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APPROXIMATE VALUES OF TRUE ANOMALIES
OF QUASTICOMPLANAR ASTLEROIDS IN PROXIMITY

J. Lazovtd

We have exposed 2 new graphical-numerical method of determining of
approsimate values of truc anomalics, corrcsponding to least distance hetween
two elliptical orbits with small mutual inclination, This procedure is espedally
convenient in the case when the number of pairs of quasicomplanar orbits of aste-
roids is great. It is applied to the pair of ,,our® asteroids: 589 Croaria and 1564
Srbija, which hus made possible the comparizon of the results here exposed with
those previously obtuined by another method.

The problem of the determination of approximate vzlues of true anomalies,
necessary if solving the proximity of elliptical orbits of two celfestal bodies, appears
in the gencral case as well in the case when the two asteraids perform a motion
almost in the same plane, (1). F. Simesdied has shown the way of obtaining ap-
proxumnate values of ecceniric anomalies for quasicomplanar asteroids in proxi-
mity, (), by use of a graphic, which is similar ta the idea of Radau's diagram for
the solution of Keplet's equation of planctary mation, (3). The problem of deter-
mining the proximity being considered in (1) by means of trus anomalies, we have
tried to obtain a corresponding method for direct detcrmination of necessary
approximate initial values of those anomalics.

1. In the general cuse of eliptic motion the equation which determine true
anmmalies of points of orbits with least reciprocal distance can take the form, (1}
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Qnantides on right-hand sides of equations {2): A.. By, Gy, Dy, Fi, Gy, Hi, Ky
and 5; depend on orbital elements of two planers. Needed true anomalies v, and
,, which reptesent the solutions of system {1}, are found by successive approxi-
marions, starting from approaching values for the two orpis: ¢, and o, which
are sufticiently close to searched ones. After 2 numerical corrections we find the
values of true anomalies

— A =y - —— . - ] {
B =T iy 1 ATy and 5 = Y an T A% 3

which satisfy svstem (1) with sufficicnt accuracy, Numerical corrections of true
ancmalies are found by means of formulas
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in radians, In this way we obtain, with approximate initial values and two nume-
rical corrections, nexe values for the solutions

vy =0, FAv, +AY, =2, +An,, 5
(3)
Taw = Tag — ATy ~ Aoy =wy, — &2,
[niroducing symbols
§,=D,cosp, — G,sine, + K,c08 25, —B,sin2v, o i
. 2 fes1,2 ;
wy=2»MA,cosy, — Fsine, - H eos2e — Cysinley, 4 -
partiz! denvatives, for (4), are expressed by equations
_f;:l =0, slne, + v, cos v, + 5, cos v,
o Foomn— W, .
&y, = Vicos v, — W,sin o),

e B, sine, 1 wcosy, + 4, c08E,,

2. We can expect, for approximase values of true apomalies v, and o,
to be relatively close to values of true anomaiies of one of two relative nodes, cor-
responding o the intersection of orbital planes of a chosen pair of celestial hodies,
“This fact help us for the choice of initial valucs, for which we take those corres-
ponding to differences smaller in comparison with true anomalies of relative nodes.
The determination of initial values for guasicomplanar orbits of asteroids, we
are conccrned, can be drawn in the precedingly expased wav. (1), but also In the
next one, we shall explain here. It is particularly convenient for serial work, if
a sequence of pairs of groups of quasicomplanar asteroids is given, (4), (3).

Two astervids, moving in unperturbed quasicomplanar orbits, have, in
positions of least mutual distance, approximately equal helivcentric raudii-vectors
and longitudes: r, = r, 3, = &, We shall ke cqualities, instead of approxi-
mations, as in the case of the intersection of orbits,
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where w; — 5y + ey are the longitudes of the perithelivns, and indices £ — 1, 2
coerespond to the tirst, resp. the second orbit, Solving the two previcus equations,
with two unknowns, v, and 2, should lead us to the sought solution, supposing
that orbital élements of asteroids are known,

With symbols

PP — P (10)

™= P — T, (113
(9 becomes

S (12)

1t we climinate from (8) {irst o, then v, vusing (12), and having in mind (10} and
(113, we get equarions

g, Cos - L8l e, = p, (1
g, COE T, — L Sin v, — p. s
where
gy — € B COST — & B, I — £ P SINT, } 4]
o= £y -0 fr G TT, fp ==&, £, 51 %,
Putting
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equarions (13}, after dividing the first one by ¢, and the second by ¢, get the
form

¥, = x Cosw, — sinT,.

: (16}
¥y = ¥, CO8 v, - SN,
With symhbaols
; r 1 o
E=2==, wm=5
q, a5 i (17
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equatinns ([3) can be written also in the form
A= 'r:1 cos (907 — ?"I.J — sin (907 — =], (18]
gy = E, cos {90° — &) -+ sin (90° — =) )



The question if we shall take, for svstem (13}, cquarions of the form (i6) or
18}, depends on the values of p and coefficienrs (14)

3. Equations (18] und (18) are of the form
¥y =xcosv | slne (19

We can draw a diagram for this equation, when v varies from 0° to 360" in equi-
distant intervals. The ides of this diagram is similar to the Radau disgram for
solving Kepler's equation of planetary motion. It is symmetric with respect to
coordinate axes and coordinare origin, ¢ varyving from 0° to 360°, To every value
© corresponds one straight line given by equation {19), énd the set of these srraight
lines represents our diagram, by means of which we can, conversely, estimare,
with given & and ¥, approximare values of wrue anomaliss we need. For every
paint, say in the First quadrant {x, ), we shall have mwao values of v ¢ and o7
for there exist two polnts of ,intersection™ of the pair of quasicomplanar orbits
of the asteroids, For one of them we can expect corresponding proximity of orhits.

Meeded diggram can be drawn at g sutTiciently prear scule, only for the firsr
quadrant, owing to mentioned symmetry, Use will be made of this unique dia-
gram for every considered pair of guasicomplanar asteroids, which was not the
case with graphical determination in (1), S0, for a point Ox, 1) in the different
guadyants, approximate values of true anomalies for an orbice are found by the
schemas

(Juadrant X y o
I =0 =0 i o
IT < 0 =0 180" — " 1RO — o
II1 < 0] <} 3607 — o 607 — o
v = 0 <2 ) 1807 — o™ 130°% + o

We ohram, from (19}, equations which determine the cnvelope of the system af
p-srraighr lines
Flz, v, vy =xcoss —y +sing — G
oF ) 20
— = — xsinv - cos v =10,
]
of, in parametric form
X =g ¥ = Couec o (a0
T'he condition beinpg always fulfilled
=l o A R
there are no singularities, and the envelope is 2 hyperhola
¥ yres ] (22}

If peint (=, ¥) 15 more distant from hyvperbola (223 and coordinate origin, the de-
viation between g-lines grows, which allows more precision in the evaluabon, from
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the diagram, of the needed initial value of the true anomaly. In fig. 1 s given the
idea of the disgram for graphical determination of approximare values of the troe
anomaly, corresponding to equarions (160 or (F8); for the latmer 1t s easy 1o take
the value, obtained {rom the graphic, as the value for 907 — o, and then find
the oy needed, as we shall see from next cxample. On Dz, 1 we have 1 e — 0,025
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for erthogonal coordinares, and v-lines are drawn for some choosen values, Thers
are some technical difficulties to give here the whole dizgram ar the scale | mm —
—= 0,00 of the value of orthogonal coordinates in the first quadrant, of which we
have made use for the effective application to a given pair of asteroids, but we
shall give for it corresponding parts of the diagram. For those parta of the diagram
which contain mutually closer lines. as for the lower left part, one can draw, on
millimetre paper, the domain at a greater scale.

So we first form numerically, from given orbital elements of the quasi-
complanar pair of asteroids, the svstem of eguations [16) or (18], and from those
rwo we choose the one which corresponds to less values of orthogonal coordinates.
We can cven form only respectively one of the equations of the two systems, for
we can make use of equation {12, from which we obtain the second needed ano-
maly, if the first is given by the disgram. which gets a further reduction of the
computstion, Secend, from the equarion determined, of the form (19}, with coor-
dinates (x, v7 from the diagram, using given schema for the quadranr, we estirnase
true anomalies.

4. We shall apply now the method of determination of true anomalies o
asternids previously considered, (1), with crbital elements alreadv used, which
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will allow us to compare the resplts ontgined by the different procedures. e wilt
be the quasicomplanar pair 389 Craaro and 564 Sebia; fur the first asteroid
we shall use index | and for the second one index 2. We obtain for them
from (1}:

e, = 00308,  p — 3.1295, e, — 0.2116,  p, — 3.0082;

and using (18] and {I1) we have

»— — 1213, n — 127686,
5o that in our example equatinns (13) become
0.5263 cos v, + 0.1454 sin =z, = —- 1213,
0.5454 cos v, | 0.0263sineg, — — 01215

Corresponding cquations {16) are
— DB = 3.620coso, - sinw,
4612 — 2073 cos v, sin vy,
and equarions (18} are
- 0230 — 0.276 cos (907 — .1 + sin (907 — o),

i : i (23
(.222 — 0.048 cos (907 — o) — sin (90" — v,). 23
Comparing the lust two systems of equations, we coaclude that system (230 s
mare convenient in Finding approximmate values of the proximity of true anoma-
lies, because of fess corresponding numerical values, From [23) we obrain the

values of the coordigates
£, = 0L.27h, N, — — (1230,
£, — 0.045, e LR,

By means of the positions of these twe points in the diagram of v-lines {at the
scale 1 s = 0,001, with intervals of 17 for true annmalies) we find, due w the
form of the arguments in {23 and the reduction of the positions of points to cor
responding positions in the first quadrant represented in the scheme given, these
possible approximate valees are (fig, 2 and 3

wi? = 113:.2, 'Lf%? - |[}5':':.{3; (24)
ul 27206, v, = 259%.9,
S, € g, we have computed ¢ from 0" — <) = 18" — 151".8, where the

value 1517 8 15 obrained from the graphic. We could have shorten our computation
by fiorming the first eguation of the system (23] only, from which we should chtain
only coordinates £, and v, by means of which we could determine from the
diagram only ¢/ and v for the first orbit, and needed wvalues for the second
orbit can be obtained by means of equation (123: o, = 10575 and v, = 259°.9.
We see that the first vatue only differs by a unity at the firsr decimal of the value
previously obtained, which is at the [imit of accuracy and is not of importance,
especially berause we are working with approximare values of =,
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The values of the true anomalies of the relative nodes of the orbits of chosen
asterolds are

v, = 29670, o, — 28374, T, = 11670, v, = 103".4, 725)

where the first pair of values corresponds to the ascending relative node of the
first orbit relutively to the sccond, and the second pair is for the descending rela-
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tive node. The difference between these values for the two nodes 1s 1807, which
allows us o chrain essily one value from the other,

Caomparing the values of (24} and [25} for the differences of 1ruc anomalies
we obtain, in the sensc

the first point — relative descending rode: A ¢, = 272, Ap) = 2°4
-~ - v @
redative ascending nede — the second point: A v = 3374, A ¢, = 2375 128
From (26) we conclude that the walues for the first point correspond to the prosi-
mity and that it is close 1o the relative descending node of che fivst ortit refatively

to the second, here given differences being notably less,

S0 we take for approximate vaiues of the rrue anpmalies of the chosen pair
of guasicomplanar asteroids 389 apd 1364

v, = 118°2, = 1056 (27)

With these wvalues and orbital elements and corresponding valves A, Bi .

Ky 5 a5 in (1), and by means of equations {2, (1, (60 (75 (4 and (3} we find

7, = — 0.0048156, g, = OA046552;
Az, — 0°.0980, A, = 0°,002%;

v, = 1187.2980, Ty, = 1055 6028;

7, = 0.0000014, g, — — D.000000%;
Az, = - 070003, Aw, = — 0°.0003;

ey =1 14°,297%, v, = 105°.6025. (28)

The corrections of rrue anomalics being 070000 with velues given above, so exact
values for the positions in the proximity are ¢, = ¢.,, ¢, — v, Which is the same
as the result obrained in (1.

We shall give the results for the same paic of asteroids, with orbital €lements
used here, obrained by the previous graphic way with corrections from (1), n
order to illustrate with an cxample the advantages of the method exposed here,
We have had in (1):

o, = 118%6, v, = l05°.4;

£, = 0.0256062, g, — — 0.0251123;
Ag, = — 03142, Ag, =07.1909;

v, = 113",2853, r,, = 195°.5909;

F = — 00000098, g — — 0.000008Y;
Ay, = 020119, Awy, = 0°0116;

wgo= TIBE YT, v, = 105°.6025.

Therc we had also for the next corrections of true anomalies 0°.0000, so that
exact needed values were: o, = o, T, = Ty,
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I'he differcnoes berween exsct and approximare values of true anomalies
of the proximity are:

by the new methed wo— o, — 0098, v, — v, — 00003,
¢ the method (1) o, — v, = — U502, v, — v, = 0°.203,

The sums of the squares of these differences are:
here 0.000, from (13 0132

5. The methad of determination of the approximate values of true anomalies
of quasicomplanar asteroids proposed here is very useful in the case when we rake,
a3 arguments fur solving the problem of proximicy, the true anomalies. This method
is particularly efficient when computing the shortest distances for a grest number
of pairs or groups of quasicomplanar asteroids, becuuse necessary initial — appruxi-
mare data of rrue anomalies {s ohtained from one diseram, so there 15 no nesd o
draw the orbits for every pair as in (1). We can find o, only from the diagram,
and then derermine ¢, hy mezans of (12), which shortens the computation, Initial
values, obtained i1 that way, are closer to exact ones; equations (1) are sarisfied
with more accuracy, and the progess of nemerical corrections converges mors
rapidly. In the example given the sum of sguares of the differences hetween the
exact and the approximate values of true anomalies 1s about 13 times less when
applying this method instead of the prestous one. If we would compute the trus
anomalies with three decimals, as in E M. P {or the angular values of orbital
elements, our example shows that with {mital values, obtained with more accu-
racy, a5 1o this paper, it i3 enough to compure only the first numerical corrections,
which 15 not the cuse with the resvlts in (1)

*
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