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Summary. Presentation is given of general method of the calculus of proximity of elliptical
orbits, with the eccentric anoma ies as basic variables. Equations are derived for the determination
of points at the minimum mutual distance, irrespective of how great is the angle between the orbi-
tal planes. These equations being transcendent, their solution is performed by themethod of suc-
cessive aprroximations. One proceeds thereby from the approximate values of eccentric anoma-
lies, which are fairly close to those searched for and their successive corrections are being deter-
mined. The procedure is very effective and suited to the serial investigation. It is illustrated by
some examples of minor planet pairs.

J. Lazovié, ODREDIVAN]JE PROKSIMITETA ELIPTICNIH PUTANJA NEBESKIH
TELA POMOCU EKSCENTRICNIH ANOMALIJA — Prikazana je opita metoda za raun
proksimiteta elipti¢nih putanja nebeskih tela sa ekscentrinim anomalijama kao osnovnim promen-
ljivim. Izvedene su jednacine za odredivanje tataka s najmanjim medusobnim rastojanjem, neza-
visno od veliine ugla izmedu putanjskih ravni. Zbog transcendentnosti ovih jednatina, one se
refavaju metodom uzastopnih aproksimacija, polazeéi od pribliZnih vrednosti ekscentri¢nih ano-
malija, koje su dovoljno bliske traenim, i odreduju se njihove uzastopne popravke. Postupak je
vrlo efikasan i pogodan za serijsko ispitivanje, a ilustrovan je na primerima parova malih planeta.

In a previous paper of ours we derived formulae for the position determina-
tion of roints of the least (proximity) distance of two celestial bodies, moving in
elliptical orbits, using their true anomalies (Lazovié, 1967). It was then an easy
matter to calculate the proximity distance itself. In applying these formulae to the
minor planets we obtained very interesting, in our view, results (Lazovié¢, Kuzma-
noski, 1978, 1979, 1980a, 1980b, 1981).. Sitarski (1968), too, derived the formulae
for the calculation of the minimum distance between two heliocentric orbits.

The solution of the proximity problem by way of the eccentric anomalies
has been treated by Lazovié¢ (1964). However, as these results were not easily acces-
sible to the broader public we are going to present them hercin. Meanwhile signi-
ficant contributions, dealing with the proximity determination have been realited,
which will be referred to later. Through them the solution of our previous equa-
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tions for the proximity posmons has been facilitated. These equations will be now
derived differently than in Lazovi¢ (1964). Simovljevitch (1974), too, proposed a
method of the proximity determination by means of the eccentric anomalies.
Suppose two celestial bodies j and k, considered as material points, movmg
in elliptical heliocentric orbits with known elements. Then the heliocentric posi-
tion vectors of these bodies as a function of their eccentric anomalies E; and E;

ri=(cos Es—e) A¢+sinEg By,  iaj i (n
Ai=aiPi, Bi=bQ; [Pi|=1, |Qi=1, (Pcm) 0,

| A¢|=ay, |B;|=b¢=a¢\/l—e§=a{cosq>¢, e;—smqu,} ¢))
(AcA)=A?=a?, (BiBy)=Bl=b2=a?(1—e), (AiB)=0, icjs

The rectangular heliocentric ecliptic coordinates of the vector constants P; and
Q; are expressed by the known formulae :

Pyz¢ =cos 4 cos §)¢—sin o sin (3¢ cos i,
Pyy=cos o sin §4 + sin w; cos §)¢ cos i,
P =sin o sin 14,
Qs = —sin o4 cos §)¢—Ccos &4 sin §)¢ cosis, ! 3)
Oyi = —sin w4 sin {3 +cos w¢ cos §¢ €os &,
Q2 = cos o sin iy,

i=j, k. ]

From (2) and (3) ecliptic coordinates of the constant vectors A; = {Az, Ays, Az}
and B;= {Bgi, Byi, Bu} are also easily obtained. From (1) and (2) we derive the
rectangular heliocentric ecliptic coordinates of our two celestial bodies as a function
of their eccentric anomalies

l; =(cos Es—e;) Ay +sin E; By,

X I=x,9,2, i=j, k )
If p is the relative position vector of body j relative to the body &
p=T—Tk, (5)
then the distance p between these two bodies can be calculated from its square
p? = (ry—rx)? = (rs r7)—2(rs re) + (*e T6) = ©

= (ey—xx)®+ (y1—ye)® + (21— 22)
accordingly as a function of two variables E; and Eg.
The minimum distance between the two bodies min p = pmin takes place

for min -—;— ¢2. Hence, by introducing the function

1
F(EJ: Ek') = E' st
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the equations for the determination of points of the considered orbits at minimum

mutual distance are obtained from the conditions

9 o, 2E_p
OB, OE
and
®F o*F #F )? 0*F 0*F
U=—5"'—=—| === >0, and <= jor — |>0.
o a5 (a5r0m) >0 = o5 (* )
By denoting
(/] ,
Rl='0_;f’ i=j, &

we obtain from (1)
R¢ = —sin E; A¢ + cos E; Bq.
From (6) and (5) we derive

oF : OF
f=f(Es, Ex) = E =@Ry), g=g(E; Er)= E —(eRue),

whereby the d&ignations of the functions f and g are also introduced.

On taking
Ry R,
we obtain
f},=—o%=%z—§_- =(RyRy)+ [9%}
AT SR PR (-
PR S T

—_— = e———— = = C0S E‘ A;—sin E‘ Bh | i=f, ke

)

®

®

(10

(11)

(12)

The equations of conditions (7) for the proximity, having regard to (10), (5)

apd (9) become |
£ (s, Ex) = (xy—r%)+ (—sin Ej As+ cos Ey B;) =0,
g(E;, Eg) =(ry—rz) - (sin Ex Ag—cos E; By) =0.

5
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Upon substituting in, these equations the expressions (1) and (2) and perfotmmg
scalar multiplications of the corresponding vectors we obtain:
f(Es, Ex) = (Hj + D sin Ex + G cos Ex)sin Ej + (Kj—G sin Ex—® cos Eg) cos Ej—
—Sjsin Ej cos Eyj= 0, : (13)
g (Ej, Ex) = (Hx + D sin E; + C cos Ej) sin Ex + (Kx— G sin Ej— D cos Ej)cosEx—
— Sk sin Ej cos Ex =0, ,
where the constant quantities, in view of (2),-ate denoted
C=(A; At) =aj ax (Pzj Pz + Py Pyx+ Py Px), ]
D =(A; B)=aj bx (Pag Qur + Pys Quk + Pzs Qut),
@ = (Ag By) = ai by (Pzx Qzs + Py Qui-+ Pax Qa1
G = (Bj Bx) = by bx (Qzs Qur + Qys Qui + Qo Quk),
H;= a,.2 e;—Cex, Hy=aZex—Cey, Kyj=Der,
Ki=De¢j, S3=a?e?, Sy =atél .
The coefficients (14) are calculated from the known orbital elements of the celestial
bodies under consideration by means of the expressions (3).

(14)

The equations (13) can be written in an abreviated form
f(Ey, Ex) = Xy sin E; + Yy cos Eyj—Sj sin Ej cos E; =0, } 1s)
g (Ej, Ex) = X; sin Ex + Yj cos Ex—Sg sin Ex cos Ex =
where .
Xj=X; (Ej)=Hy + D sin Ej + G cos Ej,
Xk =X (Ex) = Hj + Dsin Ex + C cos Ei,
Y; = Y; (Ej) = Kx—G sin E;—D cos Ej, (16)
Yk =Y (Ek) = Kj—G sin Ex—dD.cos Ek_.
Therefore, for the determination of the eccentric anomalies E; and Ep, correspon-
ding to the positions of the shortest mutual distance of the bodies considered, we
obta;ned two trigonometric equations (15), in their form they are equal to those
in Lazovi¢ (1964). They apply to the general case in the calculus of elliptical orbit
proximities, independently of how great is the angle between the orbital planes.
Let us now determine the expressions, appearing in (8), which we will need
later. Note that because of the notations in (11) we can have in a new form
U=f;gjg,gk—féhg'gj=f'5jg’gk_(.&k)2 =féjg'5k.-_(g'ﬁj,)2’ an
The partfal derivatives (11), because of (1), (5), (9) and (12), assume the forms
f;s = X, cos Ej— Yy sin Ej + Sy (sin? Ej—cos? Ej),

g;s,, = Xjcos Ey— Yjsin Ex + Sk (sin? Ey—cos? E;), (18)

f,}h=g}gj= —Csin E; sin Ej + Dsin Ej cos Ex +® cos Ej sin Ex—G cos Ej cos Ej.
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From above presentation we see that our basis for the solution of the pro-
ximity of two bodies j and & is constituted by the functions of eccentric anomalies

)

1 9p2. 1 0p?
> ) f fy &k ) = -— —— S
f(Ej, Ex) Y ——-o E, 8 (Ey, Ex) 2 0E,

which are vanishing for the proximity position values of E; and Ei. The equations
f(Ey; Ex) = 0, g (Ej, Ex) = 0 in the form (15) are transcendent. In order to solve
them, we expand in series the functions f and g, proceeding from the known appro-
Ximate values of the eccentric anomalies of the proximity positions Ej and Ege,

f=fo+f;;joAE; +fj%AE,,+.,.,
8=8+8g AEj+gy AEi+-- -,
where ’

‘ o (of
fo=='f(Ejo, Eko), go=g(E]0, EJCO): ijo= T;)E =P, E,=E.
'} = Egp» By ™ Eyy,

, of . 9
fE = _ 8. =
%0 \OE:) 5=, 5=, 79 {0E;) Ej= Ejo, By = Eyq,

- _[28
' gEko aEk B?'_-' E’o, Ek- Eko,

By équating to zero the first three terms in both series we get thelequations
fo+ f;?io AE;+ f'EmAE,,0=O,

(19)
& + g;% A Ey +g;gmA Exo=0,

whose solutions make it possible to find the first corrections AEj and AEyy to the
starting values of the eccentric anomalies. By so doing we obtain new values Ep =
= Ejo + AEj and Ex = Exo + AEx enabling us to derive in an analogous way
new corrections and to get even more approximate values of the searched for ano-
malies and so forth. Accordingly, by the method of successive approximations,
after performing calculations of # pairs of corrections — an operation teiterated
until such two successive approximations are performed that yield the samie value
of the eccentric anomaly with the necessary accuracy corresponding to one and
the same body — the solutions of the system (15) are obtained in the form

Ein=Ejn-1y+AEftn-1yy . Exn=Ex -1+ AEg(n-1y (20)
r,t=l?2,3,... .

' This procedure is rapidly convergent as the required solutions are, in the practice,
usually obtained after only: two approximations. The corrections to the eccentric
anomalies, expressed in radians, are furnished by the solution of the system of equa-
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tions, which is similar to the system (19), on puttmg the index (n—-l) in place of 0.
They are _

g»—1~f'z,(,_1)—fa—1 gst(’._” ,

AE’ a-H= U. n—-1

| "2 2
f n-1 g’,(’_n-— g”"l f'"(n—l) .

Un-

The denominator Uy~ is calculated by (17), taking E; = Eju-1y and Ex = Eg(n-15.
These values of the eccentric anomalies are used at calculating the correspondlng
values of the functions f and g and theit partial derivatives f,'g and gE, t=j,k
by means of (2), (3), (14), (16), (15) and (18).

The necessary approximate values of the eccentric anomalies of the proxi-
mity positions Ej and Exo can be obtained either indirectly or directly. They can
be calculated indirectly using the corresponding, prevmusly determined, approxi-
mate values vj0 and oo of the true anomalies of the proximity positions, by means

of the known relation _
E l.__e ?
RN T 22

In this, use is made of some of the procedures described in our earlier papers (La-
zovié, 1967, 1974, 1976, 1978, 1980), having fegard to whether a pair of the quasi-
complanar or non-quasicomplanar bodies is being treated. Preference is accorded
to the formulae from the three last quoted papers. The quantities Ejo and Exo can
be determined directly using the formulae developed by Simovljevitch (1977). They
are of the form

AEy(p-1y=

®R) . _(®:R)
TR ” PRy } @3)
tgLi=xi, sin(Ei+Li)=eisinls, =5 k.

It is to be noted that here the indeks , is omitted with E; for the approximate va-
lues of the eccentric anomalies. The value of Ly is somewhere between 0° and 180°
The scalar products of the corresponding pairs of unit vectors Py, Q; and R¢ can
be deduced from their rectangular ecliptic coordinates (3) and

Rzi=sin (¢ sin i,
Rys = — cos {)¢siniy,
Rz{=C03 i" ‘a’, k-

eD)

R{ are unit vectors, perpendicular to the orbital planes of the bedies concerned,

= [P; Qi]. In the paper of Simovljevitch just referred to, explanation is given
of the way of obtaunng, by these formulae, that solution which corresponds to the
required proximity of the orbits.
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The procedure of proximity determination of the elliptic orbits of the celes-
tial bodies by way of eccentric anomalies, set out here, will be illustrated by two
examples of minor planets pairs. One of pairs is characterised by minor planets
moving in nearly the same plane, more exactly, the angle between their orbital
planes is small. These pairs, or planetoid groups, were termed quasicomplanar
planetoids by our professor V. V. Michkovitch (1974). The other pair is characte-
rised by a large angle between their orbital planes, i. e. it is a non-quasicomplanar one.

To the first example belongs the quasicomplanar pair of the minor planets
(589) Croatia and (1564) Srbija. This pair is of a particular interest to us for the
reason that these minor planets are named after our two greatest federal republics,
and that (1564) Srbija is the first minor planet discovered at the Belgrade Obser-
vatory (in 1936). Moreover, this pair has already been treated by Lazovi¢ (1964,
1967), whereby the comparison of the results has been made all the easier. That
is why we are going to employ the same orbital elements as those appearing in the
two just cited earlier papers. It was with them that we obtained the angle between
the orbital planes of these bodies to be I = 0°2277. This angle can be found using
the formulae given in Lazovi¢ and Kuzmanoski (1974). By the graph, given in both
of our earlier papers (Lazovi¢, 1964, 1967), we were able to directly determin first
the approximate values of the true proximity anomalies of our minor planets,
vsge0 = 1186, v1s640 = 105°4. Thereupon the corresponding approximate values
of the eccentric anomalies Esso0 = 116°577, Eises0 = 937277 were deduced indi-
rectly by means of the above values and (22). With these values we could proceed
to the calculus of approximations according to the above derived formulae. Thus
we obtained the first corrections to the eccentric anomalies AEsgg0 = —0.3062,
AE;s640 = + 072120 and new values Esgo = 11672708, Eises1 = 93.4890. By
substituting these values <f the anomalies in our equations of conditions for the
proximity (15) we obtained f; = —0.0000405, g1 = +0.0000519. The second co-
rrections obtained are AFEsg) = —070019, AEis641 = —070022, accordingly the
new values of anomalies amount t Essez = 11672689, Eyge42 = 9314868, while
f2 = +0.0000059, gz = —0.0000058. The third numerical approximation having
furnished AEsgss = 070000, AE1s6s,2 = 070000, as the final required values of the
eccentric anomalies of the proximity positions were adopted those obtained after
the second approximation. These values satisfied also the supplementary conditions
(8) for the minimum, which were calculated by way of (17) and (18). Next we found,
by using (6), the minimum distance between the orbits of the two minor planets
(589) Croatia and (1564) Srbija to be pmin = 0.000498 AU. This result coincided
with the one in Lazovié (1964, 1967).

The second example is represented by the non-quasicomplanar minor planet
pair (1) Ceres and (2) Pallas, whose proximity was found earlier (Lazovi¢, Kuzma-
noski, 1980b), but using the true anomalies whereby the comparison of the results
was again made easier. The orbital elements were taken from EMP for 1980. We
l&r'n from this paper that the angle between the orbital planes of these bodies was

= 36.65323. The necessary starting, i. e. approximate values of the eccentric
anomahes of the proximity of this pair will be determined in two ways: indirectly
and directly. Since the orbital elements in this instance were known with a greater
number of decimals, i. e. with higher accuracy, we are going to take advantage and
calculate necessary values also with the greater numb-r of decimals, than it was
the case in the preceding example where the orbital elements were known with
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a lower accuracy. We first find indirectly the approximate values of the proximity
eccentric anomalies using the approximate values of the proximity true anomalies
of these bodies by way of the formulae derived in Lazovié¢ (1980). Thus we obtained
v1,0 = 21332170, v = 24796828. Next we calculate, using (22), the starting
values Eio = 21583717, E;p = 260°99766. The approximate values of the eccen-
tric anomalies are found directly using the formulae (23), derived by Simovljevitch
(1977), keeping in mind that the values of L; are confined between 0° and 180°.
We deem both of the procedures satisfying in this first step of the calculus of pro-
ximity, this especially so if the angles between the orbital planes of the celestial
bodies under consideration are larger ones. The determination of the approximate
values of the eccentric anomalies is preferable in the indirect calculus as a result
of the shorter formulae in Lazovié¢ (1980), whereas the formulae in Simovljevitch
(1977) render it possible the complete calculus to be performed using the same
anomalies. On finding the second corrections to the just quoted approximate eccen-
tric anomalies, thus once more after only two approximations by means of (21),
the final eccentric anomalies E; = 215°34175, E2 = 260730903 were derived. Using
these values the minimum distance found between the orbits (1) Ceres and (2) Palias
obtained by (6), was pmin = 0.0626963 AU. This value has already been found in
Lazovi¢, Kuzmanoski (1980) but in another way, different from that just set out.
Accordingly, this procedure proved effective in both instances.

The above derived equations in which the eccentric anomalies are the argu—
ments furnish an additional possibility of the calculus of proximity of the elliptic
orbits of celestial bodies, besides that offered by the equations wherein the true
anomalies are arguments, Lazovi¢ (1967). However, these equations are simpler
than those in which true anomalies are figuring as they are shorter. This is the rea-
son of their bemg more suited both to individual proxumty determination, when
one is in possessmn a computer of rather limited capac1ty, and to serial investiga-
tions in view of the efﬁcac1ty ‘they offer <

*
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