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APPROXIMATIONS OF PERIODIC FUNCTIONS
BY ANALOGUE OF ZYGMUND SUMS
IN THE SPACES LP()

Stanislav Chaichenko

ABSTRACT. We found order estimates for the upper bounds of the deviations
of analogue of Zygmund’s sums on the classes of (v; 8)-differentiable functions
in the metrics of generalized Lebesgue spaces with variable exponent.

1. Definition and formulation of the problem

Let p = p(z) be a 2w-periodic measurable and essentially bounded function
and let LP() be space of measurable 2r-periodic functions f such that

/ﬂ |f(2)P®) dz < co.

If p := essinf, |p(z)] > 1 and p := esssup, |p(z)| < oo, then LP() are Banach

spaces [16] (see also [8]) with the norm, which can be given by

Hap )

«

Il fllpey = inf {a >0: /

Here are some definitions which will be used in the statement and proof of the
results of this article.

U

DEFINITION 1.1. Tt is said that a function p = p(z) satisfies the Dini-Lipschitz
condition of order v, if w(p; 5)(1n %)’Y < K = const, 0 < § < 1, where
wp;d) = sup  {Ip(x1) —plaz)|:  |o1 — 22| <5}
T1,x2€[—m;m]
The set of 27-periodic exponents p = p(x) > 1, satisfying the Dini-Lipschitz
condition of order v > 1 in the period, is denoted by P?. Obviously, if p € P7, then
p > 1and p < oo. In the work [16] shown that when 1 < p, p < oo, space L),
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where ¢(z) = p&()le,

and g € L90) an analogue of the classical Holder inequality is true:

is conjugate for LP() and for arbitrary functions f € LP()

™
/ |f(@)g(x)| de < Kpgllfllpe)llgllacy:  (Kpg <1/p+1/9),
—T

which, in particular, implies embedding: LP() C L, where L is space of 2r-periodic
Lebesgue integrable on the period functions.

The spaces LP() are called generalized Lebesgue spaces with variable exponent.
It is clear, that if p = p(x) = const > 0, spaces LP0) coincide with the classical
Lebesgue spaces L,. In its turn, if p < oo, spaces LPC) are a special case of the
so-called Orlicz-Musielak spaces [10].

For the first time, a Lebesgue space with variable exponent appeared in the
literature in the article of W. Orlicz [12]. In the work [11] spaces LP() considered
as an example of the more general function spaces and, furthermore, have been
studied by many authors in different directions. The basic results of the theory of
these spaces are available, for example, in [1}[2]4][8[T0H12]14.[16,18.19]. Note
also that the generalized Lebesgue spaces with variable exponent used in the theory
elastic mechanics, the theory of differential operators, variations calculus [3|13l[15].

Next, we need the definitions of the (¢; 8)-derivative and the sets Lg, which
belongs to A. 1. Stepanetz [20] pp. 142-143].

DEFINITION 1.2. Let f € L and
S[f] = # + Z (ar(f) coskx + by (f) sinkz) = ZAk(f,x)
k=1 k=0

be its Fourier series. Let, further, (k) be arbitrary function of natural argument
and § € R. Assume that the series

gﬁ(ak(f)cos (kx—i— %) + bi(f) sin (kx+ %T))

is the Fourier series of some function from L. This function is denoted by fg’() (or
(Dg’f)()) and called (¢; §)-derivative of a function f(-). The set of functions f(-),
satisfying this condition is denoted by Lg’.

Denote by Z,(f; ) (see [5]) the trigonometric polynomials of the form

k=1

Note that in the case (k) = 1/k", r > 0, the sums (1)) are Zygmund’s well known
sums

n

Zn(f;2) = ao;f) +§ (1 - (E>T)Ak(f§$)-
k=1
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In this paper, we study the value

E(LG iy Zndsy = s |If = Zulf)lsc
FELY by

upper bounds of deviations analogues of Zygmund’s sums Zn (f;x) on the classes

LY o ={f €L} [ € Uy}, where Uyy = {p € LU+ o],y < 1} is the

unit ball of LPC >.

2. Auxiliary results

In the proof of the main assertions of this work we use the following well-known
results.

TueoreM 2.1. [19] If p € P?, then for an arbitrary function f € LPC) the
inequalities hold

(2.1) HSn(f)HpH < Cp”f”p(')a
(2.2) 1oy < Epllfllpes
where
Sn(f;x) f)coskx + b(f)sinkz), n=0,1,...,

is the Fourier partial sums of the order n of function f, f() is trigonometric
conjugate to f(-) functions, and Cp, K, are positive constants which don’t depend
onn and f.

From inequality (@), it follows that for an arbitrary function f € LP(), on
condition p € P7, its Fourier series converges to f in the metric of the spaces LP(),
that is || f — Sn(f)|lp) — 0, as n — oo, and the relation holds

En(£pey <IN = Snc1(Dllpy) < KpEn(f)peys

where

Ba(@lpy =, o —taailly), @ €LV,

is the best approximation of function ¢ by subspace 72,1 of trigonometric poly-
nomials of order, not higher than n — 1, and K, is the value which depends only

on p = p(z).
LEMMA 2.1. [7] Let the sequence u(k), k=0,1,2,..., satisfies the conditions

2m+1

vo = vo(u) = sup|u(k)| < C, o0 =oo(u) = sup >k +1) = u(k) < C,
meN j—om

where C' is the value which does not depend on k and m. Then, if p € P, for a
given function f € LPC) there exists a function F € LPC) such that the series

/) + Zu(k’)(ak(f)cos ka + by (f) sin k)
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is the Fourier series of F' and the inequality is true
(2.3) 1Flpcy < KA fllpy, A= max{r,o0},
where the value K does not depend on the function f.

In the case p = p(z) = const this statement is a well-known lemma of Marcin-
kievicz for multipliers [9].
We will also use the following theorem of Hardy-Littlewood.

1 1

THEOREM 2.2. [6] Let 1 < p < s < 00, p,s = const, « = p~ ' — s~ ! and
Dy (t) := > 3 k™“coskt. Then, for an arbitrary function ¢ € L, the convolution

B (z) = % / " oo+ ) D (Bt

—T

belongs to L, and ||®q||s < Cspll¢llp, where Csp, depends on s and p only.
Note that if ¢ € L, and S[p] = Y7, Ax(p; ), then

S[@a] = Yk Ax(pia),
k=0

that is ®, = M,(p), where M, is an operator-multiplier, which is determined by

the sequence of po(k) = k=%, £k =0,1,2,..., and it acts from L, to L, where

indicators 1 < p < s < 00, p,s = const, are related by the equation p~! — s~ = a.

3. Approximation by analogue of Zygmund’s sums

We define the sequences p(k) and ji(k), k € N, as follows:

E*p(n)cos B8 1< k<n—1

3.1 k) = piy o (k) := 2 ’
(31) p(K) = i o(F) {W(k)coﬂ e

. - kop(n)sin 88, 1<k<n—1

3.2 k) = nak — 2 5
(32) k) = fin.a (k) {kzaw(kz)sin—ﬁg, n <k,

where n € N, a > 0, 8 € R. For each fixed & > 0 we denote by Y, , the set of
pairs (¢; ), such that for any positive number n the conditions

(33) (s Bin) = sup luna(k)| < Co(mn® < K,
k
271L+1
(3.4) oo(¥; B;n) = su% Z |tn,a(k +1) = pino(k)] < Cr(n)n® < K,
me k—=2m

and similar conditions for the function fi, (k) hold, where v(n) = sup,,, [¢(k)|,
C and K are positive constants uniformly bounded on n.

At first we consider the case when the functions p = p(z) and s = s(z) on the
period satisfy the inequality s(x) < p(z). In our notation, the following assertion
is true.
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THEOREM 3.1. Let (;8) € Yon p,s € P7, s(z) < p(x), € [0;2n]. Then, for
all n € N the inequality

prsl/(n) < E(Lg},p(.); Zn)s(~) < Kp,sy(n)a
holds, where Cp, s and K, s are some constants depending on p = p(z) and s = s(x)
only.

PROOF. Suppose first that p(x) = s(z), « € [0;2x]. For an arbitrary function
fe Lg’ () the equality is true

-1

f@) = Zu(fr2) =) ZEZ Ag(f;z) + ZAk fi)
k

=1

3

(3.5) = 1m0 Akl fisa +Z,Ufn0Ak fisx) = Mo(f5) + Mo(fY),

k=1 k=1

where My and My are operators-multipliers, which are defined by the sequences
BI) and 32)) respectively, « = 0. According to the conditions of the theorem, the
couples (¢; ) belong to the set T ,, therefore, sequence B and [B2) satisfy the
conditions of Lemma [ZTl Applying this lemma, given inequalities (22)), (33) and
(@), for an arbitrary function f € LY 5.p(-) On the basis of the equality B3) we find

(3.6) 1£() = Zn(F: ) ey = I Mo(£5) + Mo(FE) ()
< Kv(n)(1£4 lpc) + 178 1)) < Cpr(n),

where C), is a positive constant, which depends only on the function p = p(x). In
the article [17] it was shown that if 1 < s(z) < p(z) < p < oo, then for an arbitrary
function f € LP() the inequality hold

(3.7) £ lls¢) < Kspll Fllpc)-
From relations (3.6) and (B7) we obtain the estimate

P .7 P .7
5(Lﬂ,p(.)» Zn)s(~) < 5(Lﬂ,s(.)» Zn)s(~) < Cp,sy(n)a

where C), ; is a positive constant, which depends only on the functions p = p(x)
and s = s(z). We now obtain the lower estimate for the value of £(LY B.p()} Z n)s()-
If for given sequence (k) and the number n € N, there exists the natural number
kn, for which the equality
(3.8) v(n) = sup [ (k)| = ¥ (kn),

k>n
is true, then the corresponding lower estimate can be obtained with help of the
function

(3.9) fulw) = — L)

[| cos kn|p

ﬁw).

Cos (knx — 5
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Indeed, since

cos knx _1
p(-)

)

(@) ) = H e

08 kn || ()

then f, € Lg,p() and

P (kn)

L _ 7 - -
E(Lg pyi Zn)se) Z 1fn = Z(f)lls) = Teos ko, || cos kn sy = Cp,sv(n).

But if for the sequence ¥ (k) and the number n € N, there exists no natural
number k,,, for which equality (3.8]) holds, due to the limitation of the set {|(k)|}
of values of the function ¥ (k) we will have

v(n) = sup [¢(k)| = sup{[y(k)|}.
k>n k>n

In this case, there exists a sequence k;, j € N such that k; > n and the numbers
1 (k;) don’t decrease and converge to v(n). Let A = U; f;(z), where the function

fj(z) is defined by equality (3.9). Since f; € Lg,p(') for any j € N, then

E(LY i Zn)sy = s [If = Zu(£)lls) > sup I1f = Zu(F)llse)

»
feLB,p(‘)

»(k;)
= sup ———————1|| cos k;x||s(.) = Cp,sv(n). O
jen || coskj||p() 7O T e

We now obtain an estimate of the sequence E(Lg o() Zn)s(.) in the case when

the function p = p(x) and s = s(x) on the period satisfies the inequality p(z) < s(z).
The following result gives the upper estimate.

THEOREM 3.2. Let p,s € P7, p(z) < s(x), = € [0;27] and (¢;8) € YTan,
a=1/p—1/5. Then, for all n € N the following inequality

5(L15p,p(.)5 Zn)s(~) < prsnal’(n)a
holds, where C), 5 is a positive constant depending on p = p(x) and s = s(x) only.

PROOF. For an arbitrary function f € Lg’ () the equality

1

3
|

(n

(]
@‘@

Ae(fs2) + > Ar(fiz)
k=n

1

(o)
=3 ek A 0) 3 Bk A
k=1 k=1

P= Ma(ga) + Ma(ga)a

holds, where M, and M, are operators-multipliers, which are defined by the se-
quences ([3.I) and ([3.2) respectively, a = 1/p —1/5 and

g

o0 2m
go(T) := Z k:_‘XAk(fg’; x) = 1 fg(x +t) D, (t)dt,
k=1 TJo
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2

= Z k’aflk(fg’; x) = % fg’(x +t)Dq(t)dt,
k=1 0

D, (t) is function defined in Theorem 221

Since f € Lﬂ o() then f;f € L0, and moreover fg’ € LE. By Theorem 22 we
conclude that the convolution g, (z) belongs L®, and moreover g, € L*0). From
the condition (; 8) € T, o by Lemma 2Tl we conclude that the operator-multiplier
M, acts from L) to L*() for any s € P7. Using analogous arguments for the

function g, (z), taking into account inequalities (22)), (Z3), B3) and B4), for an
arbitrary function f € Lg’ () Oon the basis of equality (3I0) we find

17 = Zu(N)llsey < IMalga)llsey + 1Ma(Ga)llse) < Knv(n)(llgallse) + 1Falls))

Cpsn® V() (IF5 lpy + 15 Ip(y) < Cpsn®v(n). O

To make formulate the following assertion, which gives a lower estimate for the
quantity E(Lg’ ()} Zn)s(.) in the case, if the function p = p(z) and s = s(x) satisfies

<
<

the inequality p(z) < s(z) on the period, we need the following definition.
Denoted by 9B the set of pairs (¢; 8), such that for any n € N the relations are
true:

2m+1
v(n)
su <C, su 7(k+1) —7(k)| < C,
nron | H(F) s 3 Il 1) =7k

where C' is a positive constant, which is independent of n, v(n) = supy,, ¥ (k) and

0, <k<n

p(k)> =

THEOREM 3.3. Let p,s € P?, p(x) < s(x), = € [0;2n] and (¢¥; 8) € B. Then,

for alln € N we have En(Lg”p(_); Zn)s(.) > Oy sv(n)n'/P=1/s where C,, 5 is a positive

constant depending on p = p(x) and s = s(x) only.

~X
n < 2n.

PROOF. For obtaining a lower estimate, let us show that for any positive integer
n in class Lg’ () there exists a function f;, for which the inequality is true

Ilfn — Z ||5() ng(n)n1/571/§~

For this we fix n € N and consider the function f;(z) = iin Y(k) cos (kx — ﬁ)
Since

)

2n .
o _ sinnx/2cos(3n + 1)x/2
T))p = g coskr = Sz

then using relation (B7) and also the well-known inequality

(3.12) ggsinm/l sinz <z, z€[0;n],
T
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we obtain

<

B ey =

k=n p(-) k=n 2
™ 2n P 1/p T s I3 1/p
2
= (2/ Zcoskx dac) < (2/ M dx)
(U Wt o | sinz/2
*, 1-1/p
<Cpn /P,
This implies that the function
. nl/P=1 pl/p—1 27 Br
gn(z) = o nlx) = c; ;w(k) cos (kz — ?)

belongs to the class Lg’ ()"
Again using the inequalities (877) and [B.12)), we find

2n T s 1/s
Zcos kx > (2/ d:c>
k=n s(+) 0

1/s

w/2
> Csn11/§</ (cosx)? dac) > Kon' Vs,
0

If now by T, we denote the operator-multiplier that generates sequence (B1T]),
then by applaying Lemma 2.1 to the condition (1; 5) € B we will have

2n 2n k
kz:;lcos (kx — ﬁ;) O = HTw(Z :f((n) cos kx - )H

<C Zws)cos( ﬂ;)

Hence, considering inequality (3I3) we find

sinnx /2 cos(3n + 1)z/2
sinxz/2

(3.13)

s(+)

(3.14) cos ( ﬂ;) ( x — —)
s(~) s()
Zcosk:x > Kn'Ys,
k=n s
Using relation ([BI4), we obtain
1/;0 1 2n

Zw cos(x—%r)

En(LY piyi Zn)sy 2 lgn = Znlgi)lsc

n!/P-1 2 (k) B
> v k;u(n) cos (’“*7) O

> Cp7sn1/ﬁ_1u(n)n1_1/§ - Cp,su(n)nl/ﬁ_l/i O
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