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THE INDUCED CONNECTIONS ON
TOTAL SPACES OF FIBRED MANIFOLDS

Wtltodzimierz M. Mikulski

ABSTRACT. Let Y — M be a fibred manifold with m-dimensional base and
n-dimensional fibres. If m > 2 and n > 3, we classify all linear connec-
tions A(T,A,0) : TY — JY(TY — Y) in TY — Y (i.e., classical linear
connections on Y') depending canonically on a system (I', A, ©) consisting of
a general connection I' : Y — J'Y in Y — M, a torsion free classical lin-
ear connection A : TM — JY(TM — M) on M and a linear connection
©:VY = JY(VY — Y) in the vertical bundle VY — Y.

Introduction

All manifolds considered in the paper are assumed to be Hausdorff, second
countable, without boundary, finite dimensional and smooth (of class C*°). Maps
between manifolds are assumed to be smooth (infinitely differentiable).

Let Y — M be a fibred manifold with m-dimensional base M and n-dimensional
fibres. Let I' : Y — J'Y be a general connection in a fibred manifold Y — M
(i.e., a section of the first jet prolongation n} : J'Y — Y of Y — M), A :
TM — JYTM — M) be a torsion free linear connection in the tangent bun-
dle TM — M of M (i.e., a torsion free classical linear connection on M) and
©:VY — JYVY — Y) be a linear connection in the vertical bundle VY — Y of
Y — M (i.e., a vertical classical linear connection on Y — M). More on connec-
tions can be found in [6].

Here we study how to construct canonically a linear connection A(T', A, ©) :
TY — JYTY - Y)in TY — Y (i.e., a classical linear connection on the total
space V') from the system (', A, ©) as above.

For example, one can construct a linear connection ¥ = ¥(I',A,0) : TY —
JYTY = Y) in TY — Y as follows. We decompose Z € T,Yinto the horizontal
part h(Z) = T'(y, Zo), Zo € T.M, x = p(y) and the vertical part vZ. We take a
vector field X on M such that j1X = A(Z) and construct its [-lift X : Y — TY,
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and we take a vertical vector field 7 : Y — VY such that j;(0Z) = ©(vZ). For
every Z € T,Y we define
V(Z) =j,(TX +02).

The coordinate expression of ¥ can be found in Section 1.

In Section 2, using the torsion of W, we produce 12 tensor fields 7; = 7;(T, A, ©)
(it=1,...,12) of type T* @ T*®@T on Y.

The main result of the paper is the following one. If m > 2 and n > 3, then
the canonical constructions in question form the 12-parameter family ¥ + >, Aoty
for real numbers A\¢, i =1,...,12.

1. The coordinate expression

Let 2!, ..., 2™ be the usual coordinates on R™. Let R™" be the trivial bundle
over R™ with the standard fiber R™ and z',...,2™,y',...,y"™ be the usual fiber
coordinates on R™™. Let n',...,n™ be the additional coordinates on VR™" and
¢ be the additional coordinates in TR™. Let (I, A,0) and ¥ = ¥(T, A, ©) be as
in Introduction. Let dy? = F¥(x, y)dz® be the coordinate expression of T,

(1.1) de' = Ay, ()& da®
be the coordinate expression of A, and dnP = @gi(ac, y)nidzt + @fl’s(ac, y)nidy® be
the coordinate expression of ©. Then we have the following lemma.

LEMMA 1.1. The coordinate expression of ¥ = U(T, A,0) is (LI) and
(1.2)

OF

P . _ . ,OFP . _
AP = (G €+ FYALE" + O = FIE) )d? + (5060 + O (" — FE) )y’

where (the same letters) €4,....&™ ', ....,n™ denote the usual additional coordi-
nates on TR™™.
PROOF. Let ¢! = Xi(x) and n? = (0Z)P(z,y) be the coordinate expression of
X or 67, respectively. Hence
ox? i vk 002Z)P
i A *
Then the coordinate expression of I'X 4 07 is
€ = X'(2) and 1 = FP(2,9)X'(2) + (02)" (2, ).

Differentiating this relation, we obtain (2]). O

a(02)P
= st (HZ)q, dys = 955 (HZ)q,

2. Main examples

Let (', A, ©) be the triple as in the introduction. According to the usual T'-
decomposition TY = VY @y H'Y we have the decomposition

T*Y @ TY = (V*Y @ VY) @y (VY @ H'Y)
@y (H'Y) @VY) @y (H'Y) @ H'Y).
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Let idgy be the tensor field of type T* @ T on Y being the (H'Y)* @ H'Y-
component of the identity tensor field idry on Y (the other 3 component of idyy
are zero). Let idyy be the tensor field of type T* ® T on Y being the V*Y @ VY-
component of idry (the other 3 components of idyy are zero).

Quite similarly, we have the decomposition

TY @TY @TY = (V'Y @V'YeVY)dy (VY V'Y®H'Y)

oy (VY@ HY)@VY)ey (VYo HY) @ HY)
(H'Y)@V'YeVY)ey (HY) @VY®H'Y)
(H'Y) @ H'Y) @VY)ey (H'Y) @ (H'Y) @ H'Y).

Let Tor” @V ®V(@) be the (HTY)* ® V*Y @ VY-component of the torsion
tensor field Tor(¥) of the classical linear connection ¥ = U(I',A,©) (from In-
troduction). This components can be treated as the tensor field of type T* ®
T*®@T on Y (the other 7 components of it are zero). Taking contraction C3 :
TY @ T*Y @ TY — T*Y, C}(w @ wa ® v1) = {(wa,v1)wr, we produce tensor
field C4 TorH*®V*®V(‘II) of type T* on Y (horizontal vector field). Similarly, let
Tor? @H V) (@) or Tor” ®H Y (w) or Tor” ®V V(W) be the (treated as the ten-
sor field of type T*®@T*®@T on Y) (H'Y)*® (HLY )*®@VY- or V*Y @(H'Y ) @ VY-
or VY @V*Y @ VY -component of Tor(¥), respectively. Thus we have the following
tensor fields of type T* @ T* ® T on Y canonically depending on (T, A, ©).

Y
Dy
Dy

EXAMPLE 2.1. 74(T, A, ©) := Tortl ®H @V (y) |

EXAMPLE 2.2. 75(T, A, ©) := Tor!l @V @V (g) |

EXAMPLE 2.3. 73(T', A, ©) := idgy ©C3 Tor @V V().
EXAMPLE 2.4. 74(T, A, 0) := CL Tor ®V &V (0) @ idpy .
EXAMPLE 2.5. 75(T, A, ©) := C1 Tor® ®V 8V (1) @ idyy.
EXAMPLE 2.6. 76(T, A, ©) := idyy ®C3 Tor® €V V(@) .
EXAMPLE 2.7. 77(T, A, ©) = TorV @V @V () |

EXAMPLE 2.8. 73(T', A, ©) := idgy ©C3 Tor’ ®V &V (w) .
EXAMPLE 2.9. 79(T, A, 0) := CL Tor” @V @V (1) @ idyy .
EXAMPLE 2.10. 730(T, A, ©) := idyy @C3 Tor” V" @V (0) .
EXAMPLE 2.11. 741 (T, A, ©) := C Tor” V" &V (¥) @ idyy .

EXAMPLE 2.12. 715(T', A, ©) := Torv*®H*®V(‘1’) .
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3. Natural operators

Let F M, be the category of fibred manifolds with m-dimensional bases and
n-dimensional fibres and their fibred (local) diffeomorphisms. The general concept
of natural operators can be found in [6]. We need the following particular cases of
natural operators, only.

DEFINITION 3.1. An FM,, ,-natural operator A sending systems (T, A, ©)
as in Introduction on fibred manifolds Y — M into classical linear connections
Ay (T,A,©) on Y is an FM,, ,-invariant system of regular operators

Ay : Con(Y) x Con? (M) x Conyert—clas(Y) = Conelas(Y)

clas
for any FM,, n-object Y = (Y — M), where Con(Y) is the set of general con-
nections I in Y — M, Con?)_ (M) is the set of torsion free classical linear connec-
tions A on M, Conyert—clas(Y) is the set of vertical classical linear connections © on
Y — M and Concas(Y) is the set of classical linear connections on Y. The F M., -
invariance of A means that if (T', A, ©) € Con(Y") x Con?), (M) x Conyer clas(Y) is
f-related to (T'1, A1,01) € Con(Y7) x ConSlaS(Ml) X Conyertclas(Y1) for a F My, p-
map f : Y — Y; with the base map f : M — M, then Ay(I',A,©) and
Ay, (T1,A1,0;) are f-related. The regularity of A means that Ay transforms

smoothly parametrized families into smoothly parametrized families.

Clearly, the construction of classical linear connection ¥(I', A, ©) (from Intro-
duction) determines a natural operator in the above sense.

To classify all natural operators in the sense of Definition 3.1, it suffices to
classify all natural operators in the following sense.

DEFINITION 3.2. An FM,, ,-natural operator A sending systems (I', A, ©) as
in Introduction on fibred manifolds Y — M into tensor fields Ay (T', A, ©) of type
T*@T*®T onY is an F.M,, p-invariant system of regular operators

Ay : Con(Y) x Con?_ (M) x Conyert clas(Y) — Ten2 (V)

clas

for any FM,, p-object Y — M, where Tent?) (Y) is the space of tensor fields of
type T*T* T onY.

Of course, the constructions of tensor fields 7;(T', A, ©) from Examples 2.1-2.12
determine natural operators in the sense of Definition 3.2.

4. Estimation of dimension

We denote the trivial general connection on R™™ by I'V (i.e., [0 =" do'®
2., the torsion free flat classical linear connection on R™ by A° (ie., A =
(0)) and the trivial vertical classical linear connection on R"™" by 0° (i.e., @0 =
Y det ® g+ 3 dyP ® %).

We study a natural operators A in the sense of Definition 3.2. For simplic-
ity, we will omit the subscripts Y on Ay. It is clear that A is determined by the
values A(T',A,0)(y) € T;Y @ T;Y ® T,)Y for fibred manifolds py : Y — M with
m-~dimensional bases and n-dimensional fibres, general connections I' on Y — M,
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torsion free classical linear connections A on M and vertical classical linear con-
nections ®© on Y — M and y € Y, © € M. More, using the invariance of A with
respect to (respective) fibred manifold charts, we can assume Y = R™", y = (0,0).
Further, using Corollary 19.8 in [6], we may assume

. 0
0
(4.1) r=r JrZFﬁaBmayﬂd:cJ ®8—y1”
where the sum is over all m-tuples « and all n-tuples 5 of non-negative integers and
j=1,...omandp=1,...,n with 1 < |a] + |B| < K (we can assume ng-(o)(o) =0

by the existence of respective “adapted" (for I') fibred coordinates),

(4.2) A= (ZA}kme). ; v Ny = Mgy

ijk=1,...,m

where the sums are over all m-tuples v of non-negative integers with 1 < |y| < K
(we can assume Aék;(o) = 0 by the existence of A-normal coordinates on the base
and the fact that torsion free classical linear connection has vanishing symbols in
the center of normal coordinates),

0
an" on"’
where the first sum is over all m-tuples § and all n-tuples o of non-negative integers
and i =1,...,mand r,p =1,...,n with 0 < |4| + |¢| < K and the second sum
is over all m-tuples § and n-tuples o of non-negative integers and r,s,p=1,...,n
with 0 < |§] + |o] < K, where K is an arbitrary positive integer.

(More precisely, from Corollary 19.8 in [6], given (T',A,©) € Con(R™") x
Con? (R™) x Conyert_clas(R™™), there exists a finite number r = r(T', A, ©) such

clas

that for any I';y € Con(R™™) we have the following implication
J0.0T1 = J(0,0T = A1, A, 0)(0,0) = A(T', A, ©)(0,0),

(43)  ©=0"+) 0552y ndrt ® s + Y 06,52y nldy" @

i.e., we may replace I by I'! being polynomial. Next, by the quite similar argument,
we can replace A by A! being polynomial. Next, by the quite similar argument, we
can replace © by ©! being polynomial.)

So, A is determined by the collection of smooth maps Ax : R™K) — R? =
R™" ® T(*O,O)Rm’” ® Tio,pR™™ (K =1,2,...) given by

AK((FﬁaB)v ( z’k;’y)v (egp;éa)v (@Zp;éa)) = A(Fa Aa 6)((); 0)7
where ', A, © are as in (@1)),[@.2) and @3J).

Using the invariance of A with respect to p; X ¢y, ¢y = tidrm, ¢ = tidgrn,
t > 0, we get the homogeneous condition

tAK((F_]p,aﬂ)v ( ;k;'y)v (ezp;éa)a (6217;50))
= AK((tla‘+|ﬂ‘F;),aﬁ)7 (tl’y‘+1A;’k;y)7 (t|6|+‘0‘+1@;‘p;60)5 (t‘6‘+|0|+1@;p;60))'

T0,0)

By the homogeneous function theorem [6], from this homogeneity condition we
obtain.
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LEMMA 4.1. Ak is independent of Fp wp With la| + |B] = 2, A is independent
of Ny, with || > 1, Ak is mdependent of ©},5, with || + |o| > 1 and Ak is
mdependent of ©%,.5, with [0 + |o| > 1. Even, A is a linear combination with
real coefficients of ©F (0)(0)? @’;p;(o)(o) and F? o With ol +18l=1,4,5=1,...,m,
p,r,s=1,...,n. In particular, AK(FO,AO,G)O)(O,O) =0.

Now, we prove the following two lemmas.

LEMMA 4.2. Let m > 2 and n > 2. Any natural operator A in the sense of
Definition 3.2 is fully determined by the collection of values

Al —A(r0+x2dx ®%,AO @0)( 0),

9
A2 :A(r0+y1dx ®F,AO @0)( 0),

)
3. 0 0 0 1 2 __
A ._A(F LA, 00 4 ldy ®an1)(0’0)’

where T, A%, OO are the trivial connections.

PrROOF. We know that the collection of maps Ax for K = 1,2,... determines
A. Then, using Lemma 4.1, it remains to prove that:

(a) A(T? + plodari ® 5,70 A%,89)(0,0) is determined by Al

(b) A(T? + y2odzio @ 6390 ,A9,©9)(0,0) is determined by A2,

(c) AT, A%, 00 + nodrio © %Lpo)(o, 0) is determined by A2, and

(d) AT, A%, 0% + nPody™ @ 8%0)(0, 0) is determined by A3

We start with the proof of (a). By the invariance of A with respect to the
(local) FMpn-map k = (z',... 2™yt ... yPot yPo + L(gio)2 ypotd . ym),
from A(I°,A%,09)(0,0) = 0, we get A(I° + a™da™ @ 587, A%,0)(0,0) = 0 as k
preserves A? and ©° and sends I'? into I'? + z¥dz’ ® a?jipo. If ig # jo, there exists
a permutation of coordinates sending A' into A(T° + zdr’o ® 6;0 ,AY,99)(0,0).
So, (a) is complete.

Now, we prove (b) By the invariance of A with respect to the F M, ,-map
fo= (4. . am™yt + v 3. y") we see that A° = A(T? + (y! — y?)da! ®
661 , A0 @0)(0 O) is the image of A2 by f. Therefore A(I’O—l—y%lacl(@6%17 A% ©9)(0,0)
= A% — A° is determined by A2. So, using the invariance of A with respect to re-
spective permutations of coordinates, we complete (b).

Next we prove (c) By the invariance of A with respect to the (lo al) F M n-
map g = (z',..., 2™yl +alyly? . y") (then Vg = (g, '+l n2,--.,n”))
from A(TY A% ©°%) = 0 we get that A(T%+y'dz? ®a r, A° ®0+7}1daz1®8 )(0, ) =

More precisely, g preserves A? and transforms I'° and ©° into I'0 + -2 T aT dz' @ 225 8y =

' + ylda! ® 8_yl + ... and ©° + 14_3L,1clac ® 6_7;1 = 0" + pldz! ® 8—771 + ...
(where the dots have the 1-jets at (0,0) equal to 0) which can be replaced by
I+ ylde' ® 6%1 and OY + pldz! ® 6%1 in A in account of Lemma 4.1. Then
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A = AT A% 00 + pldr! ® ainl)(0,0) is determined by A? (it is —A2). Then
using the invariance of A with respect to f (the one of case (b)) we see that
A" = AT A%, 0%+ (nt —n?)da! ® 8%1)(0, 0) is determined by A? (it is the image
of A" by f). Then A(T° A% 0° + n?dz! ® 8%1)(0,0) is determined by A? (it is
A’ — A”). Now, using the invariance of A with respect to respective permutations
of coordinates, we complete (c).

Finally, we prove (d). By the invariance of A with respect to the (local)
FMp p-map H = (2!,... 2™ y! + %(yl)Q,gf, ...,y™) (then VH = (H,n' +y'nt
n?, ...,n")), from AT A% ©%)(0,0) = 0 and Lemma 4.1 we get (using similar
arguments as in (c)) that A” = A(T%, A% Q° + nldy! ® 8%1)(0,0) =0. If g > 2,
by the invariance of A with respect to the F M., ,-map h =: (z*,... 2™, y* +y%,
Y2, ..., y"), we see that A" = AT, A%, 0% + (n! — n®)dy? ® 8%1)(0,0) is deter-
mined by A3 (it is the image of A% by h). Then A(T?, A, ©° + n¥dy? ® 8%1)(0, 0)
is determined by A2 (it is A% — A""). In particular, for gy = 2, A" = A(I'°, A°,
0° +n%dy* ® 6%1)(0, 0) is determined by A3. Then using the invariance of A with
respect to f (the one of case (b)) from A" =0 we get

0
A<FO7AO7@0 + (771 - 772)(dy1 - dyQ) a 1)(0 0) 0)

and consequently A(I', A% @° + n?dy' ® 8%1)(0, 0) = A" — A3 4 A" = A" — A3
is determined by A®. So, using the invariance of A with respect to respective
permutations of coordinates, we complete (d). O

LEMMA 4.3. Let m > 2 and n > 3. Let A', A%, A3 be the values from the last
lemma. There are real numbers aq,....,a12 such that

8
A—(ll(dool‘ ®d003’5® dool’ ®d001’® )

A? fa2zd(oo)fc ® 09" © 5 +a3zd(oo>y”®d<00)x ® 55

e TN B — P (0,0)
0 0
+ asd(o,0)z" @ do,0)y" ® G + asd(o,0)y" ® d,0)r" ® 90T
Y 0.0 Y7 1(0.0)
+a dio.0yxt @ dig.)zt @ — +a dio.0yx @ dig.o)zt @ — ,
6; (0,0) (0,0) 27 (0.0) 7; (0,0) (0,0) 97 (0.0)
AP =ag Y di.oyy? @dooy: ® — +agy diooyy:@dgoy’ ® —
; o oo P (0,0) pzl o o0 P |(0,0)

m
+ a1 Z do,0)7' ® do,0)y° © 907 | + ai Z d0,0)y° ® d(o,0)2" ®

i=1 =1

3]
0x* |(0,0)

+ a2 (d(o,o)y2 & d(o,o)y1 & —do, 0)2/ ® dyo, o)y & =71

o 2
" (0,0 99" (0,0)

)
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PRrROOF. We start with the proof of the first formula. By the invariance of
A with respect to the FM,, ,-maps a;, = (t'zt, ... tma™ iyl ... 7"y") for
t'>0,...,t">0and 7' >0,...,7" > 0 we get easily

0 0
_bldooI ®d00 F +b2d(00)$ ®d00xa—
1(0,0) y! 1(0,0)
for some real numbers b1, bo. Then (by the invariance of A with respect to permuting
2! and z?)

AT + 2tdr* @ =—,A°,0°)(0,0)

oy’
= bld(o 0)$1 &® d(o O)IQ & i + bgd(o 0)$2 & d(o O)I & — .
’ ’ Y |(0,0) ’ ’ " 0.0)

m

But by the invariance of A with respect to the (local) FM,, ,-map (z!,..., 2™,
yt + a2, y3, .. y") from AT, A% ©9)(0,0) = 0, we get (using the similar argu-
ments as in (a) of the proof of Lemma 4.2) that A(T° + 22dz! ® 8%1 + 2ldz? @
6y1,A0 ©°)(0,0) = 0. Therefore by = —by. That is why, the first formula of the
lemma is complete.

Now, we prove the second formula of the lemma. By the invariance of A with
respect to a; - (the same as above), we get immediately

Zb d(oo)y ®d(00)1' & — Jrchd(oo)l‘ ®d(00)y ® =

o WP 00 = P (0,0)
m a m
+Y didgoyrt @ digoyrt @ =— +Y eidioyr' @dg gyt @ =— .
; i@(0,0) (0,0) 9z |(0.0) ; i@(0,0) (0,0) 97 |(0.0)
Then by the invariance of A with respect to respective permutation of coordinates,
we deduce by = -+ =byp, co=---=cp,dg =+ =dyp, €2 =+ = €,,. Then A% =
the right-hand side of the second formula of the lemma +bdz! ® dx' ® %. Now,
by the invariance of A with respect to (z', 2% + 2!, 2%,...,2™,y',...,9") one can

obtain that b = 0. That is why, the second formula of the lemma is true.
Finally we prove the last formula of the lemma. By the invariance of A with
respect to a; » (the same as above) we get immediately

Zb d(oo)y ®@d,0y" ®
p=1

+Zcpd(0 O)y ®d(0 O)y ® =

= P |(0,0)

Y 1(0,0)

o)
d _
02%1(0,0) +Zez 00 @ dooy’ ®8x1\(oo

i=1

Then by the invariance of A with respect to respective permutation of coordinates,
we deduce bs =---=b,,c3=---=cp,dy =---=dp and e; = --- = e,,. Then

(*) A% = N\ido,0)y* ® do,0)y" ® 51
Yyl 1(0,0)
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0
+ A2d(0,0)y" ® d(0,0)Y o — + A3d(0.0)y> ® d0.0)y° ® =
9Y" 10,0) ©0 OO 052 0.0)

n
0
+ )\4 Z d(oyo)yp & d(oyo)y2 & — + )\5 Z d(o O)y ® d(o O)y QX —
— Y |(0,0) =

A7 Z d(0,0)y> ® d(0,0)2

i=1

Y |(0,0)

+ Xg Z d(o,o)xi &® d(oyo)yQ &

i=1

Az ((0,0) 92" |(0,0)
Then by invariance of A with respect to F M, ,-map (2!, ..., 2™y =y 42 ... y"),
from (*) we deduce

)
A3 4 A(T,0%,0° 4 1y @ =) (0,0) = A% + Midio,09% @ dio.0)y* © 7
on Y 10,0

0
— A3d0,0)y° ®dooy & 5

+ A2d(0,0)y” @ do,0)y° ® = .
(0,0) 8y1‘(070)

Y (0,0)

On the other hand, from the invariance of A with respect to the (local) F M., n-
map G = (2!, ..., 2™, y'+3(y2)% v%, . ..,y") (then VG = (G, n*+y*n,n?, .. .,n™))
from A(TY, A°, ©%)(0,0) = 0 and Lemma 4.1 (using similar arguments as in (c) of
the proof of Lemma 4.2), we get A(T'?,A°, 0% + n2dy? ® 8%l)(o, 0) = 0. So, A1 +
A2 — A3 = 0. Further, from the invariance of A with respect to (z!,..., 2™ y' —y3,

Y2, ..., y") (we assume n > 3) from (*) we get (after cancelling A3)

0
A(FO A© @0+n3dy &® a 1)( ) )\1d(0 O)y ®d(0 0)?] K =— ay 00)

+)\2d00y ®d00y & 7
(0,0) 0OV B FT

Then from the invariance of A with respect to the switching y? and 3> we get

d
A(TO A%, 00 + n?dy? =\ d d
( ©" +n°dy ®8 1)(0 0) 0,09 ® do.0)y’ ®8y 00

+ Xad(o,0)y° ® dio,0)y° ® == B
v 10.0)

On the other hand from the invariance of A with respect to K = (z!,..., 2™,y +

y2y3, 9%, y") (then VK = (K,n' + v®n3 + y3n2%,n2,...,n")) from Lemma 4.1

and A(T°, A°,©%)(0,0) = 0, we get (using similar arguments as in (c) of the proof of

Lemma 4.2) that A(T'°, A, @0+n3dy2®8%1 +n?dy?® 8%l)(o, 0) =0. So, A\; = — Ao

(and then A3 = 0). That is why, the last formula of the lemma holds. O

From Lemmas 4.2 and 4.3 it follows immediately the following proposition.

PROPOSITION 4.1. If m > 2 and n > 3, the vector space of all natural operators
in the sense of Definition 3.2 is of dimension not more than 12.
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5. Linear independence

We prove the following proposition.

PROPOSITION 5.1. Let m > 2 and n > 3. The natural operators ; (i =
1,...,12) in the sense of Definition 3.2 from Ezxamples 2.1-2.12 are linearly inde-
pendent.

PRrROOF. By Lemma 4.2, it is sufficient to study the values A A% A3 from
Lemma 4.2 for A=7;,i=1,...,12. To compute these values, we use Lemma 1.1.

The case ¥ = (I +22dr! ® 6%1, A%, @Y. In this case, we have (in the notation
of Lemma 1.1) F(z,y) = 2* and other F/'(z,y) = 0, Aj; =0, O, =0, ©F =
Then (by Lemma 1.1) dn' = ¢'dx? and other dn? = 0, and d¢* = 0. Then (modulo

signum)

TOF(\I/(E))(O 0)—d(00)1’ ®d(00)l’ & — d(oo)l’ ®d(00)l’ & —

oyt 1(0,0) 8?/ \oo)

Hence (modulo signum)

(E)(O 0)7d(00)l' ®d(00)1’ Q — d(oo)l’ ®d(00)ﬂ'5 X =

9" 10,0) Y (0,0)
and 7;(2)(0,0) =0 for i =2,...,12.
The case ¥ = (T° + yldz' ® 681,AO ©Y). In this case, by Lemma 1.1, dp' =

&tdy! and other dnP = 0, and d¢* = 0. Then (modulo signum)

Tor(¥(%))(0,0) = d(g,0)z" ® d(o,0)y" ® = — do,0)y" ®dp,0r' ® —

Then 71(2)(0,0) = 0 and (modulo signum)

72(£)(0,0) = d(o,0)z" ® do,0)y" ® =

Y 0,0)

m B
¥)(0,0)=) d ‘®d :
73(2)(0,0) g 00T @dooT' © 55
)(0,0) =) d lod i ,
71(2)(0,0) g 00T Sdoot © 55

75(2)(0 di0,02" ® d0,0)y" ® =—
; YP |(0,0)
n
d ®d00$ & —
pz:; (©.0) Y (0,0)

7:(%)(0,0) = 0 for ¢ = 7,...,11 and (modulo signum) 712(X)(0,0) = d(o,0)y* ®

1 9
4007 O 5T 9,0y
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The case ¥ = (T°,A°,0° + nldy? ® 6%1). In this case, by Lemma 1.1, dn' =
ntdy? and dnP = 0 for other p, and d¢* = 0. Then (modulo signum)

9] 9]
Tor(¥(X))(0,0) = d(o,o)y1 ® d(o,o)y2 ® B - d(o,o)y2 & d(o,o)y1 & EIvl
Y7 (0,0 Y7 1(0,0)
. Then 7;(3)(0,0) =0 for i =1, ...,6, and (modulo signum)
3] 3]
(2)(0,0) = d0.0)y? @dooy' ® =  —dony @dony®® =
7(3)(0,0) (0,0) (0,0) 99 0.0 (0,0) (0,0) ' 0.0

78(2)(0, 0) = Z d(oyo)Ii ® d(oyo)y2 ®

i=1

75(£)(0,0) =Y dio,0)y” ® dio,0)7" ®

i=1

n
0
710(X)(0,0) = Z do,0)y’ @ d(o,o)y2 & =—

0x"(0,0)°

x| (0,0)

= 9" 1(0.0)
711(£)(0,0) = Y dio,0)y” © dio,0)y” ® 0P
p=1 Y7 1(0,0)
and 712(3)(0,0) = 0.
Now, it is easily seen that the natural operators 7y, ..., 72 are linearly inde-
pendent. Proposition 5.1 is complete. Il

6. The main result

From Propositions 4.1 and 5.1 the main theorem of the paper follows immedi-
ately.

THEOREM 6.1. Let m > 2 and n > 3. Any natural operator A in the sense of
Definition 3.1 is of the form A(L',A,0) = U(T,A,0) + >, A'r;(T, A, ©) for some
(uniquely determined by A) real numbers X, i = 1,...,12, where 7; are the natural
operators described in Ezamples 2.1-2.12 and W([', A, ©) is the connection from
Introduction.

7. Final remarks

Let Y — M be a fibred manifold with m-dimensional basis and n-dimensional
fibres. Let E — M be a vector bundle with the same base M and n-dimensional fi-
bres (the same n). A vertical parallelism on Y — M is a vector bundle isomorphism
® .Y xp E — VY covering the identity map of Y, i.e., a system of parallelism
b, Y, xFE, =-TY,, v € M. Let T be a general connection on ¥ — M, A be a
classical linear connection on M, ® : Y Xy E — VY be a vertical parallelism on
Y — M and A be a linear connection on £ — M.

In [5], KolaF constructed the classical linear connection (I', A, ®,A) on Y de-
pending canonically on (T, A, ®, A). Using our connection ¥(T', A, ©) from Intro-
duction, we can reobtain the connection (T, A, ®, A) by Kol4r as follows. The sys-
tem (A, ®) determines a vertical classical linear connection © = ©(A,®) : VY —
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JY VY = Y)onY — M. Indeed, for any point v = ®(y,v9) € VY, y € Y,
vo € By, ¥ = p(y), we take a section o : M — E such that jlo = A(vp) and
we define ©(v) = ji(¢(0)), where ¢(0) : Y — VY is a vertical vector field given
by ¢(o)(y) = ®(y,o(p(y))). Now, if we additionally use the connections I and A
we can produce the classical linear connection (T, A, O(A, ®)), which (as easily
to see) coincides with the Kolaf connection (I'; A, ®,A). So, the construction of
U(T', A, ©) from Introduction is a generalization of the construction of (I', A, ®, A)
by Kolar [5].

IfY=FE— M,I"=A and ® is the canonical vertical parallelism, the connec-
tion by Koldf (and then the connection ¥ from Introduction) is a generalization
of the classical linear connection on FE from A by means of A presented by Gan-
carzewicz [3]. If P =Y — M is a principal G-bundle, T' is principal (i.e., right
invariant), E — M is the usual £(G)-algebra bundle of P and ® is the canoni-
cal vertical parallelism, the connection by Kolaf (and then the connection ¥ from
Introduction) is a generalization of the classical linear connection N(I',A) on P
considered in [6] p.415], see [5].

In [7], we described all classical linear connections A(T', A, ®, A) on Y canoni-
cally depending on the system (I", A, &, A). Thus the present paper can be treated
as the generalization of [7]. In [7], we showed that all A(T,A,®,A) form the
12-parameter family, too.

Let us also remark, why we must use an auxiliary object (in the paper we use
©) to construct from I" and A a classical linear connection A(T',A) on Y. In the
other case we would have a classical linear connection A(I'°, A%) on R™ x R™ which
would be GL(m) x Diff(R", R") invariant. But this is impossible as the group of
affine transformations of a classical linear connection is a (finite dimensional) Lie
group.

Classifications of constructions on connections has been studied in many papers,
e.g., [1}, 2 4} [6, [7], e.t.c.
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