
APPROXHIATE VALUES OF TRuE ANO.\\ALlES 
OF QUASiCO.\IPLA~AR ASTEROIDS IX PROXL\UTY 

'(l;-e h,,'o e~posed a new g,avhical-numc,ical method of detemlining of 
approximate ".Iues of true anom.lies , corrcsron<!ing to I .. " di".nc" between 
two elliptical orbits WiIh small mutual inclination. Thi, pro:;ednre i, espedally 
con,-cnient in the case when 'he nnmbet of pair, of qna>icomvlanar orbits of . "c_ 
roid, i, great. it i, .rrlied to the rair of "our" asteroid,_ 589 Cr<!",ia and 1564 
Srinj'a, which. h., moJe po>sihle 'he wmpon'un of the re,ult< here expo,ed wi,h 
'hose pr.,,-iou<ly obt.inN by another methoJ 

T he problem of 'he deterrnin .. ion of approximate " ,Iu", of true anomalies, 
necessary if ,ol'ing the proximity of elliptical orbi" of 'wo cele"ial bod;'s , appear. 
in the general case as wdl in the case when the two asteroids pcrfoml a motion 
alm""t ~~ the ,amo plane, ( I ) . ]. Simodjeo'il ha, shown the way of obtai~in~ aD­
proximate "alues of eec.mric anomalies fot quaskomplanar asteroids in proxi­
mity, (2) , by use of a graphic, which is similar to tl10 idea ~f Radau's dia~ram f~r 
the , nlut ion of Keplor', eq~at ion of planetar), motion, (3)_ The problem of deIer­
mining the DCO,imity beL~g oon, idered in ( 1) by mean. of tr~e .nom.lie., we ha,'e 
tried to obtain a corre<ponding method for direct determination of neeess.ry 
a~pro x im"tc initial ",lues of toc,;o . nom.lie, _ 

1. In the gene,,1 c.,e of eUiptk motion the equation which dctormin~ true 
anomalies of poin" nf orbi" wi,h least recip,ocal dismnce can take the form, (1), 

j(v" ",l _ V, sin t', 

K{t',, ~,) _ V,sin ", 

W,cQS V, i--,,'in v, ~ O, 

W , 00' v, - ".in v, - 0, 

~ K, .i n 21', - H, cm"',. 

J. H, sin 2 t', - C, ,'r:»' , , 

I 0) 

(i _ 



Qn.nrirtes <HI rig!u,hand ,ido:, of "'IW.'iCM (2): A" B" C" Do, F" G" H" K, 
""d -'i dq><:r\d on OIt-i, a] elemenlS N 'wo riane11 ~ceded t.-u~ a.1onu.EU ", ,md 
"" whi~h rep!~""nt the ,olution, of 'y'tcm (]\ ~r. fou.nd by $uccmh'. ~p~ro~i­
m~rio"", .,~rt'ng: from apptollohil1£ ,'~lu!S fcr the tWO crt>i", ~, •• nd t '", whi~h 
a,t rul":'<cicnd)' <'.<;o;<e 10 ... a.-ehcd U/'In, Af,<'r I. nUm<rical ClI~ ,,"<" f bd tM 
,-..k os (:of true .nom~l i., 

,ruj 

'" which $;It;, f)' .)"<1<'" (I) with .uffiCicnt ltOCl:r;c),. Nu~rical c"Ilrrecti()n, of trUe 
.n,""aloes Irc found b)' mean. ",,' formu~ 

;i., f~'l (i." - 11. , I;., .... , 
-" ", "'" '" T --;-- ~,-,-

", (0."1,,, ro." "I ("- 1) "" (0-\ , 

1 .. ,&.', ' ''I) - I~J~, ' •. ,. 
-"" -. - - --- .--.----'''''! J' ' J.' ' 0, ' .. " 10, /0." - 0, {H i I" ; •. IJ 

(It .: 1,2, 3, .. ) (' l 

in raili.m •. In lhi. way w. ()bl.i~, with ap ~ roxim'l< init"'! , 'alue. and t,.-o "u,~..,­
ricll "'I,rectiOn.!, nexl , ... 1_ for ,!le .ahnioo. 

C'u .: " " + ;l c'" + ... t'" ... "" + :). '-,.. I 
v'" '" t·" - .l~,. - .l ~" =- ~" - .l ~". 

In<rodw;ing Iymbol! 

e, = D, ro. ... , - G, 5in ", .j.. K, rn, l c, _ 8,.in 2,.,. 
", - A, ~"" r, - F, sin ~', .,. H, "'" 2 tJ , - C"in 2t" 

!'Inial den>"" ,,",,", fOt (4), SI"<" ~~p= .. d b}' rqUltion5 

I;" - 0, sin ~' , + v, ~'" ~', + I, eo, ~" 

r,'1 - V, COS ". - W, ain fO" . ,' '"" g., = I cos ", - >t'. IOn ~" 

4, - e, ,In ", ~ ~. Gal ", T ' • ...,. ~., 

"l 

(, -, 1,2) I 

"l 

2. \1: '. can <:~pect, fh. app.ru<im.,e values of "ue .nomlli .. ~'" and <'" , 
10 be .el'lh~I)' close 10 .-alues. of , .... InOfT.3liC'$ of <me of 'wo rdat;'~ no<!es, Cor· 
r •• ~on<ling ' Q the inte"ecri,m of orbi",1 pl.n •• t>f a chOl-en paj, of cdesl;.l b<J..1~ . 
'fltis ract help us ro, the chOice of ,nitUl , .. luco, fa. which we take those ~Or'<s· 
poniliJ1g '" d;'/fcrenc", ,m:oJle.- in o»r.tp2rioon ";Ih tIllC anor..:o!its of .ewi,." rlQdes. 
T he de,ermin.tion of initial v.luc, foe qu",icOO\plan~, or"ilS of all.mid" wc 
,.re roIte<:mcd, ''''' ~e d .... w" in the ~:oece<lingi)' exposed """ ', ( I ), hut OWl in 'he 
nen onc, W! ,~.ill •.• pld;n h •• e , 11 i, r>3nicul~lly ron,~i'-""I for ...no] ...-Ott. if 
•• cqucn,"" of p.i" or groups of qu~s jcomplana. altemid. i, ~i\"en, (4) , (5) . 

T,,,, u,eroi:it, mo'in: i ... unper,urbed "",,-,icomplonn orbi,s, h",~, in 
po-s it'.onl of Jean mumal dista nce, . pproxim~tel)' <qual hel~n<r;e r-.odii·,·e<:tln. 
and IongimJea: ', '" ' •• i., ... A,. \x'-·e S!lll! take equali!i<', inStead of aprfOxi. 
matiom. 3S in ,he ~ of ~he in~ersecrioo of 0I'\);ts, 

.. 



" " ------
1 -I <, """ v, 

------ , 
1 -r e, C,," ~', 

(9) 

where TO, _ u , t- w, " rc t he I()n~;tud~, of the perihelion" anu indi"". i ~ 1, 2 
corro,pond to 'he ,i,,,, re,p _ the ","ond orbit . ",,]ving th~ 'wo pr.d~us equa,;on" 
wi, h tWo uo);nQwm, v, and v" shQuld lead us to the . ought , olu,ion, supposing 
(har orbi,. l ' lorr.cnl' of ",\"rDid, ar~ Known. 

""ith . ym bols 

(9) becomes 

(l0) 

(J I ) 

(1 2) 

If wc el iminate ("rnl (S) fir" u" then v" using (12), and having in mind ( 10) "nd 
(11 ), '"'" get equatiQIl8 

wher< 

Putting 

q, co, v, T r, sin t' , -" p, I 
q, ct>. v, - t , 'in tJ, ~ p, 

q, ~ t , p, cos r. - ., p" 

q, - '" p, - ' 1 p, en, It, 

" x, ~ , 

" 
" x, ~_, 
'. 

! , ~ '. p, ,in ", 
t. _ e, p, 'in " . I ( 14) 

( 1.\) 

equadons (13), ofter dividing the firs t (lne by I" and the ,econd by t" get the 
form 

With symbol, 

y , _ x , eilS C' , - ' in " " I 
)', _ x, CD' C', -'- ' in ~'" 

" !, 1 
~j - - ~ -, 

q, x, 

- " ~, - -= .. , 
q, x, 

equoti~~, (D; con be w';tten al,o in tile form 

~ , = ~ ,coo (9'Y - v ,) - ,in (90' - v,), I 
~, = ~,co. (90' _ ~',) -c 'in (90 ' _ v,) . 

( 17) 

(1 8) 



T!le q~.stion if we <hall take, for sy'tem (13), equation, of the form (16) Or 
(lS), dq:<:nd, Qn the values Qf p and coetTicie~" (14), 

3. E'luatio~, (16) anJ (18) arc of the form 

y-xco,,, I ,in~, (19) 

We con Jr,w a diagr.m for ,hi, equation, when ~ ,.,.rie, fmm 00 to 36()' in equi­
dis,.,lt interyah. The ide" of thi, di.gram ;" similaT to 'he R.dou diograln for 
sohi~g K~pler" equation of plantlary motion. It i, symmetric with ""'pcet 10 

Lootdinate axe, .nd morJina,e orig in, ~' ' ·.'),ing from 0' IQ 360". To evc,y v.luo 
"rorrOClpC>nd; on< "r.ight line giv~n by l-quation (19), ~nJ the ,et ofthe,e "roigbt 
hne, repre,en" our Jiagram, by mOan< nf which we <'on, com'erSeI\', « tim.,e, 
"""h gi, en ~ an.j y, approximate v. lu<:s of lrnc . nomalie.s we nced: Fat o,'or), 
point, ,ay in the first qu,Jr.nt (x, y), w~ sh.ll have 'wo value, of~': ,I and v"; 
for ,he", exist two point, of "inters.ction" of the poir of quasicomplon'r orbits 
of the asteroid,. Fot on~ of 'hem we can ~Xp"CI corresponding proximity of o,bits, 

).;eeJed dbgrJITI can bt" drawn at a ,ufficioIl!ly great ,eole. only for the fim 
quadrant, owing to mentioned symmetry, U,e will be maM of Ihi' unique dia­
gram for . ".ey con' idered pjir of quasirompl.n.r a>leroid" which was no' 'he 
co", with gr>phiC",,1 d"t~rminatio" in (1). So. for a point (x, y ) in the Jiffen'nt 
q uoJl'.nt<, 'pproximate value, of ,rue anomalie, fo, an or!:i, ar~ found by lhe 
, chem. , 

QuaJrant , , C , 0 >0 c 

n 0 >0 180" - <' 
.. ., 

m < " <0 360 ' _ v • 

" "> " <. () 180" - v"' 

W. obrain, from (19). cqu>t;ons which Jetermine the ctl"dope 
v ·strai~h' lines 

F(X,y'o~ = re""V - Y-!.'i n v ~ o, ) 

_ _ x,inv + ros~' _ O, 

0.. 

0', in parametric form 

y = c~,ec L·. 

'Ine condition being .lway, fulfilled 

thero "re no ,inguiarili"" , "nJ the en,elope is " hyperbola 

x' - y'~ - l 

t·" 

ISW _. .. 
36(Y - v .. 
1$1I° +<> 

of the ,y, tem of 

(20) 

(~ I) 

(n) 

If point (r, y) i, more distanl from hyperbob (22) and c()ordill~te origin, the de_ 
viation between v·linc, ~rows, whi"h ,110> .. , more prtci, ion in the e,·. lua,;oll, from 



the ilia<;ram, of the needed initial ".Iut of the true anomal;'. r n fi~_ I i, gi,-en the 
,dea of the di'gram for graphical dctcrmulJtion of arDro~ima(c .alue, of the true 
anomaly, c"rre'p(mding to equations (16) Or (IS); f~r tho lotto. it i, c~sy to take 
the value, GbtaineJ from me graphic, 's the ulue for 90"' ~ c'" and then find 
the <', neeJed, >, ","e . h"11 ,ee from next cxamrle_ On fig. 1 we have r mm _ 0,025 

y 

1.000 

o· 750 

0.500 

0·250 

o 0.375 0.750 1·250 2 ·250 

h o. I 

for orthogonal coodina,e" . nd c' -lines are drawn f", ,ome choosen '''lues. The,." 
a,e ,ome technic.l difTirultios to gh'e here the woo[e diagram at me ",.10 I mm -
~ 0,001 of the value of onhogonal ~oordin.te, in the first qu.drant, of which we 
hlVe Clade me for the offeaivc .pplication to a gi\'On pair of astoroid" hut we 
,h.1I gi,'c fo, it corre,v>nding pan, of the diagram_ For those pan, of the ill.gram 
which ~ont.in mutually do.er lines, a. for the lower left p.rt, one Can draw, On 
millimetre paper, me domain at a greater ,cale. 

So we first form nwnericaUy, f",m giv"fl orbital elements of the quasi­
c'Omplana, pair of asteroid., the system of "'luatioc., :16) or (l8). and from tho,e 
t"'O wo choo," the one which cOIT",ponJ, to I .. , ",lue, of onho;ronal coordinates_ 
\'\:e can oven form only r"'pective1v One af the equ .. ion. of the two .y.-rem., for 
we can make u.<e of equation (12), from which we obtain the , emnd needed Ono" 
maly, if the firSt is given by tho diagram, which gets a further reduction of the 
C<)mp"tation. Second, from the equ.tion determined, of me farm (19), with COOr­
dinate, (x, y) fwm the diagram. u,ing given schema for the qu.adranr, we e"ima,e 
!rue .nc1':'.aiie,. 

~. ~'e ,h;.ll apply now me memod of detennination of rtue anomalies to 
.Steroic. p",,~ousl)' considered, (1), with orbitol elements .lready used, which 



will allow us to <omplfe ,h~ ,",ul" ()i1,,,i~ed by 'ht diffef~n' pm"eclure,. It will 
h. 'he quasic()fipl,nar pair S~9 C,o~tia . nd 156 .. S,IJUa, for , he fir ... a"e", iJ 
we <hall llSe ind~~ 1 and fnr ,he second onc index 2- W~ oh'''in i"r 'hem 
ftom (1) : 

e, _ 0.0398, p, _ 3. 129S, e, ~ 0.2\16, 1', - 3.(1082; 

and usin~ (10) ,nd (1 1) we I,",'~ 

p - - 0. 12lJ, ,, ~ 12 ' .M6, 

'0 tha, in ou r example eq~atinn' (13) hecome 

0.5263 co, <', + 0.1454 ; in ~', 

0,5454 co, t', 0 .0263 , in <', 

- - 0.1 2 13, 

_ 0.1213. 

Corresponding equation, (16) ar~ 

0.834 = ),620 co, <', --'- ,in v,, 
4,612 _ 20,7J8ws t', SIn C'" 

"nd equ"[ion, (18) are 

0.230 - 0,276 ~(J' (90' 

0.222 _ 0.048 "" (90' 

- v,) -r ' in (~:: - v ,), I 
- v,) _ 'in (90 - v, ). 

(23) 

Comp"ing the b" tWo .'l'"em, of equations, wc co:ldudc tllot 'nt~'" (23) i, 
more conven ient in fi ndi ng approxi:1'"l[e "alue, of the poximity of , rue "Hom.­
lies, bco"us~ of k~' mrr.,,;ponding numeric.l values, From (23\ we obtain the 
,,"lues of th~ coordin"e, 

'.:, = 0.276, 

;, _ 0,048, 

~ , - _ 0.230, 

~ , - _ 0.222 

By O,e"n' Ll: [he ~o'ition' of th~sc 'wC) poin ts in the diagram of ~,·jjne, (at the 
"ale 1 mm _ 0,001, wi,h in,e,,'al, of l' for true annrnalie,) w~ find, du~ tu th~ 

form of til e . ' gumen" in (23; and the reduction of tile pooitiom of poin" to cor­
responding IX',iti(1n' in the fi '" quad ran' represented in the " Iletr,c given, the,,, 
p,,,,ible approximmc ,',lues are (fig, 2 .nd 3; 

v;o - 118°,2 , 
v;; _ 212".6, 

105°.6; 

259".9. I (24) 

So, ~. g ., we ha,'e computed ~';a ftom 90" - ~';, = 18)' _. 15r'.8 , where ' he 
v"lu~ 151 '.S i. obmined from ' he graphic, \Ve C<luld ha;'c , horten ou, eomrun,ion 
by formin g 'he fim equation of the ,),t£ffi (23) only, from wllieh w~ ,Ilould obtain 
only eoordinates ~ , and ~ _ , by meam of whicll wc could determine from the 
diagram only t';, and v;~ for tile fi"t orbit, and needed value; fur the ,~cond 

orbi' can be obt3in~d by rn""n. of equation (12): v;o _ 105'.5 and v;; _ Z59°.9. 
We see that the fiTst ,".Iue only ditre" hy a unity at the firS' J"'--llnal of ,~e v;lue 
pre"iou,l)" obtained, which i, at the Iim;' of .CCUT"-,· and is no, of im?<lttan'::e, 
~specially beca~," we aT< working with approxima,e value, of ~, 



11 0.230 

:; - 0·276 

'1 - 0·222 

~ 0.048 

Fi • . l 

The values o[,he ,rue .nomalie; or the rda!i,.., nooes of the orbits of cho,"", 
""croids , re 

<', - 296".0, <', ~ 283'.4; r', _ 116'.0, v; _ 103 ' .~, (25) 

where 'he fint p:lir of ,",lue, <;orre.ronds to the as<"nJing rel.live nooo of tile 
fin! orbit re]',i"el), to the . econd, ,nu the second p ir i, f~r the M,cending ,elo-



ti," node. The difference between th,-". Yalue, for the two nou", i, 180', which 
.110'" uS to ob, .. in ea.ily one value f rom the other. 

Comparing the '-alues of (24) and (25; [0' the differences of true anoma lies 
we obtain, in the ,emc 

lhe fim pOUl! _ ,elat;'-. descending no,k : "" t'; = 2",2, ..1,,; = 2 ° ,~; I 
rd,,;y •• =ding node - lhe •• cond point: ,." v, _ 23 ' .4, ..l v, _ 23 .5. 

From (26) we conclude Th't tr.e .. ,lues for the firs t poim corre, pontl to rh vroxi­
rnit" ~nu that iI is close IQ the rel.t;"o descending node of the fim orbit ,dmi,'"]Y 
to the ,econe!, he,e giyen cliff.cone., "'in); not.bly les" 

So we take for .ppr~xjm.te value; of the true anum.lie, of lhe cho",,~ poir 
of quosicomp lanar ~'l eroid, 589 and 1~64 

" " = !O5 .6. (27) 

"" ;1h the,," ,.,,] ue, .nd orb(ai elements and corr.spondin~ "ok'" Ai, B,,_ 
K" .I, ., in ( I ), and by meat.s of equations (!~, ~1~, (6), (7), (4) ,md (.1) wc find 

/ , = - 0.0048151i, K. = O.{):!~65~2; 

..l "co ~ 0'.09S0, ..l t '" = 0" ,OO2~; 

~'H - 11 8 .29&0, 

j , _ 0,0000014, 

..l<'" _ - 0' .M 3, 

<'" _ 118°,29,7, 

~,, _ l05° . 1i02~; 

I, - O.I)OO()(()9; 

..l<'" _ - O'.M3; 

105 .6025 (28) 

The corrections of uue ano:nalics being O'.lXXXl with ,""lues gi"m alx);'e, "'" eXJct 
,·.lue, for tr.e po,itions in the poxi:nit)" or" ", ~ ~" . L', _ c'", which i, 'he ':L"'" 
.. 'he r""ult obt.ined in (I) , 

We 'hall ~i',;e tr .• re,ui!s fo, the ",me pair (\f . .. "mas, wi,h orbi,.1 elmlen" 
used hore, ob,.ined by the pre. i,'U< graph',e way with corrections from (I ), in 
order to il!u"rotc with on cx,mple t~e ou,-,ntage, of the me,hod """,seC: he!,e, 
We ha,'. h.d in (I ) 

, ' " _ 118'.6, 

/, ~ 0.0256Ct62, 

£\ ~'" = - 0',3142, 

!18',28~8, 

- O.0CJ0(()98, 

..'I C'" = 0°.UI19, 

~,,= IIS ' .2977, 

t'" _ 105 ' .4, 

_ 0.02~1122, 

:J" .", _ 0'. 1909 ; 

<'" _ IO~ o ,~()()9, 

g, - _ 0.0000089, 

..l "'l _ 0°,0116; 

~'" _ 105°.6025. 

There we had ']'0 for the n""t co,"~c~ion' of nue anom.ljc, 0 .00Xl, .0 that 
exact nceded values were: <', _ v"' "', - "'" . 



'['he differonce, h<tw~en oxOc't anci apprnximate y.luos of true anom.lie, 
of the proximity ore : 

O· .t198, ~, - v" ~ 0",003, by !he new method 

by the r.\eth,,~ ( I ) v, - "" _ - (1",302, C', - v" _ 0°,203, 

'rh~ ,Ur.\S of Ihe .quare, nf the .. difference. a,e: 

here 0.010, frOr;] (1) (1,132, 

5, The methnd (lf deIerminatioll of the approximato valuos of true anomalie, 
of qu.,icomplanar .,teroids proposed here i, very useful in 'he co", when we Ilke, 
os argu;r.ent' f, ,, ""Mng the problem of PfQ~imi'y, 'he true anom.lie" This mothO<:! 
i, p.rticularly effi,ient when ~amputing the shoneS! disIln"" for • greOI numher 
of plir, or group< of quasicomplanar ."eroid., becau .. nece,sar), initial _ apprmi­
mato d.u of n',,' anoma~", is (}I)t.ined from One di_gram, '0 there i, no nttcl to 
draw 'he (}rbi" for every pair as in (1). \"lie t.n find v" onl), from th. cliagflm, 
and 'hen de,ermino v" by moons of (12), which ,honens thc computation , Initial 
Hlue" obt,inccl in th., way, ore closer to exact on .. ; equotions (I) at'<: saIisfied 
wi,h more .ccmao\" ond the process of nume'ical correction, cOm'crg03 more 
rapidly, In the example given the ,urn of ''luore, of the difference, hetw."" 'he 
<xoet and th< appro,ima<e ,".luc, of tr~. ,nom,li"" i, .bou' 13 ,ime, le", when 
applying this method in'tead of tk pw!iou, une, If we wuuld comru,e 'he true 
onom.I,,,,, wi,h 'hf'~ dccimal" ., in E. AI. P. f,Jr ,h. angular ,'alu"" of orbital 
elemrn", our example ,how< 'hat with ini'ial valu"" obtained with mof' axu­
rac)" a' in ,hi, pap"', i, i, enough IQ compme only 'he fi rst numerioal corr. ",ions, 
which i, r.ot the ca.e with the resul" in (1) , 
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