PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 97(111) (2015), 187-197 DOI: 10.2298/PIM140921001Z

ON THE SIGNLESS LAPLACIAN SPECTRAL
RADIUS OF UNICYCLIC GRAPHS
WITH FIXED MATCHING NUMBER

Jing-Ming Zhang, Ting-Zhu Huang, and Ji-Ming Guo

ABSTRACT. We determine the graph with the largest signless Laplacian spec-
tral radius among all unicyclic graphs with fixed matching number.

1. Introduction

Let G = (V(G), E(G)) be a simple connected graph with vertex set V(G) =
{v1,v2,...,v,} and edge set E(G). Its adjacency matrix A(G) = (a;;) is defined
as an n X n matrix (a;;), where a;; = 1 if v; is adjacent to v;; a;; = 0, oth-
erwise. Denote by d(v;) or dg(v;) the degree of the vertex v; (i = 1,2,...,n).
Let Q(G) = D(G) + A(G) be the signless Laplacian matrix of a graph G, where
D(G) = diag(d(v1),d(v2),...,d(vy)) denotes the diagonal matrix of the vertex de-
grees of G. It is well known that A(G) is a real symmetric matrix and Q(G) is
a positive semidefinite matrix. Hence, the eigenvalues of A(G) and Q(G) can be
ordered as

M(G) 2 X(G) = -+ = An(G)
and
01(G) 2 ¢2(G) = -+ 2 qa(G) 20,

respectively. The largest eigenvalues of A(G) and Q(G) are called the spectral
radius and the signless Laplacian spectral radius of G, denoted by p(G) and ¢(G),
respectively. When G is connected, A(G) and Q(G) are nonegative irreducible
matrix. By the Perron—Frobenius theory, p(G) is simple and has a unique positive
unit eigenvector, so does ¢(G). We refer to such the eigenvector corresponding to
¢(G) as the Perron vector of G.

Two distinct edges in a graph G are independent if they are not adjacent in G.
A set of pairwise independent edges of G is called a matching in G. A matching of
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maximum cardinality is a maximum matching in G. The cardinality of a maximum
matching of G is commonly known as its matching number, denoted by u(G).

Denote by C, and P, the cycle and the path on n vertices, respectively. The
characteristic polynomial of A(G) is det(xI — A(G)), which is denoted by ®(G) or
®(G, x). The characteristic polynomial of Q(G) is det(x] —Q(G)), which is denoted
by ¥(G) or ¥(G, x).

A unicyclic graph is a connected graph in which the number of vertices equals
the number of edges. Let Uy, (1) denote the set of all unicyclic graphs on n vertices
with matching number .

The investigation on the spectral radius of graphs is an important topic in the
theory of graph spectra, and some early results can go back to the very beginnings
(see [4]). The recent developments on this topic also involve the problem concerning
graphs with maximal or minimal spectral radius of a given class of graphs. In [2],
Chang et al. gave the first two spectral radii of unicyclic graphs with perfect
matchings. Recently, Yu et al. [9] gave the first two spectral radii of unicyclic
graphs with a given matching number; and Guo [13] gave the first six spectral
radii over the class of unicyclic graphs on a given number of vertices; Guo [12] gave
the first ten spectral radii over the class of unicyclic graphs on a given number of
vertices and the first four spectral radii of unicyclic graphs with perfect matchings.
For more results on this topic, the reader is referred to [1, [6, 14, [3] and the
references therein.

In this paper, we deal with the extremal signless Laplacian spectral radius
problems for the unicyclic graphs with fixed matching number. The graph with the
largest signless Laplacian spectral radius among all unicyclic graphs with a fixed
matching number is obtained.

2. Lemmas

Let G —u or G — uv denote the graph obtained from G by deleting the vertex
u € V(G) or the edge uv € E(G). A pendant vertex of G is a vertex with degree
one. A path P :ovvivg---vg in G is called a pendant path if d(vy) = d(ve) =+ =
d(vg—1) = 2 and d(vx) = 1. If k = 1, then we say vv; is a pendant edge of the
graph G.

In order to complete the proof of our main result, we need the following lemmas.

LEmMA 2.1. [7, 15] Let G be a connected graph, and u,v be two wvertices
of G. Suppose that vi,ve,...,vs € N)\{N(u)Uu} (1 < s < d(v)) and x =
(x1,%2,...,2,) is the Perron vector of G, where x; corresponds to the vertexr v;
(1 < i< n). Let G* be the graph obtained from G by deleting the edges vv; and
adding the edges wv;(1 <@ < s). If 2y > Ty, then ¢(G) < q(G*).

From Lemma [Z1] we obtain the following results.

COROLLARY 2.1. Let G = (V,E) be a connected graph with vertex set V. =
{v1, va,...,v,}. Suppose that vive is an edge of G which does not lie on a circuit
of length three satisfying d(v1) = 2 and d(ve) = 2. Let G be the graph obtained
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from G — viva by amalgamating v1 and ve to form a new vertex wy together with

attaching a new pendant verter we to wy. Then ¢(G) > q(G).

COROLLARY 2.2. Let w and v be two vertices in a connected graph G and
suppose that s paths {wwiw], wwewh, ..., wwsw.} of length 2 are attached to G
at w and t paths {voiv],vuavlh, ... vvvy} of length 2 are attached to G at v to
form Gsi. Then either ¢(Gstit—i) > q(Gst) (1 < i< t), or ¢(Gs—iyi) > q(Gs )
(1 <i<s) and p(Gost) = (Gstt,0) = (G ).

COROLLARY 2.3. Let w and v be two vertices in a connected graph G and

suppose that s paths {ww, wwas, ..., wws} of length 1 are attached to G at w and
t paths {vv1v], vuev), ..., vvv,} of length 2 are attached to G at v to form Hg.
Then either

q(Hsp —wwy — -+ —ww; +vwy + - +ow;) > q(Hsy) (1 <1< s) or

q(Hst —vvp — - —wv; +woy + -+« +wv;) > q(Hs ) (1 <0< t).

COROLLARY 2.4. Let w and v be two vertices in a connected graph G and
suppose that s paths {wwi, wwas, ..., wws} of length 1 are attached to G at w and
t paths {vv1,vva,...,vve} of length 1 are attached to G at v to form Fsi. Then
either

q(Foyii—i) > q(Fsr) (L <i<t), or q(Fo_iiqs) > q(Fsy) (1 <i<s).

COROLLARY 2.5. Suppose u is a vertex of graph G with d(u) > 2. Let G : uv
be a graph obtained by attaching a pendant edge uv to G at u. Suppose t paths
{vvvl, ..., vvvp} of length 2 are attached to G : wv at v to form Loy. Let

My = Lot —vvr — -+ - — 00 + uvg + - - - 4+ uvy.

Then we have (M ) = p(Lo,e) and g(Mi ) > q(Loy), (t = 1).

An internal path of a graph G is a sequence of vertices vi,vs,..., v, with
m > 2 such that:
(1) The vertices in the sequences are distinct (except possibly v; = v,);
(2) v; is adjacent to viy1, (1 =1,2,...,m—1);
(3) The vertex degrees d(v;) satisfy d(v1) > 3, d(v2) = -+ = d(vm—1) = 2 (unless
m = 2) and d(vy,) > 3.

LEMMA 2.2. Suppose that P : vive--- v, (k = 3) is an internal path of the
graph G and vivy, ¢ E(G) for k = 3. Let G* be the graph obtained from G —
VU1 — Vit1Vit2 (1 < i < k—2) by amalgamating v;, vit1 and vir2 to form a new
vertexr wy together with attaching a new pendant path wywows of length 2 at wy.
Then q¢(G*) > q(G) and u(G*) = u(G).

PROOF. Let G/ = G* — w3y — ws. By similar reasoning as that of Theorem 3.1
of [11] and Theorem 4.11 of [10], we have ¢(G’) > ¢(G). From the well-known
Perron—Frobenius theory, we have ¢(G*) > ¢(G’). Thus we have ¢(G*) > ¢(G).
Next,we prove u(G*) 2 u(G). Let M be a maximum matching of G. If v;v;11 € M
Or Vi+1Vi+2 € M, then {M — {Uivi+1}} U {wgwg} or {M - {'UIL'J,_I'UiJ,_Q}} U {wg’wg}
is a matching of G*. Thus, u(G*) > u(G); if viviyr ¢ M and vipqvipe ¢ M,
then there exist two edges v;u and v;49v € M. Thus, {M — {v;u}} U {wews} is
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a matching of G*. Hence, pu(G*) > u(G). Let My be a maximum matching of
G*. If there exists some vertex, say u(# ws), of G* such that uw; € My, then
waws € My. Thus {My — {uwr, waws}} U {uv;, vi41v:42} is a matching of Gj if
there’s no such a vertex, then we have either wiws € My or wows € My. Thus
{Mo —{wiwz, waws} } U{viy1vi42} is a matching of G. So, u(G) > pu(G*). Hence,
w(G) = u(G"). O

Let S(G) be the subdivision graph of G obtained by subdividing every edge
of G.

LEmMA 2.3. [B, (18] Let G be a graph on n vertices and m edges. Then
®(S(G)) = 2™ "V(G, 2?), where ®(G) and V(G) are the characteristic polyno-
mials of A(G) and Q(Q), respectively.

LEMMA 2.4. [8] Let u be a vertex of a connected graph G with at least two
vertices. Let G (k,1 > 0) be the graph obtained from G by attaching two pendant
paths of lengths k and 1 at u, respectively. If k > 1> 1, then ¢(Gr) > ¢(Grt1,1-1)-

COROLLARY 2.6. Suppose that P : vivg---vg (k > 4) is a pendant path of the
graph G with d(v1) > 3. Let G* = G — vp—2vk—1 + 11vk—1. Then ¢(G*) > q(G)
and p(G*) = p(G).

ProoOF. By Lemma 2] we have ¢(G*) > ¢(G). By similar reasoning as that
of Lemma [Z2] we have p(G*) = u(G). O

LEMMA 2.5. [I7] Let e = uv be an edge of G, and C(e) be the set of all circuits
containing e. Then ®(G) satisfies

(G)=D(G—e) =BG —u—0v)—2) &G -V(2)),
A

where the summation extends over all Z € C(e).
From the Perron—Frobenius theory, we immediately have the following

LEMMA 2.6. (1) Let A(G) be the mazimum degree of G. Then p(G) = /A(G).
(2) Let G be a connected graph, and let G’ be a proper spanning subgraph of G.
Then p(G) > p(G') and q(G) > q(G").

3. Main results

THEOREM 3.1. Let G = (V,E) be a connected graph with n > 4 wvertices.
Suppose that vive € E(G), vivs € E(G), vivy € E(G), d(vs) = 2, d(vs) = 2,
d(vy) = 3, and d(vz) = 1. Let Gy vs(Guyv,) be the graph obtained from G — vivs
(G — v1v4) by amalgamating v1 and vs (v4) to form a new verter wy (ws) together
with subdivising the edge wive (w3vy) with a new vertex wa(wa). If ¢ = q(G) >
34+ Vb5 ~ 5.23606, then

(1) either q(Go,vy) > q(G) or ¢(Gu,vy) > 4(G);

(2) IU’(G'Ul'US) > :U’(G) and M(Gmm) > M(G)
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PROOF. Let X = (x1,22,...,2,)7 be the Perron vector of G. Then from
(D(G) + A(G))X = q(G)X, we have
(3.1) qr; = d;x; + Z ;.
ﬂiﬂjGE

We distinguish the following two cases:

Case 1: x3 > x4. From (BI]), we have

(3.2) z1 = (q — 1)z2,
(3.3) qr1 = 371 + T2 + T3 + T4.

Substituting (32) into 3], together with condition x3 > x4, we get

(3.4) (q —3— )xl < 2z3.

q—1
From ([B.4)), we have if Q*?)*q_% > 2, namely, ¢(G) > 34++/5, then 3 > z;. Suppose
that the vertices wi,wa,v2,v4,...,0, of Gy ., are relabelled vs,vi,ve,v4, ..., Vn,
respectively. Then

XTQ(Gr03) X —q(G) = XTQ(Gry0,) X —XTQ(G)X = 22 — 22 + 224 (23— 1) > 0.

Thus ¢(Gy,vs) > ¢(G).

Case 2: x4 > x3. By similar reasoning as that of Case 1, we have ¢(Gyyv,) >
9(G).

Now, we prove that (2) holds. Let M be a maximum matching of G. If
vivg € M, then {M — v1v3} U{vows} is a matching of Gy, vy. S0, p(Guyvs) = p(G).
If vivg ¢ M, then vivg € M or vivg € M. So {M — viva — vivg} U {vaws} is
also a matching of Gy, y,. Thus, u(Gy,v,) = #(G). By similar reasoning, we have
1(Goyo,) Z 1(G). O

n-2u+1

FIGURE 1. G1 — G4

LEMMA 3.1. Let G1, G2 and G3 be the graphs as given in Figure 1. Then for
n > 6, we have ¢(G1) > q(G2), q(G1) > q(G3).
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PrOOF. From Lemma [27] it is easy to see that ¢(G1) > ¢(G2). Now we prove
that ¢(G1) > q(G3). From Lemma 25, we have

(3.5) ®(S(G3)) — ®(S(Gh)) = 2%(2® — 1) 2 (z* — 322 + D) *[(n — p— 3)2'®
+ (20 + 61 — 6n)2® + (11n — 49 — 104) 2"
+ (54 — 6n + 3p)z* + (n — 25)z% + 4].

If n > 10, it is easy to prove that for x > /n — p + 1, 22—1 > 0, 2*—322+1 > 0
and (n — p — 3)z1% + (20 4+ 61 — 61)2® + (11n — 49 — 10p) 28 + (54 — 6n + 3p)x* +
(n —25)2% +4 > 0. By Lemma 28, we know that p(S(G1)) = v/n — g+ 1. Thus,
p(S(G1)) > p(S(G3)) (n = 10). For 6 < n < 9, by direct calculation, we have
p(S(G1)) > p(S(G3)). By Lemma 23] we have ¢(G1) > q(Gs). O

THEOREM 3.2. Suppose u is a vertex of the unicyclic graph G with d(u) > 2.
Let G : uv be a graph obtained by attaching a pendant edge uv to G at u. Suppose
that s paths {vws,...,vws} of length 1 and t paths {vviv], ..., oL} of length 2
are attached to G : wv at v to form Lsy. Let Mg_1 441 = Lsy —vvg — -+ — vvp —
VW — +r — VWe_1 FUVL + -+ uvy +uwy + -+ +uws—1. Then we have

(1) ¢(Ms—1,041) > q(Lsye), (s 22 ort > 1);

(2) p(Lot) = p(M—1,441) and p(Ls) < p(Ms—1,41), (5 > 1).

ProoOF. We distinguish the following four cases:

Case 1: s =0,t > 1. Then we have My_1 141 = M_1441 and Lgs = Lo .

Since M_1441 (t > 1) can also be obtained from L by identifying u and v
with subsequent removal of the loop, and adding a new pendant edge at this new
vertex, it is easy to show that pu(M_1:41) = p(Los) and from Corollary 21l we
have ¢(M_1,t41) > q(Lo,t), (t > 1).

Case 2: s > 2,t > 1. Suppose a new pendant edge vw is attached to G : uv at
v to form G : uvw. And then we subdivide every edge of G in G : uvw to obtain
the graph S(G) : uvw.

Suppose that s paths {wwyw], ..., wwsw,} of length 2 and ¢ paths

{ww11w12w13w14, ceey wwtlwt2wt3wt4}

of length 4 are attached to S(G) : uvw at w to form Lg,. Let

Ms—l,t+1 = Ls,t —WwWp — - T WWs—1 — WW11 — - — WWe

+uwy + - FUWs—1 + uwWir + -+ Wy

ObViOUSly, Msfl’prl = S(M5,17t+1), Es,t = S(Ls’t) aIlEi MOJ = EI,O- _
By Lemma [Z3 we only need to prove that p(Ms_1,441) > p(Lst). Obvi-
ously, Py is a proper subgraph of S(Li ). From Lemma [2.6] we have p(S(L1¢)) >

p(S(G) —u) > p(Py) =~ 1.61803 > /2.
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From Lemma [Z5] we have

®(Lsy) = P(Lst —wwr) — P(Lsy —w —wy)
= (2®—1)®(Ly_14) — x(2®— 1) (2~ 322+ 1)'®(S(G) : uv)

(3.6)

=% = 1) '®(Lyy) — (s — Da(2? — 1)1 (a* — 322 + 1)'D(S(G) : wv),
and
(37) (I)(EL,:) = (I)(EL,: — wwn) — (I)(EL,: —w — ’LU11)

= (2* =322 + 1)®(L141) — (2* — 1)(2® — 22)
(2t = 32% 4+ 1) IB(S(G) : uv)

= (2* = 322 + 1)'®(L1 ) — t(2® — 1)(z® — 22)
(2t = 327 + 1) IR(S(G) : uw).

Substituting [B.7) into ([B.6]), we have
(38)  ®(Lsy) = (¢® —1)° (2" = 32° + 1)'®(L1 )
—t(x® = 22)(2® — 1)°(2* — 322 + 1)1 D (S(G) : wv)

— (s = Dz(2® = 1)* 1 (2* - 322 + 1)'D(S(G) : wv),
(3.9) B(My_1441) = O(My_1 441 —uwy) — D(Ms_1 441 — u—wy)

= (992 — 1)<I>(M5,27t+1) — :E(ac2 — 1)5_2
(2t = 327 + 1)(S(G) — )

= (2% - D1 ® (Mo s11) — (s — Da(x? —1)°2
(2t = 327 4+ 1)T(S(G) — u),

(310) @(MO,tJrl) = @(MO,tJrl - uwu) - (I)(M()de —Uu— '(1)11)
= (z* = 322 + 1)® (Mo ;) — (2° — 22)(2x* — 322 + 1)*

- 0(S(G) —u)

= (z* = 322 + 1)'® (Mo 1) — t(2® — 22)(2* — 32 + 1)
- ®(S(G) — u).

Substituting BI0) into ([F3), we have
(3.11)  B(My_1441) = (2% — 1)1 (z* — 322 +1)'® (Mo 1)
—t(x® = 2x)(2? — 1)*Ha* — 322 + 1)'®(S(G) — u)

— (s = Dz(x? —1)*2(2* — 322 + 1) D(S(Q) — u).
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From [B38) and @II]), we have
(3.12) ®(Lyy) — ®(Ms_1,441)
= [t(a® — 2z)(2® — 1)* (2 =32 + 1)1 + (s — Da(a? —1)52
(2t = 327 + 1D)Y[(a* — 32° + DP(S(G) — u) — (2 — 1)®(S(G) : uv)).
From Lemma 25 by simple calculation, we have
(3.13) (z* — 327 + 1)®(S(G) —u) — (2% — 1)®(S(G) : uv)
= —2?®(S(G) — u) + z(2* — 1) Zfb )—u—y)

+ 2z(x? — 1) Z(I)
zZ

Since dg(u) > 2 and S(G) is the subdivision graph of G, we have dg(g)(u) = 2.
Without loss of generality, we can suppose that y; and ys are two vertices of S(G)
such that y;u € E(S(G)) (i =1,2). For > p(S(G) — u), we have from (BI3) that

(3.14) (2" =322 + 1)®(S(G) —u) — (22 — 1)®(S(G) : wv)
> —2?®(S(G) —u) + x(2® = D[P(S(G) —u—y1) + B(S(G) — u— 12)]

and from [16], we have
(3.15) 2®(S(G) —u—y;) > P(S(G)—u) >0, (i=1,2).

Since z > p(S(G) — u) > /2, we have 2(x? — 1) > 22. Hence, we have from
BI5) that for x > p(S(G) — u),

—22®(S(G) — u) + z(2? — D[P(S(G) —u—y1) + ®(S(G) —u —y2)] > 0.
So, from (BI4)), we have for x > p(S(G) — u),

(z* =322 + 1)®(S(G) —u) — (2* — 1)®(S(G) : uv) > 0.

Combined with ([312), we have for z > p(S(G) — u), ®(Ls¢) — ®(Ms_1441) > 0.

Since p(Ls) > p(S(G) —u), we have p(My_1,¢41) > p(L1). Hence, q(Ms_1441) >
q(L é7,5) by Lemma

Case 3: s = 1,t > 1. Then we have MS—LH-l = MO,t—i—l; f/&t = il,t- From
B and BI0), we have
O(Ly1 ) — B(Mo 1) = t(z® — 22)(x* — 32 + 1) !
[(z* = 32% + 1)®(S(G) — u) — (2 — 1)®(S(G) : uv)].
By the similar reasoning as that of Case 2, we have (MO t+1) > q(L1t).
Case 4: s > 2,t = 0. Then we have M,_; 441 s—1,1 and Lét = Ls,O- From
B5) and (39), we have
@(Ls0) = D(Ms—11) = (s — Da(a? — 1)°7
(x* =322 + DP(S(G) — u) — (2 — 1)P(S(G) : uv)].
By the similar reasoning as that of Case 2, we have ¢(Ms_1,1) > q(Ls,0).
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In the end, we prove that p(Ls:) < p(Ms—1441) for s > 1. Let M be a
maximum matching of Ly ;. If uv € M, then {M — {uv}} U {vw,} is a matching of
Ms—1,41- S0, (L) < p(Mg—1,¢41). If uv ¢ M, then there exists some edge, say
vws, of Lgy such that vws € M. Then M is also a matching of M;_; +41. Thus,
(L) < p(Ms—1,641). O

The length of the shortest path between vertices u and v is defined as the
distance of u and v, denoted by d(u,v). Let G1, G2, G3 and G4 be the graphs as
Figure 1. Let B, G1, G2 and G3 be the graphs as given in Figure 2.

Yy
V3 Z v, A A A
Gi G Gs B

FIGURE 2. G1 — G3, B

Denote by UZ(u) the set of all unicyclic graphs on n vertices with matching
number g and girth g (> 3).

THEOREM 3.3. If G € Up(u), (n = 6), then ¢(G) < q(G1), with equality if and
only if G = G1.

PROOF. Let X = (21,%2,...,7,)" be the Perron vector of G. From Lemma
(26 and by direct calculations, we have for u > 3, ¢(G1) > q¢(B) ~ 5.38 > 3+/5 >
4 > q(C,). So, in the following, we can suppose that ¢(G) > 3 + /5 and G # C,,.

Choose G* € U, (i) such that ¢(G*) is as large as possible. Then G* consists
of a cycle Cy (g > 3) as a subgraph. Let T be a tree attached at some vertex,
say z, of Cy, |V(T')| is the number of vertices of T' including the vertex z. In the
following, we prove that T is formed by attaching paths of length at most 2 at z.

Suppose that P : vgvy ... v, is a pendant path of G* and vy, is a pendant vertex.
Ifk > 3, let H = G* —vk_2vp_1+vovk—1. From Corollary[Z6] we have Hy € U ()
and q(Hy) > q(G*), a contradiction. Hence, the pendant paths of G* have length
at most 2.

For each vertex u € V(T — z), we prove that d(u) < 2. Otherwise, there must
exist some vertex ug of T — z such that d(z, ug) = maz{d(z,v)|v € V(T),d(v) > 3}.
By similar reasoning as that of above, the pendant paths attached at ug have length
at most 2 by Corollary 2.6l Furthermore, there exists an internal path between ug
and some vertex w of T, denoted by P : uow; ... wm (W, = w). If m > 2, let
H; be the graph obtained from G* — ugw; — wywy by amalgamating ug, w; and
wsy to form a new vertex s; together with attaching a new pendant path sjssss
of length 2 at s;. From Lemma 22 we have Hy € UZ(u) and g(Hz2) > ¢(G*), a
contradiction. If m = 1, by Theorem [3.2] Lemma [Z4] and Corollary 5] we can get
a new graph Hs € U¢(p) and q(Hs) > q(G*), a contradiction.
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Thus, we have that the tree T' is obtained by attaching some pendant paths of
length at most 2 at z.

From Corollary 2.2] we have that all the pendant paths of length 2 in G* must
be attached at the same vertex of C.

Now we prove that for cycle C, of G*, g = 3. Assume that the cycle C, of
G* with length at least 4. From Lemma [22] we have that each internal path of
G* has length 1. From Corollary [Z4] there exists at most one vertex of Cy such
that it is attached more than one path of length 1. Then there must exist edges
vivg € E(G*), vivz € E(Cy), nivs € E(Cy) and d(v1) = 3, d(v2) = 1, d(vs) > 3
and d(vs) > 3. Let Hy (Hs) be the graph obtained from G* — vivs (G* — v1v4) by
amalgamating v1 and vs (v4) to form a new vertex y;1 (y3) together with subdivising
the edge y1v2 (ysv2) with a new vertex ys (y4). From Theorem BIland Lemma [Z4]
we have either q(Hy — yav2 + y1v2) > q(Hy) > q(G*) or q(Hs — yava + ysva) >
q(Hs) > q(G*) and p(Hy — y2v2 + y1v2) < p(G*) < p(Ha), p(Hs — yave + y3v2) <
w(G*) < pu(Hs), a contradiction. Hence, g = 3.

Thus, by Corollaries23land [2:4] we have G* is the graph obtained by attaching
the pendant paths of length at most 2 at the same vertex of Cs of G, where G is
one of the graphs C3, G, G2, and G3 (see Figure 2). Then G* is isomorphic to
one of graphs G, G2, G3 and G4. From Lemma B], we know ¢(G1) > ¢(G2) and
q(G1) > q(G3). If G* = G4 (in this case, n = 2u + 1), by Lemma 24 we have
q(G1) > q(G4). Thus, G* = G1, and the result follows. O
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