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MINKOWSKI PLANE, CONFOCAL CONICS,
AND BILLIARDS

Vladimir Dragovi¢ and Milena Radnovié

ABSTRACT. Geometry of confocal conics in the Minkowski plane and related
billiard dynamics are studied in details. Periodic trajectories are described
and several new examples are presented. Topological properties of the ellip-
tical billiards are analyzed and the results are formulated in the terms of the
Fomenko graphs.

1. Introduction

Geometry of confocal families of quadrics in pseudo-Euclidean spaces of arbi-
trary dimension d and any signature, and related billiard dynamics have recently
been studied by the authors in [8]. With a goal to give a complete description of
periodic billiard trajectories within ellipsoids, there we introduced a new discrete
combinatorial-geometric structure associated to a confocal pencil of quadrics, by
which the quadrics were decomposed into new relativistic quadrics.

The aim of the present paper is, staying focused to the two-dimensional case,
to explain in more detail constructions from [8] and to provide new results and
examples.

In Section [ we list necessary introductory notions and definitions for the
Minkowski plane, together with definition and properties of confocal families and
relativistic conics.

In Section Bl we consider elliptical billiards. In Section B.2] we derive an-
alytic Cayley-type conditions for periodic trajectories of elliptical billiard in the
Minkowski plane. Such conditions, for ellipsoidal billiards in the pseudo-Euclidean
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18 DRAGOVIC AND RADNOVIC

spaces of the arbitrary dimensions, are derived in [8]. Here we give another proof,
adopted to the planar case, see Theorem Bl In the next Section B3] we study
light-like trajectories of such billiards and derive a periodicity criterion in a simple
form, see Theorem That criterion, from [8], is proved here in the algebro-
geometric way. The equivalence of this simple criterion with the more complicated
condition of Cayley’s type is illustrated by several new examples. The equivalence
of the elliptical billiard flow to a certain rectangular billiard flow is stated in Theo-
rem [3.3] while for the proof we refer the reader to [8]. In Section 34 we conclude
with a complete description of topological properties of elliptical billiards in the
Minkowski plane. We are using Fomenko invariants, see Theorem B.4] as we did in
the Euclidean case in [6l[7]. The results form Section B4l are new.

2. Confocal conics in the Minkowski plane

We start by giving necessary notions of the Minkowski plane in Section 2.1
and we review properties of confocal families of conics in the Minkowski plane in
Section In Section [Z3] relativistic conics are presented, following [1], see also
18]

2.1. The Minkowski plane. The Minkowski plane is R? with the Minkowsk:
scalar product

(2'1) <~”Cay> = T1Y1 — T2Y2.

The Minkowski distance between points z, y is dist(z,y) = /{z — y,x — y).
Since the scalar product can be negative, notice that the Minkowski distance can

have imaginary values as well. In that case, we choose the value of the square root
with the positive imaginary part.
Let ¢ be a line in the Minkowski plane, and v its vector. ¢ is called:

o space-like if (v,v) > 0;

o time-like if (v,v) < 0;

e and light-like if (v,v) = 0.
Two vectors x, y are orthogonal in the Minkowski plane if (z,y) = 0. Note that a
light-like vector is orthogonal to itself.

2.2. Confocal families of conics. Here, we give a review of basic properties
of families of confocal conics in the Minkowski plane, see [8].
Denote by
2 2
gL + Lo
a b

an ellipse in the plane, with a, b being fixed positive numbers.
The associated family of confocal conics is

ZC2 y2

e X bia
The family is shown in Figure [l We may distinguish the following three sub-
families in the family ([23]):

(2.2)

(2.3) Cy 1, AeR.
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FIGURE 1. Family of confocal conics in the Minkowski plane.

e for A\ € (—b,a), conic Cy is an ellipse;

e for A < —b, conic C) is a hyperbola with z-axis as the major one;

e for A > a, it is a hyperbola again, but now its major axis is y-axis.
In addition, there are three degenerated quadrics: Cg, C_p, Coo, corresponding to y-
axis, x-axis, and the line at the infinity respectively. The confocal family has three
pairs of foci: Fy (\/a + b, O), FQ( —+va+b, O); G (O, va + b), GQ(O, —va+ b); and
Hy(1:—-1:0), Hy(1:1:0) on the line at the infinity.

We notice four distinguished lines:

r+y=va+b x+y=-—Vva+b,
r—y=vVa+b zx—y=-—-Va+b

These lines are common tangents to all conics from the family.

Conics in the Minkowski plane have geometric properties analogous to the
conics in the Euclidean plane. Namely, for each point on conic Cy, either sum or
difference of its Minkowski distances from the foci F} and F5 is equal to 2v/a — A;
either sum or difference of the distances from the other pair of foci G1, G2 is equal

to 2v/—b — X [8].

2.3. Relativistic conics. In the Minkowkski plane, it is natural to consider
relativistic conics, which are suggested in [1]. In this subsection, we give a brief
account of the related analysis.

Consider points Fj (\/a + b, 0) and Fg( —+va+b, 0).
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For a given constant ¢ € Rt UiR™, a relativistic ellipse is the set of points X
satisfying dist(Fy, X) + dist(Fy, X) = 2¢, while a relativistic hyperbola is the union
of the sets given by the following equations:

diSt(Fl, X) - diSt(FQ, X) = 20,
dist(Fy, X) — dist(Fy, X) = 2c.
Relativistic conics can be described as follows.

0 < ¢ < +va+b: The corresponding relativistic conics lie on ellipse C,_2
from family ([Z3]). The ellipse C,_.2 is split into four arcs by touching
points with the four common tangent lines; thus, the relativistic ellipse
is the union of the two arcs intersecting the y-axis, while the relativistic
hyperbola is the union of the other two arcs.

¢ > +v/a+ b: The relativistic conics lie on C,_.2—a hyperbola with z-axis as
the major one. Each branch of the hyperbola is split into three arcs by
touching points with the common tangents; thus, the relativistic ellipse
is the union of the two finite arcs, while the relativistic hyperbola is the
union of the four infinite ones.

c is imaginary: The relativistic conics lie on hyperbola C,_.2—a hyperbola
with y-axis as the major one. As in the previous case, the branches are
split into six arcs in total by common points with the four tangents. The
relativistic ellipse is the union of the four infinite arcs, while the relativistic
hyperbola is the union of the two finite ones.

The conics are shown in Figure

Notice that all relativistic ellipses are disjoint one with another, as well as all
relativistic hyperbolas. Moreover, at the intersection point of a relativistic ellipse
which is a part of the geometric conic Cy, from the confocal family (Z3]) and a
relativistic hyperbola belonging to Cy,, it is always A1 < Aq.

3. Elliptical billiards

Elliptical billiards in Euclidean plane have been studied intensively, see for
example [13] and [7] and references therein. These billiards serve as a paradigm
of complete integrable discrete systems. They can be seen as discretizations of
geodesics on ellipsoids as well. In the setting of Minkowski geometry, geodesics on
ellipsoidis have been studied recently in [9]. Related billiard systems in pseudo-
Euclidean geometry were studied in [12], and then in [8]. Such billiard systems are
closely related to a recent concept of contact complete integrability, introduced in
[11], see also [10].

3.1. Billiard reflection in the Minkowski plane. Let v be a vector and
p a line in the Minkowski plane. Decompose vector v into the sum v = a + n, of
a vector n, orthogonal to p and a belonging to p. Then vector v = a — n), is the
billiard reflection of v on p. It is easy to see that v is also the billiard reflection of
v’ with respect to p. Moreover, since (v, v) = (v',v’), vectors v, v’ are of the same

type.
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FIGURE 2. Relativistic conics in the Minkowski plane: relativistic
ellipses are represented by full lines, and hyperbolas by dashed
ones.

Note that v = v’ if v is contained in p and v' = —wv if it is orthogonal to p. If
np is light-like, which means that it belongs to p, then the reflection is not defined.

Line ¢ is the billiard reflection of £ off a smooth curve S if their intersection
point £ N ¢’ belongs to S and the vectors of £, ¢’ are reflections of each other with
respect to the tangent line of S at this point.

The lines containing segments of a given billiard trajectory within S are all of
the same type: they are all either space-like, time-like, or light-like.

Now, take S to be ellipse £. Then it is possible to extend the reflection mapping
to those points where the tangent lines contain the orthogonal vectors. Namely,
the limit of the motion in the neighborhood of such points is that the billiard
particle, after collision with the boundary, would move exactly in the opposite
direction. Thus, at such points, we define that a vector reflects into the opposite
one, i.e. vV = —v and ¢ = ¢. Since close trajectories reflect two times in the
neighborhood, it is natural to count each such reflection twice. For the detailed
explanation, see [12].

Billiard trajectories within ellipses in the Minkowski plane have caustic proper-
ties: each segment of a given trajectory will be tangent to the same conic confocal
with the boundary, see [8].

The famous focal property also holds: if one line containing the initial segment
of a given trajectory within an ellipse of the family (Z3]) contains a focus of the
family, say Fi, Gy, or Hyp, then the line containing the next segment will pass
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through F5, G5, or Hs respectively, unless the tangent line to the boundary at the
reflection point is light-like.

3.2. Periodic trajectories of elliptical billiard. Analytic conditions for
existence of closed polygonal lines inscribed in one conic and circumscribed about
another one in the projective plane are derived by Cayley [3/4]. They can be applied
to billiard trajectories within ellipses in the Minkowski plane as well, since each such
trajectory has a caustic among confocal conics. In this section, we shall analyze in
more detail some particular properties related to the Minkowski geometry.

THEOREM 3.1. In the Minkowski plane, consider a billiard trajectory T within
ellipse &€ given by equation ([2.2]).

The trajectory is periodic with period n = 2m if and only if the following
condition is satisfied:

B3 By Bm+1
(3.1) det | B Bs oo Bz | g
Bpnt1 Bmg2 ... By

Trajectory T is periodic with period n = 2m + 1 if and only if C,, is an ellipse and
the following condition is satisfied:

Bs By ... Bpis
( ) ¢ Bm+1 Bm+2 e B2m
Cmt1 Cmg2 ... Copy

Here:

V(a—t)(b+t)(a—t) = By + Byt + Bot®> + -+,

—t)(b+t
M =Co+ Crt+ Cot®> + - -
a—t

are the Taylor expansions around t = 0.

ProoF. Each point inside € is the intersection of exactly two ellipses Cy, and
Cy, from ([23). Parameters A1, A2 are generalized Jacobi coordinates. Take Ay < Ao.

Consider first the case when C, is a hyperbola. Then along T these coordinates
will take values in segments [—b, 0] and [0, a] respectively with the endpoints of the
segments as the only local extrema. A; achieves value —b at the intersections of
T with the x-axis, while Ay achieves a at the intersections with y-axis. At each
reflection point, one of the coordinates achieves value 0. They can both be equal to
0 only at the points where £ has a light-like tangent, and there reflection is counted
twice.

This means that on a closed trajectory the number of reflections is equal to the
number of intersection points with the coordinate axes. Since a periodic trajectory
crosses each of the coordinate axes even number of times, the first part of the
theorem is proved.
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The condition on 7 to become closed after n reflections on &, ny crossings over
z-axis, and ng over y-axis is that the equality ny P, 4+ neP_;, = nFy holds on the
elliptic curve s> = (a — t)(b+ t)(a — t), where by Ps we denoted a point on the
curve correspondig to ¢t = 3, and P4 is taken to be the neutral for the elliptic curve
group.

From the previous discussion, n; + no = n and all three numbers are even.
P, and P_; are branching points of the curve, thus 2P, = 2P_;, = 2P, so the
condition becomes nPy = nPs, which is equivalent to (BII).

Now suppose C,, is an ellipse. The generalized Jacobi coordinates take values
in segments [—b, 0], [0,a] or in [a, 0], [0, a], depending on the sign of .. Since both
cases are processed in a similar way, we assume a < 0.

Coordinate A1 has extrema on 7 at the touching points with the caustic and
some of the reflection points, while Ay has extrema at the crossing points with
y-axis and some of the reflection points.

The condition on 7 to become closed after n reflections on &, with n; crossings
over y-axis, and ns touching points with the caustic is n1 P, 4+ no P, = nkFy, with
n1 + ng =n and n; even.

Thus, for n even we get (BI) in the same manner as for a hyperbola as a
caustic.

For n odd, the condition is equivalent to nPy = (n — 1) P + P,. Notice that
one basis of the space L((n — 1)Ps + P,) is

Lt 4™ s ts, ... 12 2

"t—a’

Using this basis, as it is shown in [B[7], we obtain ([B:2]). O

EXAMPLE 3.1 (3-periodic trajectories). Let us find all 3-periodic trajectories
within ellipse £ given by ([22]) in the Minkowski plane, i.e., all conics C, from the
confocal family (Z3]) corresponding to such trajectories.

The condition is

_ 3a2b? 4 2a%ba — 2ab?a — a?a? — 2aba? — b2a?

“ 3(ab) a7

:O,

which gives the following solutions for the parameter a of the caustic:

a zaib(a—b—2\/a2+ab+b2),

(a+b)?
ab T s
agzm(a—b—F? a +ab—|—b )

Notice that —b < a1 < 0 < a2 < a so both caustics C,,, Cqo, are ellipses.

EXAMPLE 3.2 (4-periodic trajectories). By Theorem[B.] the condition is B3= 0.
Since
(—ab — aa + ba)(—ab + aa + ba)(ab + aa + ba)

Ba =
s 16(aba)b/2 ’
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we obtain the following solutions:

ab ab ab
a1 = oy — ——— 2 = — .
"Thmat TP et P a+b
Since a1 & (—b,a) and as, a3 € (=b,a), conic C,, is a hyperbola, while Cq,, Ca,
are ellipses.

EXAMPLE 3.3 (5-periodic trajectories). The condition is

B3z B4\
det <03 04) =0.

Taking a = b = 1, we get that this is equivalent to 64a® —16a* —52a2+5 = 0. This
equation has four solutions in R, all four contained in (—1, 1), and two conjugated
solutions in C.

REMARK 3.1. For the analytic description of the periodic billiard trajectories
within ellipsoids in the higher-dimensional pseudo-Euclidean spaces, see [8]. For
the Euclidean case, see [7] and references therein. Some aspects have recently been
discussed in [14].

3.3. Light-like trajectories. In this section we consider in more detail light-
like trajectories of elliptical billiard, see Figure[3 for an example of such a trajectory.
We are going to review results from [8] and illustrate them by some examples.

FI1GURE 3. Light-like billiard trajectory.

Periodic light-like trajectories. Let us first notice that segments of light-like
billiard trajectories are alternately parallel to two light-like directions in the plane
(see Figure ), thus a trajectory can close only after even number of reflections.

The analytic condition for n-periodicity of light-like billiard trajectory within
the ellipse £ given by equation (Z2) can be derived as in Theorem Bl We get
the condition stated in [BI]), with o = o0, i.e., (B;) are coefficients in the Taylor
expansion around ¢ = 0 of \/(a —t)(b+t) = By + Byt + Bat? + - - -.

Now, we are going to derive analytic condition for periodic light-like trajectories
in another way, which will lead to a more compact form of ([B.1]).
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THEOREM 3.2. Light-like billiard trajectory within ellipse £ is periodic with
period n, where n is an even integer if and only if

km n n
(3.3) arctan a/be{n |1§k<2,(k,2)_1}.

PROOF. The isospectral curve for elliptic billiard with caustic C is the rational
curve y* = (z — a)(z + b), with the two infinite points identified. Condition for
n-periodicity of a light-like trajectory is that divisors nFy and nP_;, are equivalent
on this curve with one singular point. Here, Py is one of the points corresponding
to the value x = 0, P_; corresponds to z = —b, y = 0. Denote by P%, PL the
points at infinity corresponding to lines x = y and x = —y respectively. On the
isospectral curve, Pt and Py are identified.

Introduce the following reparametrization of the curve: ¢ = mL_H) = (i—jr‘g)lﬂ.

Then t(Py) = i\/a/b, t(P-p) = oo, t(PL) =1, t(Py) = —1. Up to a constant
factor, there is a unique rational function with the only zero of order n at Py and

a pole of order n at P_p:
f={t—iva/b)"t "
We need to check if f has the same values at P and Py, i.e., (1 — i\/a/b)" =

(-1— i«/a/b)n. Since n is even, this can be true only if (1 — i\/a/b)n is real.
Thus, B3] follows. O

REMARK 3.2. A simpler and more elementary proof of Theorem B.2]is given in
[8]. The one presented here is interesting and instructive because of the algebro-
geometric tools involved.

As an immediate consequence, we get

COROLLARY 3.1. For a given even integer n, the number of different ratios of
the azes of ellipses having n-periodic light-like billiard trajectories is equal to:

w(n)/2, if n is not divisible by 4,
w(n)/4, if n is divisible by 4.

@ is Fuler’s totient function, i.e., the number of positive integers not exceeding n
that are relatively prime to n.

REMARK 3.3. There are four points on £ where the tangents are light-like.
Those points cut four arcs on £. An n-periodic trajectory within £ hits each one
of a pair of opposite arcs exactly k times, and § — k times the arcs from the other
pair.

EXAMPLE 3.4 (4-periodic light-like trajectories). It is elementary to see that
only circles allow such a trajectory. However, we can also deduce it fror121 condition
BI). For n = 4, this condition reads Bs = 0 with B3 = w. Thus, it

16(ab)5/2
is equivalent to a = b.
On the other hand, condition (B.3)) states \/a/b = tan 7 = 1.
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EXAMPLE 3.5 (6-periodic light-like trajectory). For n = 6, the condition (B.1))

B3z B4\
det <B4 B5) =0,

(a—3b)(3a—b)(a+b)° 0
(4ab)? -

Thus, we get that light-like billiard trajectories are 6-periodic in ellipses with the
ratio of the axes equal to /3.
From condition [B.3]), we get the same:

\/%e {tan%,tang} = {\/5%}

A few 6-periodic trajectories are shown in Figure [l

is

which is equivalent to

FIGURE 4. Light-like billiard trajectories with period 6 in the el-
lipse satisfying a = 3b.

EXAMPLE 3.6 (8-periodic light-like trajectories). For n = 8, the condition (B1))
is

By Ba Bs\ (4 _p)(a+b)2(a2 — 6ab+ b?)
det B4 B5 B6 = Y 13 =0.
B5 B6 B7 2 (ab) -V ab

From here, we get that light-like billiard trajectories are 8-periodic in ellipses with
the ratio of the axes equal to 1 + /2.
Condition B3] gives:

\/%E{tan%,tan%}z{ﬁ—l,\/ﬁ—i—l}.

A few of such trajectories are shown in Figure
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FI1GURE 5. Light-like billiard trajectories with period 8 in the el-
lipse satisfying a = (3 + 2v/2)b.

EXAMPLE 3.7 (10-periodic light-like trajectories). For n = 10, the condition
BI) is
By By Bs Bs
dot By, Bs Bs B;| (a+0)*°(5a® —10ab + b?)(a® — 10ab+ 5b%) N
“|IBs Bs Br Bg| (4ab)22 o
Bs B7 Bg By

From here, we get that light-like billiard trajectories are 10-periodic in ellipses with

the ratio of the axes equal to either \/1 + 2/\/5 or \/5 + 2v/5.
From condition (B3]), we get

b anlo, anlo,anlo,anlo .

tan % = /1= 2/v/5 = ——1 !

10 5+ 25  tan %
3 1 1
tan—WZ\/1+2/\/5= = 5
10 5—2y5 tanip
both conditions give the same result.
A few of such trajectories are shown in Figures [6 and [71

Since

EXAMPLE 3.8 (12-periodic light-like trajectories). For n = 12, the condition
B is
By By Bs Bg By
By Bs Bg B; Bsg
det B5 Bg B7 Bg Bg = 0,
Bs By Bs By B
B; Bgs By Big B
which can be transformed into
(a — 3b)(a — b)(3a — b)(a + b)3°(a? — 14ab + b?)

(4ab)22/ab =0
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F1GURE 6. Light-like billiard trajectories with period 10 in the
ellipse satisfying a = (1 +2/v/5)b.

F1Gure 7. Light-like billiard trajectories with period 10 in the
ellipse satisfying a = (5 + 2\/5)b.

From here, we get that light-like billiard trajectories are 12-periodic in ellipses with
the ratio of the axes equal to 2 + V3.
On the other hand, condition B3] gives

a us T
\/;e {tanﬁ,tanﬁ} —{2—\/§,2+\/§}.

A few of such trajectories, obtained by a computer simulation, are shown in
Figure @

Light-like trajectories in ellipses and rectangular billiards.

THEOREM 3.3. The flow of light-like billiard trajectories within ellipse & is
trajectorially equivalent to the flow of those billiard trajectories within a rectangle

whose angle with the sides is . The ratio of the sides of the rectangle is equal to

1
™
2arctan/a/ b
REMARK 3.4. The flow of light-light billiard trajectories within a given oval in

the Minkowski plane will be trajectorially equivalent to the flow of certain trajecto-
ries within a rectangle whenever invariant measure m on the oval exists such that

1.
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F1Gure 8. Light-like billiard trajectories with period 12 in the
ellipse satisfying a = (7 + 4\/§)b.

m(AB) = m(CD) and m(BC) = m(AD), where A, B, C, D are points on the oval
where the tangents are light-like.

3.4. Topological properties of elliptical billiards. Here, we are going to
present the topological description of elliptical billiard in the Minkowski plane. In
order to do this, we use Fomenko invariants, see [2] and references therein. The
corresponding analysis for the Euclidean case has been done in [6JE]

THEOREM 3.4. The isoenergy manifold corresponding to the billiard system
within ellipse £ (Z2) in the Minkowski plane is represented by the Fomenko graph
in Figure[Ql

FIGURE 9. Fomenko graph for elliptical billiard in the Minkowski plane.

IThe authors are thankful to Victoria Fokicheva and Dmitry Tonkonog for their useful remark
on the Fomenko graph for elliptical billiard in the Euclidean plane.
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PROOF. Each level set of the isoenergy manifold corresponds to the billiard
motion with a fixed caustic Cy, A € R U {oc0}.

For A ¢ {0, a, —b}, the level sets are non-degenerate. The level set is a torus
when the caustic is a hyperbola, i.e., for A € (a,+00) U (=00, —=b) U {o0}. If
A € (0,a) U (=b,0) the caustic is an ellipse, and the level set is a union of two
tori.

If A = —b, the level set contains one periodic trajectory which is placed along y-
axis and homoclinic trajectories, which are naturally grouped onto two separatices—
each one being projected onto the other side of the y-axis. The same, just with
respect to the z-axis, holds for the level set corresponding to A\ = a. Those level
sets are represented by Fomenko atom B.

Let us consider the limit case A = 0, when the caustic coincides with the billiard
table edge. In this case, the limit motion will take place on the four arcs on the
& whose ends are touching points with four joint tangents of the confocal family
@3). More precisely, if A approaches zero from below, then the limit motion will
take place on the two arcs on the left and on the right side of y-axis; if A approaches
zero from above, then the limit motion will take place on the two arcs below and
above z-axis. Four periodic trajectories appearing in the limit A = 0 correspond to
the A-atoms in Figure O
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