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ABSTRACT. We consider some properties of Armendariz and rigid rings. We
prove that the direct product of rigid (weak rigid), weak Armendariz rings is a
rigid (weak rigid), weak Armendariz ring. On the assumption that the factor
ring R/I is weak Armendariz, where I is nilpotent ideal, we prove that R is a
weak Armendariz ring. We also prove that every ring isomorphism preserves
weak skew Armendariz structure. Armendariz rings of Laurent power series
are also considered.

1. Introduction

Throughout this paper R denotes an associative ring with identity, o denotes an
endomorphism of R and R[z; o] denotes a skew polynomial ring with the ordinary
addition and the multiplication subject to the relation zr = o(r)z. When o is
an automorphism, R[x,z1;0] denotes a skew Laurent polynomial ring with the
multiplication subject to the relation = 1r = o=1(r)x.

The notion of Armendariz ring is introduced by Rege and Chhawchharia [1].
They defined a ring R to be Armendariz if f(x)g(x) = 0 implies a;b; = 0, for all
polynomials f(z) = Y77 ja;a’ and g(z) = 377" bja? from Rlz]. The motivation
for those rings comes from the fact that Armendariz had shown that reduced rings
(a®> = 0 implies a = 0) satisfy this condition. The notion of Armendariz ring is
natural and useful in understanding the relation between annihilators of rings R
and R[x] (see [4]). Those rings were also studied by Armendariz himself, Hong and
Kim [5], Chen and Tong [3], Krempa [6] and others.

An endomorphism o is rigid if ac(a) = 0 implies a = 0, for all « € R (Krempa
[6]). Following Hong, a ring is said to be rigid if it has a rigid endomorphism. Hong
also generalized the notions of Armendariz and rigid ring to o-skew Armendariz
ring. Ring R is called o-skew Armendariz if f(z)g(x) = 0 implies a;0"(b;) = 0, for all
flz) =31 az" and g(z) = Z?L:O bjz! from R[z;o] (see [5]). As a generalization
of o-skew Armendariz rings, Ouyang (see [2]) introduced a notion of weak o-skew
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Armendariz ring R as a ring in which f(z)g(x) = 0 implies a;0%(b;) is the nilpotent
element of R for all f(x) = "7 a;a’ and g(z) = 37" b;z7 from R[z;0]. Ouyang
also introduced a notion of weak o-rigid ring as a ring with an endomorphism o
that satisfies ac(a) € nil(R) if and only if @ € nil(R) for all a € R where nil(R) is
the set of all nilpotent elements of R. In [3] is shown that R is o-rigid if and only if
R is weak o-rigid and reduced. Here we show that if A is o;-rigid and B is o5-rigid,
then A x B is 7-rigid, where endomorphism ~ is such that v(a,b) = (o1(a), 02(b)).
In this paper we consider conditions which characterize o-rigid rings and prove
that R is o-skew Armendariz ring if and only if Rz, 77 1;0] is o-skew Armendariz
ring. Chen and Tong (see [3]) have proved that if R and S are rings and o is an
isomorphism of rings R and S and R is a-skew Armendariz ring, then S is cao™!-
skew Armendariz ring. In this paper we prove a variant of this theorem for weak
skew Armendariz rings. We also prove that if a is endomorphism of ring R, and
the factor ring R[z]/(z™) is weak a-skew Armendariz, then V,,(R) is weak a-skew

Armendariz.

2. Rigid rings and weak rigid rings

In this section we give a simple and straightforward proof that the finite direct
product of rigid (weak rigid) rings is a rigid (weak rigid) ring. We also show how
the notion of rigidity of a ring can be naturally transferred to the notion of rigidity
of the corresponding ring of polynomials.

LEMMA 2.1. If A is o1-1igid ring and B is oo-rigid ring, then A X B is y-rigid,
where 7(a,b) = (01(a), 05 (0)).

PROOF. Suppose that (a,b)y(a,b) = (0,0); then (a,b)(o1(a),o2(b)) = (0,0) so
that (aoq(a),boa(b)) = (0,0). Since ao(a) = 0, bos(b) = 0, from the fact that A, B
are rigid rings we have (a,b) = (0,0), which means that A x B is a y-rigid ring. O

COROLLARY 2.1. Finite direct product of o;-rigid rings, 1 < 1 < n, is y-rigid
ring, where y(a1,ag, .. .,an) = (o1(a1),02(az),...,0,(ay)).

LEMMA 2.2. If A is a weak o1-rigid ring and B is a weak o3-rigid ring, then
A X B is a weak y-rigid ring, where 7y is such that vy(a,b) = (01(a), 02(b)).

PROOF. Suppose that (a,b)y(a,b) € nil(A x B). From the definition of v, we
have (a,b)(o1(a),o2(b)) € nil(A x B), so that (ac(a),bos(b)) € nil(A x B) which
means that (aoy(a),bo2(b))” = (0,0) for some n > 2. Therefore (aci(a))™ = 0,
(boa(b))™ = 0 and aoq(a) € nil(A), boz(b) € nil(B). From the assumption that A is
weak oq-rigid and B weak oo-rigid we have a € nil(A) and b € nil(B), so that there
exist ny,ny such that @™ = 0, b = 0. Finally we have (a,b)™*("1:72) = (0,0)
which means that (a,b) € nil(4 x B).

Conversely, if (a,b) € nil(A x B), using the same arguments we can show that
(a,b)y(a,b) € nil(A x B). O

COROLLARY 2.2. The finite direct product of weak o;-rigid rings, 1 < i < n, is
a weak y-rigid ring, where y(a1,as,...,a,) = (01(a1),02(a2),...,on(an)).
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‘We now show how the notion of rigidity naturally transferees from the ring R to
the ring R[z]. If o is an endomorphism of a ring R, then the map o can be naturally
extended to an endomorphism ¢’ of the ring R[z] by o’ (31, a;iz’) = >0 o(a;)z".

THEOREM 2.1. If R is o-rigid, then R[x] is o’-rigid ring.

PROOF. Let f(x) = ap+ a1z + -+ + apz™ and f(z)o'(f(x)) = 0. We have to
prove that f(x) = 0. From the relation

(a0 + axz + -+ ana™) (o (a0) + (o) + -+ oan)a™) =0,

we have that ago(ag) = 0, which means ag = 0. Since the coefficient of 22 has to
be zero, we have ago(az) + ayo(a1) + aso(ag) = 0, so that ayo(ay) = 0, and since
R is o-rigid, we have a; = 0. Continuing in this way, since the coefficient of 22" ~2
has to be zero, and since a,,_3 = 0, from the previous step, we have

an—20(an) + an—la(an—l) + ang(an—2) =0,

which means that a,—10(a,—1) = 0, so that from the rigidity of the ring R we have
an—1 = 0. Finally, from the fact that the coefficient of 22" has to be zero, we obtain
ano(ay) = 0, which means that a,, = 0 and so f(z) = 0. O

3. Skew Polynomial Laurent series Rings

In this section we introduce Laurent o-Armendariz rings and Laurent o-skew
power series rings and we give their useful characterization in terms of o-skew
Armendariz rings. Throughout this section o is a ring automorphism.

A ring R is a o-skew Armendariz ring of Laurent type if for every two polyno-

mials f(x) = >!__ a;at, and g(x) = Y25__ bjal from R [z,27"; 0],

f(x)g(z) = 0 implies a;0'(b;) =0,-p <i < q,—t < j<s.

We say that R is a o-skew power series Armendariz ring of Laurent type if
for every f(z) = Z;’i_p a;xt, and g(x) = Z;’i_t bjz’ from the power series ring
R[[z,z1; 0],

f(z)g(x) = 0 implies a;0'(b;) = 0,—p < i < 00, —t < j < 0.

In the following two theorems we give a useful characterization of Laurent
o-skew Armendariz rings and Laurent o-skew power series rings.

THEOREM 3.1. The following conditions are equivalent:

(1) R is a o-skew Armendariz ring,
(2) R is a o-skew Armendariz ring of Laurent type.

PROOF. Suppose that f(z) =Y 7 a;z and g(z) = >>°_ ,b;z’ are polyno-
mials from the ring R[x, 2~ '; 0] such that f(x)g(z) = 0. Since z? f(z) and z'g(z)
are polynomials from the ring R[z; o] we have that z? f(z)g(x)z' = 0 which gives
oP(a;)o"P(b;) =0,—p < i < ¢,—t < j < s. Since o is an automorphism,

o?(aic’ (b)) =0,

so that we have a;0%(b;) = 0. The converse is evident since R[x;0] C R [;v, 7l U}.

0



134 JOKANOVIC

THEOREM 3.2. The following conditions are equivalent:

(1) R is a o-skew power series Armendariz ring,
(2) R is a o-skew power series Armendariz ring of Laurent type.

PROOF. The same as the proof of the previous theorem. O

We close this section with an interesting remark which gives a sufficient condi-
tion for the power series ring R[[z;o]] to be reduced.

THEOREM 3.3. If an endomorphism o of a reduced ring R satisfies the so-called
compatibility condition: ac(b) = 0 < ab =0, then the power series ring R[[z; o]] is
reduced.

PROOF. Let f(z) =Y ;0 a;x" and (f(x))?= 0. We have to prove that f(z)=0.
It is clear that a3 = 0, so that ag = 0. Now, since the coefficient of 2 has to be zero,
we have agas + a10(a1) + az0?(ag) = 0, so that we obtain ayo(a;) = 0. From the
compatibility condition we obtain a? = 0 and since R is reduced, we have a; = 0.
Continuing in this way, since the coefficient of 2" is zero, we have a,0"(a,) = 0
and, using compatibility condition once again, we have a,,0"~*(a,) = 0 and in the
same way a,o0(a,) = 0, so that a,, = 0. By induction, we have a; = 0, for all .
This means that f(z) = 0 and so the ring R[[z; o]] is reduced. O

Without compatibility condition the previous theorem is not true. Since if the
ring R = Zy @ Zs and o is defined by o(a,b) = (b,a), it is easy to check that
R][x; o]] is not reduced. Observe that (1,0)(0,1) = (0,0) but (1,0)c(0,1) # (0,0).

4. Weak Armendariz rings

In this section we generalize some results from [3], which are related to o-skew
Armendariz rings, to the weak o-skew Armendariz case.

A ring R is weak Armendariz if f(x)g(x) = 0 implies a;b; € nil(R) for every
two polynomials f(z) = ag + a1z + -+ + anz™, g(z) = by + bixz + -+ + ba™
from the ring R[z]. This definition is equivalent with the fact that ideal 0 is weak
Armendariz ideal. We will prove that the class of weak Armendariz rings is closed
for direct products. Also, if the factor ring R/I is a weak Armendariz ring, for
some nilpotent ideal I, then the ring R is weak Armendariz.

THEOREM 4.1. The finite direct product of weak Armendariz rings is a weak
Armendariz ring.

PROOF. Suppose that Ri, Rs,..., R, are weak Armendariz rings and R =
[T, Ri. If f(z)g(x) = 0 for some polynomials

f(2) =ap+a1x +agz® + -+ ana™, g(x) =by +bix+ - +bua™ € Rlz],

where a; = (a;1,a:2,...,ain), bi = (bi1,bi2,...,b;n) are elements of the product
ring R, define

fr(@) = aop + a1px + - + ankx”™, gr(x) = bok + bigx + - + bpp™.
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From f(z)g(z) = 0, we have agby = 0, agb; + a1bg = 0,...,a,b, = 0, and this
implies

ap1bor = ag2boz = - - = aognbon =0
ap1b11 + a11bor = -+ = aonbin + a1pbon =0
anlbml = anQbm2 == annbmn =0.

This means that fi(z)gr(z) = 0 in Rilz], 1 < k < n, and since Ry, are weak
Armendariz rings, we have a;;b;, € nil(Ry). Now, for each 4, j, there exists positive
integers m;jx such that (a;xbjx)™¥* = 0 in the ring Ry, 1 < k < n. If we take
m;; = max{m;;i : 1 < k < n}, then it is clear that (a;b;)™% = 0 and this means
that R is a weak Armendariz ring. O

THEOREM 4.2. If I is a nilpotent ideal of ring R such that R/I is a weak
Armendariz ring, then R is a weak Armendariz ring.

PrOOF. Let f(z) = a9+ a1z + -+ apa™ and g(x) = bg + bix + - -+ + by z™
are polynomials from R[z] such that f(z)g(x) = 0. This implies

(@ +arw + -+ @ea")(bo + biz + - + bpa™) = 0,

and since R/I is weak Armendariz, we have that @;b; € nil(R|I). From the fact
that the ideal I is nilpotent, we obtain that a;b; € nil(R). O

Recall that a ring R is weak o-rigid if ac(a) € nil(R) < a € nil(R). It is easy
to see that the notion of weak o-rigid ring generalizes the notion of a o-rigid ring.
Every homomorphism ¢ of rings R and S can be extended to the homomorphism
of rings R[z] and S[z] by > a;z’ — Y i~ o(a;)z’, which we also denote by o.
Chen and Tong in [3] prove that if o is a ring isomorphism of rings R and S and
R is a-skew Armendariz, then S is a cao ! skew Armendariz ring. We prove the
weak skew Armendariz variant of this theorem.

THEOREM 4.3. Let R and S be rings with a ring isomorphism o : R — S. If
R is weak a-skew Armendariz, then S is weak ocao™'-skew Armendariz.

PrOOF. Let f(z) =Y i~ a;z’ and g(z) = E;n:o bjz’ are polynomials from the
ring S[z;oac~!]. We have to prove that f(z)g(z) = 0 implies a;(cac™1)i(b;) €
nil(S), for all ¢ and j.

As we noted, o extends to the isomorphism of the corresponding polynomial
rings, so that there exist polynomials fi(z) = > i~ aiz’ and g(z) = Z;”:O b;-xj
from R[z] such that

fla) =o(fi(z)) = ola))a’ and g(z) = o(gi(z)) = Y a(b))a’.

I

7

First, we shall show that f(z)g(x) = 0 implies fi(x)g1(x) = 0. If f(z)g(x) =0, we
have

I
<
<.

Il
<

apby, + al(oao_l)(bk,l) + -+ ak(UOzU_l)k(b()) =0,



136 JOKANOVIC

for any 0 < k < m. From the definition of f;(z) and g;(z), we have,
a(ap)a(by) +o(d))(oac™ Yo (bl_y) + -+ ala})(cac ™) a(by) =0,
so that (cac™1)! = caloc™! we obtain
agby, + ara(bf_y) + -+ + apat (b)) = 0,
which means that fi(z)g1(z) = 0 in the ring R[z; ).

It remains to prove that fi(z)gi(x) = 0 implies ai(aaqfl)i(bj) € nil(S). From
the fact that R is weak a-skew Armendariz we have aja’(b};) € nil(R), and since
aj = o a;),b; = o7 (bj), we have 0~ "(a;)a’o~"(b;) € nil(R). This implies

o Nai)o toatoc T (b)) = o Hai(oao 1) (b;)) € nil(R)
and finally we obtain
ai(cac™)!(b;) € nil(S), 0<4,j < m.
Hence S is weak cao~!-skew Armendariz. O

In our closing result, we shall show that, under certain condition, the subring of
upper triangular skew matrices over a ring R has a weak skew Armendariz structure.

Let E;; = (est : 1 < s,t < n) denotes n X n unit matrices over ring R, in
which e;; =1 and es; =0 when s #iort # j,0< 4,5 < n,foraln>2 If
V= Z?:_ll E;it1, then V,,(R) = RI, + RV +--- + RV" ! is the subring of upper
triangular skew matrices.

COROLLARY 4.1. Suppose that a is an endomorphism of ring R. If the factor
ring R[x]/(x™) is weak &-skew Armendariz, then V,,(R) is weak a-skew Armendariz.

PROOF. Suppose that R[z]/(z") is weak a&-skew Armendariz and define the
ring isomorphism 6 : V,,(R) — R[z]/(z™) by

O(roly + V441 A V" ) =rg+raz+ -+ rp_ 12"+ (2™).
Now we have that V,,(R) is weak 0~ 'af-skew Armendariz and
07 a0 (rol, + 1V 4+ VL
=0 talro +rz4 - Frpz" 4+ (2)
=07 (a(ro) + a(r)a + -+ alrna)a™ " + (27)
=a(ro)l, + a(r)V + -+ a(r,_ ) V" !
= a(roln + 711V 4+ V',

which means that V,,(R) is a weak a-skew Armendariz ring. O
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