a*2?(1-pB)°
n3 (1+x)? (14+2) (14 2)3
6a%x(1 — B)  6ax(l - pB) (11 — 8B)ax 6 }
(1+ ) (I+z)  (A=-p0+z) (1-p)
Unil@) = a*(1= B)* +a* +62* (1 = §)° — da’(1 = ) — 4a*(1 - )’
+ % [6304(1 — B +623(1— Bt + ﬁm‘;(ii;ﬂ)“

12az*(1 — B)?

+102*(1 — B)? + 62*(1 — B)? + T
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dazt(1—-p)  4a®
1+ 1-p
5 12a2'(1-p)°
1+z

+62%(1 — B)* + 182% —

—122%(1 - B)° —122%(1 - j) - U= 6)
4 _ 4
+ % [1124(1 = 8)* + 182° (1 = B)* + Ta2(1 - B)" + W

18az3(1-B)*  6a%x*(1-p3)*

+3023(1— )2 + 3022(1—5)?

1+z (14 x)?
30az3(1- )2 5 6a%2*(1-B)%  6az®(1-p)?
L + (35— 208)2" + (14 2)2 1+
18ax® 1227
- fcx + 7 :CB ~ 824 (1 — B)? — 1243(1 — B)® — 4a2(1 — B)°
12az*(1 — B)®  24a2®(1 - B)?  12a%2%(1 - B)3
14z 1+z  (14x)?
5 5 48ax®(1—-B)  4(11 — 8B)x?
— 2423 (1-B) — 242*(1- ) — T 13
1 . 8 4 1— 4
+ 5 (624 (1= 8)" + 126° (1= B)" + T2 (1= B)* + 2(1- )" + %

18az3(1 — B)*  1daz?(1 - B)*  3a%z3(2? + 42+ 3)(1 — B)?

1+ 14z (1+x)3
9a%z3(1 — B)*  4a2*(1—B)*  3a22*(1 - )4 3 2
(1+ )2 (1+a) Grap 0000
30az3(1 — B)?  60az?(1 — B)?

+3022(1 — B)? +10z(1 — B)* +
30a%z3(1 — B)?

14+ 14z
—4 2
(35— 20822 + (35 — 208)0 + 0= 408)ar”

(14 )2 1+«
(50 —308)z  12a%z3(1— )%  4ax?(1-B)> 4az*(1 - pB)3
1-8 (14 x)? 1+x (1+z)3
B 24a%23(1 — j3) B 24ax?(1 — j3) 411 - 83)azx? 24z }
(1+ )2 l1+a (1-B(1+z) 1-8
1 17a?22(1 - B)*  azx(1-B)*  6a®z3(1 - p)*  atat(l - p)*
F[ (1+ )2 1+ (1+ )3 (1+x)*
30a%2%(1 — 8)?  10ax(1—B)*> 10a3z3(1 — B)?
(14 x)? 1+ (14 )3
(35 —20B)a?z? (35 —20B)ax (50 — 308)ax n 24 }
(14 )2 1+ (1-8)(1+z)  1-81"

4. Direct estimates for general case

In this section, we establish the following direct results:
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PROPOSITION 4.1. Let f be a continuous function on [0,00) and 5 = 3, — 0
asn — oo, the sequence { DA (f, x)} converges uniformly to f(x) in [a,b] C [0, 00).

ProOOF. Using Lemma [3.3] we have

B B a.p B 3 ax(l—p5) 1
Dn (60,$) - 1) Dn (61,$) - $(1 6) + Tl(]. +LL‘) + Tl(]. 7ﬂ)
and
201 _ a\2
D% (ey, ) = 22(1 — )% + %[mQ(l —B)? +z(1-p)*+ w + 330}
1 ra?22(1-8)2  azx(1-p5)?  3ax 2
ﬁ[ (1+ )2 1+ 1—|—x+1—ﬁ]

Obviously, D%#(eg, x), D&” (e, x) and D%P(eq, x) converges uniformly to 1, z and
22 respectively on every compact subset of [0, 00). Thus, the required result follows

from the well known Bohman—Korovkin theorem. O

THEOREM 4.1. Let f be a bounded integrable function on [0,00) and has the
second derivative at a point x € [0,00), then with the condition f = B, — 0 as
n — oo, it follows that

ax 22 + 2z

P @+ [ @),
PrOOF. By Taylor’s expansion of f, we have
(1) ) = @)+ F @)~ ) + 57" @)~ 4 () - )

where r(t, ) is the remainder term and lim;_,, r(¢,2) = 0. Operating D%? to the
equation ([J]), we obtain

lim n[Dg (f,2) — f(w)] = [1+

n—oo

DE(f,2) — () = D5 (t — 2, 2) () + D25 (¢ — )%, ) L)

2
+ DY (r(t, x)(t — x)%, )
Using the Cauchy—Schwarz inequality, we have
(42)  DES(r(t,2)(t — ), 3) < \/DEP(2(t, 3), 1)y DEP(( — )4, ).
As r?(z,x) = 0 and r?(t,z) € C3[0,00), we have
(4.3) nh_}n;o D&Pn(r2(t,2), ) = (2, x) = 0

uniformly with respect to z € [0, 4], for some A > 0. Now from ([@2)), (@3] and
from Remark B2 we get lim,, oo nD&P7 (r(t, 2)(t — x)%,x) = 0. Thus
lim n(DyP (f, ) — f(z))

n—oo

= 1im a1, 2) /(@) 45 1 (£ DY ()2, ) 4 DY (ot ) ()2, )

n—oo

7@+ [ ). o

ax
14+ =z

=1+
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We denote the norm || f|| = sup,¢(o,) [f(2)|- For f € Cg[0,00) and 6 > 0, the
m-~th order modulus of continuity is defined as

wmn(f,0) = sup  sup |AFf(z)],
0<h<d z€[0,00)

where A is the forward difference. In case m = 1, we mean the usual modulus of
continuity denoted by w(f,d). Peetre’s K-functional is defined as

Ky(f,6) = inf  {|[f —gll+llg"]| : g € C3[0,00)},
g€C%[0,00)

where
C310,00) = {g € Cp[0,00) : ¢, g" € Cp[0,00)}.
THEOREM 4.2. Let f € Cp[0,00) and 0 < 5 < 1, then

a, azx(l—p) 1
|Dn”ﬁ@*f@ﬂécwﬂﬁv@D+WCﬂna+x>+na—5>*mﬂ

where C' is a positive constant and 0, is given by

1 daz?B(1 — 2 2
5n:2x2ﬁ2+E[3m+m(x+1)(1—ﬂ)27 “zlﬂix ﬁ)fl_xﬁflfﬂﬁ}

1 12a?2%(1—B)?  bBax  az(l—p)? 2 1

ﬁ{ 122 1tz 1+z +1—5+(1—5)2}'

with f = B, — 0 as n — 0.

PrOOF. We introduce the auxiliary operators D% : C[0,00) — Cg[0, 00) by
azx(l—p) 1
e R

These operators are linear and preserve the linear functions in view of Lemma 33
Let g € C%[0,00) and z,t € [0,00). By Taylor’s expansion, we have

(14)  DyP(f.@) = Dyl (f,a) = f(w(1 = ) +

t

mw:mw+ufm¢@rg/@fmwwm%

x

Hence,

|D&P(g,x) — g(a))|

t
< DfL’B< / (t —u)g" (u)du ,:L'> < fo(

az(1-B) 1
s(1=-B)+amy teaom (

Lkum%mm

ax(l —j) 1
1- =P+ i Yaa—s
< DA((t—2)%,2)|g" |

)

- u) g" (u)du

az(1—B) + 1

e(1-A+ 5 taam ax(l — B) 1
/l (n(1+:ﬂ) +n(1*ﬁ)_w>du

llg"l
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Next, using Remark [3.2] we have

D5 (g,2) = g(@)] < [DEP((t - 2)%, )

(4.5) ax(1 — B) ) o )
+ ( n(l+ x) + n(l—pB) 7xﬂ) }Hg [I'= dnllg”ll-
Since
“@%mwww (L) (1),1)
2O )l < — G Sk 2 C x) < .
o )|<kZ=:O (L @), 1) lf”Z (L)1), 1) @) <1

Now by ([#4), we have

4.6) DO ) < WDRO(f, )| + 21l <3Ifl,  f € Cpl0,00).
Using (@4), [@3) and ([@8), we have

D52 (f ) = f(2)] < IDRP(f = g,2) = (f = 9)(@)| + D57 (9, 2) — g()]

+ ‘f(x(l —A)+ a;((11+_£) * n(ll—ﬂ)> N f(x)‘

<A f =gl + dnllg”|l

azx(l—p) 1
<mww+%mwwg,é+gMnﬂﬂmw)

Taking infimum over all g € C%[0, o), and using the inequality

KQ(f,é)<CW2(f,\/5)7 d>0
due to [4], we get the desired assertion. O
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