ON SOME CHARACTERISTICS OF THE FREQUENCY EQUATION
OF TORSIONAL VIBRATIONS OF LIGHT SHAFTS
WITH SEVERAL DISKS

by
DANILO RASKOVIC (Beograd)

Counsider a light shaft whose mass we neglect and with several atta-
ched disks of moment of inertia J, (Fig. 1). Then the Lagrange differen-
tial equation of torsional vibrations for three adjacent disks may be writlen

J_& ék - Cpoy 61‘_1 + (Ck._.i'{—ck) ek -~ Cx 9“,, =0 5 (1)
By _9_1 Guest
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Fig. 1

where ¢, are the torsional rigidities of portions of the shaft between two
adjacent disks & and k+1 [1]. The above system of differential equations
can be correlated to a system of algebraic equations of the form

hd Y Ak_.j + (Ck_,_.l + Ck—Jk 0)2) Ak - ckAk-l-j == 0, k-‘:—l,.n s Iy (2)

where o denotes the circular frequency of vibration.

If all disks are of the same moment of inertia (Ji=J) and if the
rigidities of the different portions of the shaft are equal too (cx =c), equa-
tions (2) may be written

Apey — (2-0®) A + A4y = 0, 3)

where u = Jw?/c.
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In the three characteristic cases: free shaft (Fig. 2a), one end clamped
shaft (Fig. 2b) and both ends clamped shaft (Fig. 2¢), the frequency equa-
lion becomes

F(©?) =f(2) = Ba2" + Byey2'+ ...+ B,z + B, . )
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Fig. 2

It is possxbie xmmediately to percieve tha followmg characterxsﬁcs
regarding the number and values of coefficients of equations

1.(s) 2 (k) 3 (u)
N n n+1 n4-1
Ba 0 1 1
Bn— 1 -@2n-Np - 2np
By (~lp—tn pn=t | (=1ypr | (=17 - (a+1) pn

where 1 is the number of disks and p=c/J.

It can be seen from equations (4) that the coefficients B, of the
diagonal row form a series of numbers (Table I) whose differences are

A= (-1)y - (2p) =const, = A+1=0.
‘iT'hese coefficients may therefore be computed by the formula

= (1 + A)n-—r Bo(":"> -
(5)

= B + (";’)AB‘,(”“") = (“;")A?BJW’ bt (”_{)A’Bo<n=r>,
: r—
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Table 1
n v n
By B; B B; B, By B, B, | By -
s|u | s
211 l —2p 12
312 11 —4p 3p2 |3
1/413 L —6p | 10p2| —4p? | 4
54 0 1 -8p 21 p% 1—20 p3? 5p 1 5
r=
3165 U 1—10p | 36p% |—56p* | 35p'| —6p5 6
@716 1 [ [m12p | 85p7 12058 126 p* |—56p5 | Tps |7
=
817 1 —14p | 78p® |—220p% 330p¢—252p5| 84p5| —8p7 |8
918! 1 _16p |105p% —364p3 715 pt—792p5 462 p5 | —120p7 9p° | 9
Ale= A2== AS= 1 Ad= AS= Ab= ’ A=
A=0| o _opl =4p2 |=-8y3| =16 pt|=—32p5 = 64 ps|=-128p7
1 1 —p 1
2 : 1 —3p p* 2
3 1 —5p 6p2 | —p3 3
2| 4 1 —7p | 15p% |—10p® pt 4
k) 5 1 | —9p | 28p2|-35p% 15pt| —p5 | 5
6 1 —11p| 45p2 |—84p% | T0pt |—21 pb pe 6
7 1 —13p| 66p —165p% 210 p* |—126 p5 2878 | —p7 7
8 1 —15p| 91 p% |—286 p® 495 pt | —462 pS| 210 p% 386 p7 Vol 8
Al= >A2= A8= Ad=s Ab= Ab=
A=0 1 agp | =yp2 | =—8p2| =16p* |=—32 p5| =64 p’
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where in the first case (Fig. 2a) the index r—1 should be taken instead

of the index r, because w,=0 is not the root of the frequency equation
but only shows that the momentum of the system is constant (£J6=0).

From (5) we obtain the coefficients for the quoted characteristic cases

B ,=-2(n-1)p, B ,=[3+(n—3)(2n-1)]p%

B:_,=— [4+16(";4) +20(";4) + 8(";4)]p*;

1 2

Br —_1]1 9 Il-3) }6(12—3) 8(fl-3) 3’

£, [+ ( ) +16(n %) 18 ("3

Bt -} 1414 "—4) 41("—4) 44(”“4) 16("“4\) 4
14 [ * ( T A U R WY Rid WP L
By ,=-2pn; B ,- [3+7(";2)+ 4(”“2)}p2,

2

Bt = - |4+16 ”-3)+20("-—3) 8(”“‘3) 5 ..
n—3 [+ (1 | 9 + 3 P

Equations (4) may then be written

Bt  =-@n-1)p,  BE_,= [1+5(n~—2) N 4<n~—2)] o

n-t (2”1_2)112"—2+<2"2“3)172 P S .1(2”“('+1))p' Pl VT
r

o H(=Drnpr—t =0,

n— (2”1' 1)pz"“-}—(2"2"2)5122"‘“2 -t (2”"’>p’zn—f+
r

cee H(=Drpn=0, (6)

zn_(an)pz"—i-{- (2"2’ l)p?z"‘z—- 3&(2”'('“1))13’2““’-%
r

e+ (=) (n+1)pr=0.
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The Lagrange determinants of these vibrations are
a -c¢ . b ~-c
-¢ b -c -¢ b -c
AS(w?)= -c b . =0, AXw?)= -C f;.' =0,
b -c¢ b ~c
~-¢ a -c a
™
b -c
-c b -c
Al{?) = -c b . =0,
b -c¢
—-c b

where b=2 ¢-Ja? a=c~Jol=b-c.
Evaluation gives:

a) Az = pn—1 _ (ll ; 2) pn—8c2 4 (rl 5 3) pn—>5 ¢t (n ; 4) b"“’c°<+ et Bo=0, (8)

N=n/2 if n is even, while N=(n+1)/2 if n is odd;

n—1

B, = (-1) ? ¢c»—1 for odd values of n,

n—2

2 n
By= (-1) -é*cﬂ“z for even n;
b) Akmpn_pn—tc- (A1) pnorry (R=2)p-s cay (R=2) pns s _
g 1 1 2

- (""3)bn-5 5 - ("“3)bn—6cﬁ+(”‘ 4)bn—7 c7+(”‘4)bn—8c8- =0
2 3 3 4 ’

N=n+1;
) Af=bn - (”; l)bn—2 c2+(”;22) pr—t ¢t - (" “?;3)bn~6c“+... +B,=

N=(n+2)/2if nis even, and N = (n-1)/2 if n is odd ;

0,

n

By = (-1)%cn for_even values of n,
—t

n
n+1 A
By=(-1) 2 "'5'“bc"‘—1 for.oddn.
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These determinants .yield
AS=AZ Ak = Al -~ ¢ AZ

21 ? a1 = A5 tehy . )
We therefore conclude that clamping of both ends (Fig. 2¢) replaces one
dlSk of the free shait, hence the -coefficients of frequency equations are

= BS,,_, . The first case is therefore the basic one, since the frequency

equatxons of the other two cases may be deduced from the equation of the
first case.

Equalion (3) is similar to the Clapeyron three moments equation of
an unloaded continuous beam of constant cross section and equal spans [2].
The method of finite-difference equations of second order may be used
here. In the case of oscillatory movement [3] is |u] < 2 yielding

A,=C, e ;
hence

mQSin—ﬁ-, ,=2 7 sin £ J (10
u 5 w Vp si 5 (10)

The coefficient § must be such as to satisfy the boundary conditions

! ‘
- — 2 — -_— Ead 2 == - — 1 e

a)‘A2 (1-uy) A, =0, 5 A= (2-1%) A =0, 0 A,-(2-u%) A, =0,

Apey (1= A,=0, |Ap_~(1-12) Ap=0, |Ap—y~(2-1%) A,=0,

hence
_n . 2v-Drw _VEm
B“.n ’ *’B 2n+1 , B n+l

From (10) the circular frequencies in all three cases are given by

9V si vm -2 ‘ (2v—~l)'n 0T s v
w,=2Vp sin 5o, wy=2Vp sin 2@n+1)y TP oy
; (i1)
v=1,..., n—1 v=1,..., n yv=1,..., 1

The roots of the frequency equation (4) are given in the Table IL.

Taking into consideration the relation between the roots (11) and the
coefficients of the frequency equation (4) we obtain ‘

. ERUU At n—ti
v v ., YT
2: sin® —, Y cos— =0, —p—p= ]I sin® —;
1 2n 1 i 4 1 2n
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Table II
_lf._ | z = w?

siu
2 2p
32 P 3p
43 @=V2)p| 2p |@+V2)p
514 0,3819p | 1,3890p | 2,6180p | 3,6181p
615 2—-V3)p 1p 2p 3p  2+V3)p
7186 0,1980 p | 0,7534p | 1,5550p | 24465 p | 3,2486p | 3,8019p
817 0,1522p | 0,5888p | 1,2346p 2p 2,7653p | 3.4142p | 3,8478p
918,0]1206p | 04679p 1p 1,6526p 1 2,3475p 3p 3,5319p | 3,8790p

z =2

1 4

2 Y58=VE) p '3+ V5) p

3 0,1980p | 1,5575p | 3,467 p

4 0,1206 p 1p 23475p | 3,5319p

5 0,0811p | 0,6905p : 1,7158p | 2,8314p | 3,6829p

6 0,0581p | 04747p | 1,2905p | 2,2400p | 3,1361p | 3,7708p

7 0,0437 p| 0,3919p 1p ll J7909p | 2,6180p 1 3,3882p | 3,8271p

8 10,0335p,0,2996 p; 0,8503p | 1,4529p | 2,1847p | 2,8918p | 3,4702p | 3,8640p
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»2L———=ES , Cv-N=x Ecos @2v-1)= =_1_’ _n=n (2v -1)x,
4 1 2@2n+1)’ 2n+1 2 4 1 2@n+1)
n A VR " vm n+l 7
— = sin® ———, cos =0,
2 =X 2 s 3 s ( )(
These expressions may be directly proved mathematically.
The Lagrange’s formula gives
n 1 h
Ly Scosyx- S0+ 1/2) x,
2 i 2 sin (x/2)
thus
n
> cosvx=0 for x=w/(n+1).
1
Since
n —_
3 sin? @2v-1)=n =£——1—Zcos @Cv-D=
T . 2@n+1) 2 2 2n+1
we obtain
@v—"Nyzi 21 1-e272 1
e = e , cos(2v-1Dz=—;
z 1-e22t ) ( ) 2
thus
201 g @D
4 2(2n+1)
Since
2n—~1
22n—1 = (2-1) n[[ (z—evm/”) ,
1
we obtain
i1 yim/n
I+24 - +227 1=~ ]I (e —2).
1
For z=1 we have
2nfle VT =(-1)"2ni ;

thus

4""‘1_— 1 2/1 1 2/'1.

2)
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Since

I'(1+x)=xT (x), I‘(1+x)r(1_x)=_’”‘

A ’
sinwx

r2-x)=(1-x) r{d-x),

the product becomes
TA+x)T@2-x)=x(1-x) .

sinw x

For x=v/n+1)=v/N the product will be

-0 s

163

Taking the root from the above expression and taking into consideration

the gamma function multipication theorem we obtain

N—1
27) 2 NI2-N Mzn"ﬂ.”_! '1
N N [[Isinnx]"
giving
n+1 . S VT
= [I sin mx=2"[] sin —-cos -— ;
2" n : I 2N 2N
thus
n+1 n By
= [] sin?
4" I,I 2(n-1)
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Substitution of n—1 in place of n directly yields the third formula of
the first group (12).

According to the known analogy between linear, torsional and elec-
trical vibrations, the foregoing exsposition may be applied also to these

T
S B |

Fig. 3

other vibrations, provided the moment of inertia (J) is replaced by the
mass (m) or the inductance (L), and the torsional rigidity (c) by the spring
rigidity (c¢) or the reciprocal value of the capacitance 1/C (Fig. 3).
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