ON THE GIBBS PHENOMENON FOR A CLASS
OF LINEAR TRANSFORMS! -

by
' OTTO SZASZ

1. With a given series i a, and a function ¢(f) we associate the
. 1 N .

transform : v _ )
} ¢ (h)= "] an v (nh). 4 (1.1)
Let.in particular
an s nf’ so that Ea,,—z sin m‘#é— (ft—t), 0L t<:r
n
and
nh)sin nt '
o= $IED T HE I 7,9, say. (1.2)
The Gibbs ratio corresponding to the transform T is defined by .
=lim °up — T(h t) (1. 3)
Y
£-0

We assume that the transformr (1.1) is regular it is known that this is
the case if and only if

lim (=1,
3 t>+0 : )
and
Xlewn-ee+inl<m, - (14

where M is independent ofA. : :
It is clear that in this case G >>1; we say that the transform (1.2)
presents a Gibbs phenomenon when G>1. The condition (1.4) is equi-

) The preparation of this paper was sponsored (in part) by the Office of Naval
Research.
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valent to saying that the function ¢(#) is of bounded variation over the

interval (0, o), that is

f ldo(t)] <eo.
>0
It follows that
lim ¢ (f) = x exists and is finite.
tdm '
We assume x=1.
The main result of the present paper is:

sin gt

0, B 50" max—f G

moreover

ET(h, H>g@) as h'tay, 0<<L<oo,
n

ir(h,t)—»l, when 50, h>0 and At o0
T

(1.5)

We then apply this result to some particular transforms. An example of

a non-regular transform will be discussed in § 6.

2. Let .
pn(t)sfjsmw, n=1,2,3,...;
y=n :
clearly, for 0 <t , |
=_(ﬂ f) - "Elsmvt n sm(n——-z—)x dx
2 2sin§ '

From (1.2), summing by parts

T(h, t)=p1<p<h>—§pn {o(@=1h) - (nh));
using now (2.1)

T(h, t)==—(’r f)‘P(h)-—{q)(h) X}+

| 1y
. 0 : sm(n-~—2—)x .
o+ g{w(n—lih)—?(nh)},‘/————dx,

2 sin
h 2

@)

2.2)
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so that, for 0<t<n
T(h, t)=§ x——-w(h)+

| | | ‘ ‘sin(n—-;—)x
o+ :‘: {e(n-Th) - ‘P(ﬂh)}/‘*'——x;4 dx.
2 N . .

2 sin —
0 : 2
Observe that

len ()| <R, R mdependent of n and ft.

From (2.1) for t=x A
L 1
sin (n - -é—)x
— 2L dx=-=£,
2sini 2
2

0

hence :
= B/ 1
' sm(n——2—)x
. Pn= ———;——dx,
2 sin —
t 2
and - 1‘, '
T(h, )= (=) o (1)~
x 1
. - sm(n-—;)x
-E{¢(""lh)—?(ﬂh)}/-—_dx;
2 . X
2s8in — .
: 2
for 0<<tn

Summatlon by parits yields for 0 <t<n

T, o
nt=_n1
Pa() +,,Ev(v+1)
where

LI 1 . t . nt
ta ()= sin vt-=-—é-sm nt+cot—2181n 5
1

It now follows easily that

' ' 1 1
I'pn(t)|<— 1+ 1l
n sing /.
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(2.3)

(2. 4)

(@.5)

(2.6)
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3. We now prove two lemmas.
Lemma 1. If #+0 and t=t(h)->0 in such a ‘manper. that

t(h) 25 < oo,
then 4 . ,
T(h t) T(h h{,)—»O»as h-0, O<§\oo, 3. 1)
(/z,kt) (oo) for t=o0(h), h—aO.- ’ (3.2)

Lemma 2. If h“t(f{) > + oo, then

T(h, t)-)%, as h->0 and f(h)- 0. (3:3)

We write o S
e(v=1h) -9 (vh)=A,(h),
so that, employing (2.3), for 0 < hf

hg 1 y
1 - sin (ﬂ - E) X :
T =T 1) =— (h5~Do(W)~ $auth) / oo
“ . 2, 2 sin —
: 2
By the assumption of Lemma 1

t=h({+€), where e=g(h)-0,
so that .
s t-hi=he=o0(h),
"and, as (>0 _
i h

o2 ') (el

m!

It now follows, if g>0 that
T(h, )~ T(h, h)= o(h)+0(s|E|A () )=o(1), as h0.

In the case {= =0 we have, from (1.2), T(h 0) = 0 and t=he, e>0.
Now write (2.3) in the form

T(h, t)=—2—_ x—‘-z—\<9(h)+ '

+§An(h)fM_dx+ E A (h.)fde,
‘ L3

2sin — 2sin—x—
0 2 2
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: 1
where k=[i"'e 2]. Then

foinfacid)s

| An(h) e dx | <t X n| A (0) | <KtE|A, (R <
z . 2 sin — 2
2
BELLINES Y R
. h*‘jg B . .

Next, using (2, 4)

sin{n- ‘—2->x L ,
3000 | I < (HR) Braun 1
L 2 sin = - \2 iEn
0 2

=0(f|d<p(t)v[)=0(l), h-0.
4 B
We thus find ‘ _ :
. 4
limTh,t=1 —“—, as h-0 and —>50.

(b )=7x< ) 85 o =
Proof of Lemma 2. By assumption

t=hw(h), where w- oo.

‘We get from (2.2) the formula

Tl =g (= D)~ 5 0a ()80 ()=

1, ‘ _
e LIOR NS E.,,—) on (£) An (h) =

n<w?2
) =
‘“‘2‘(“_ Do (h) -8 —Szf -say.

“Employing (2. 4) yields 1

ISU<RE | An(h)iéé(flZcp(t)l)%o'(l):’
nh<o 2 0 -
Employing (2.6) we get . =~ ~ ,
s=0( 2 1 nh‘w»mn(m)=0(%2.|’An(h’) |)=0(—15)=o(1)-
® w2 ©?2

Letting h+0 yields Lemma 2.
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We shall aiso use the lemma [1]V
Lemma 3 I cp(+0)-=:p(0)=1 and!td(p'(t)}<oo, 0<g< oo, then

stngt

T(h, Izg) 2 (h)smnhg-)f (t) dt, as h-0.

The three Iemmas combined “yield xmmedxately our‘ main result:

Theorem .i. It cp‘(+0)=<p(0)=l, f]‘dcp(f)‘[<on, thien‘

T(h, =31 ( smm‘-»fcp(t) S“‘Qtdt when h""z‘»g, 0<g<oo

1
I'(h, t)-é'——z—cp(co)zz;x, for éf=-=0(11)
T(h,t)-»-‘;i, when K 't+o00, £50, £0.
4. We write
o g(g)—mof o ()

Theorem 1 and the definition (1.3) of G now”yiexd the following theorem
Theorem 2. The Gibbs ratio G .is determined by |

sin gt

sin y

G= 2=~ , t
- air g2 s [0

A related result is due to Kuttner [5, § 2. |
As a first example consider the Riesz meéans (R, n’" k) of a series

Za,, defined by
ph)= 2 au(l—(f?k)’“) » h=0,
' vi<l AT v

so that in (1. 1)

/ {(1 - for 0K
()= for t>1.

1} Numbers in brackets refer to the lierature. at the end of thig ’paper.
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Now

1
e@=2 [~ Belar
Ty t
"Kuttnér [5] has shown ‘that if 0 <A <2, there is a function r(%) such
that we have a Gibbs phenomenon if & <<r(d), but not if k >r(). The
function r()) is continuous and increasing, r(+0)=0, r{2)=oo. {t 2=2
the Gibbs phenomenon persists for all . o
In the case A=2 "

1 1 '
2 l 2k 2k+; r(?)l‘(k+l)-
¢ == [ (- cos pra- 1 O,
T 14 Bk" 7 2

whete Jq(f) is the Bessel function of order o«. Denote the positive zeros
of J 1 (t) in ascending order by 0<f <L <Yts<<..., and use the
2 : ,

notation ,
Au)=(3) T+ 1,0,

then | o

r(%)r(kﬂ)_

SALT AR
r il
(k;+ 2) |

Ff(—;—)r('kn) ! |
g)=———5 J/\Hl(t)dt.
Mivn-Teh Cheng [2] has shown that

1
r(;)r(kﬂ)

N ‘l .
G= max g(l)=————7—| A L (dt>
0< L<oo nI‘(k+-g.) j ket () ’

r(%)r(u 1) [/\

- : nF(k+%>

iy ]
g(E)——“—.‘/\H_;_(E)

so that

e I‘(%)I‘(k+l) | \Gr(k+%)'
ki :rI‘(kTi-%) T'(k+1)

*
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5. Our next example is

p=e, 2>0,
so that

N Qfm_,xsingt o
=— e 2 df, .
kg(é) | .
and ' f
2

g'(t)= e~ cos (1 dt.
o)

b8
It was shown by P. Lévy and B. Kuttner [4] that g.’(g)~> 0 for 0<<A <2
and fot all §. It follows that g(g) is non-decreasing when 0 <A < 2;
‘integration by parts yields

w0

g(é)='f(1—gx.§§)Llﬁ‘c°s” exp <;f2§)aif

2
P u
Hence

1-cosu L '
—— du=—, as { T oo;
2 2 !

ﬂQTf

O

so that the transform

= sin vt

>

1 1%

‘exp(—‘v)‘h)‘w),' B0, O,<k<2

does not present a Gibbs phenomenon. On the other hand it was shown
by Kuttner [5, § 3] that there is a Gibbs phenomenon when A>2. To
find G we must consider the zeros of &'(¢)- 11 is known [6, vol. 2, pp.
257 and 69] that if A=4,6,8,..., then &'(C) has infinitely many real
zeros and no imaginary zero. For any other A>2, g'(t) has only a
finite number of real zeros. ‘ -

6. We now consider the example

L .
.Sinu

o) =2 di= -2 8i (1);
b4 7 T
so that .
2 sint
)= -——:
n ¢

' clearly the cbndition (1.5) is not satistied, and the transform (1 1) is not
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regular in this case. But (].2) exists, in fact

L 2a
T h, H)=—"N" - Si (nh) sin.nt,
(h, f)=— ; (nh)
and, in view of Si(x)=0(1) the series is absolutely convergent for h > 0.
Furthermore ¢ (oo) exists and is =0.

We now have

: P o . S y L . h i
'Sinh=f sin u duzfsmny du_=£— f‘vsmn‘ydy:
mo & % YV 2 4§y

so that. -
h

2 @ (sinn n 2 wsinat (n {sinny’
T(h, t)=;r§1;f Ysinntdy==3$ (——J ydy):

T 1 y

sin nt sin sin nf sin ny dy—

(= - t)———Ef

=_—(n—t)—— B 2

Ty ¥ 1 ny

termwise integration bemg perm1551ble as in a sxmllar case in Hardy and
Rogosinski [3, p. 178]. Now - :

o h B
2 f 1 & 51nnt51nr§ydy;

T sinntsi ; i Sin—12—(t+y)~.
iw;—l og —[——— <0 for 0<t<n, 0<y<a,
BERRRL 2 "‘sinEIt-’y[

hence T(h, t)'-»%(a{;t) as h»0, and T(h, t)<%(st—t),

so that T(h, ) presents no Gibbs phenomenon.

7. The function
—1

te
(P(t)= 1 —i <P(O)=1:
-

defines Lambert sumability. In this case

2f°° te” singt 2f°° @t
= — 2 dt=—| sinlt MYe " di=
g(©) <] 1o 1 % Gt Xe

0 1

2 = 1 1 1 1
== —of - -=1,
ﬂg‘l‘: {1—6_2"3 2ng E2}
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hepce
! x o1 11y (x- 9)'e* +x +2
) W} S S SO , )
gk2~n)i= = 2} xE—) el sy
Now \ '
8 ()= 2{—‘;— <510 for x>0,
¥ (1-e7) ‘

hence g({) is monotone increasing, g(eo)=1, so that Lambert summabi-
lity presents no Gibbs phenomenon.

National Bureau of Standards at Los Angeles
Dated: October ‘24, 1950 and
: . University of Cincinnati
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