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Nonuniform nonstationary wavelets and associated
multiresolution analysis on local fields

Owais AhmacEEI and Neyaz A. Sheik}EI

Abstract. In this paper, we introduce the notion of nonuniform non-
stationary wavelets and the associated multiresolution analysis on lo-
cal fields. We provide the characterization of nonuniform nonstationary
wavelets by virtue of dimension function.
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1. Introduction

In order to systematically construct orthonormal wavelet bases Mallat and
Meyer introduced in 1986 the multiresolution analysis (or multiscale approxi-
mation) as a general tool in approximation theory and signal analysis. Thus
they provided a natural framework for understanding of wavelet bases and
provided a well structured scheme which describes the various refinement steps
clearly, such that this technique became accessible to engineers for practical
implementation [21I]. The concept of MRA has been extended in various ways
in recent years. These concepts are generalized to L?(R?), to lattices differ-
ent from Z?, allowing the subspaces of MRA to be generated by Riesz basis
instead of orthonormal basis, admitting a finite number of scaling functions,
replacing the dilation factor 2 by an integer M > 2 or by an expansive matrix
A € GL4(R) as long as A € AZ®. All these concepts are developed on regular
lattices, that is the translation set is always a group. Recently, Gabardo and
Nashed [16] considered a generalization of Mallat’s [22] celebrated theory of
MRA based on spectral pairs, in which the translation set acting on the scaling
function associated with the MRA to generate the subspace Vj is no longer a
group, but is the union of Z and a translate of Z. Based on one-dimensional
spectral pairs, Gabardo and Yu [I7] considered sets of nonuniform wavelets in
L?(R). In real life application all signals are not obtained from uniform shifts;
so there is a natural question regarding analysis and decompositions of this
types of signals by a stable mathematical tool. Gabardo and Nashed [16] and
Gabardo and Yu [I7] filled this gap by the concept of nonuniform multires-
olution analysis. The notion of nonstationary wavelet system is introduced
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independently by M. Z. Berkolayko, I. Y. Novikov [I3] and by C. de Boor, R.
DeVore, A. Ron [14]. In [I4], the nonstationary system (called almost-wavelets)
is used to construct an orthonormal shift invariant basis consisting of infinitely
differentiable compactly supported functions. It is well known that it is impo-
ssible to construct stationary wavelet basis satisfying these properties. Further,
nonstationary wavelets are studied in [11]

During the last two decades, there is a substantial body of work that was
concerned with the construction of wavelets on local fields. Even though the
structures and metrics of local fields of zero and positive characteristics are simi-
lar, their wavelet and MRA (multiresolution analysis) theory are quite different.
For example, R. L. Benedetto and J. J. Benedetto [12] developed a wavelet the-
ory for local fields and related groups. They did not develop the multiresolution
analysis (MRA) approach, their method is based on the theory of wavelet sets
and only allows the construction of wavelet functions whose Fourier transforms
are characteristic functions of some sets. Khrennikov, Shelkovich and Skopina
[19] constructed a number of scaling functions generating an MRA of L?(Q,).
But later on in [I0], Albeverio, Evdokimov and Skopina proved that all these
scaling functions lead to the same Haar MRA and that there exist no other
orthogonal test scaling functions generating an MRA except those described
in [19]. Some wavelet bases for L?(Q,) different from the Haar system were
constructed in [9] [I5] . These wavelet bases were obtained by relaxing the basis
condition in the definition of an MRA and form Riesz bases without any dual
wavelet systems. Jiang et al.[I8] pointed out a method for constructing orthog-
onal wavelets on local field K with a constant generating sequence and derived
necessary and sufficient conditions for a solution of the refinement equation to
generate a multiresolution analysis of L?(K).

Recently, Shah and Abdullah [25] have generalized the concept of multires-
olution analysis on Euclidean spaces R™ to nonuniform multiresolution analysis
on local fields of positive characteristic, in which the translation set acting on
the scaling function associated with the multiresolution analysis to generate
the subspace Vj is no longer a group, but is the union of Z and a translate of
Z, where Z = {u(n) : n € Ng} is a complete list of (distinct) coset representa-
tion of the unit disc ® in the locally compact Abelian group K*. The notion
of nonuniform wavelet frames on non-Archimedean local fields was introduced
by Ahmad and Sheikh [7] and established a complete characterization of tight
nonuniform wavelet frames on non-Archimedean local fields. More results in
this direction can also be found in [3] 2] 8] [1I, [5] 6 [4] 20} 23| 24] and the refer-
ences therein. Drawing the inspiration from the above work, we intoduce the
notion of nonuniform nonstationary wavelets, their characterization and the
associated multirersolution analysis on local fields.

The remainder of the paper is as follows. In Section 2, we discuss pre-
liminary results on local fields and some basic definitions. In Section 3, we
obtain the characterization of orthonormal nonuniform nonstationary wavelets
and the associated multiresolution analysis is established.
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2. Preliminaries on Non-Archimedean Local Fields

2.1. Non-Archimedean Fields

A non-Archimedean local field K is a locally compact, non-discrete and
totally disconnected field. If it is of characteristic zero, then it is a field of
p-adic numbers Q, or its finite extension. If K is of positive characteristic,
then K is a field of formal Laurent series over a finite field GF(p°). If ¢ = 1,
it is a p-series field, while for ¢ # 1, it is an algebraic extension of degree
c of a p-series field. Let K be a fixed non-Archimedean local field with the
ring of integers ® = {z € K : |z| < 1}. Since KT is a locally compact Abelian
group, we choose a Haar measure dx for K+. The field K is locally compact,
non-trivial, totally disconnected and complete topological field endowed with
non—Archimedean norm |- | : K — R* satisfying

(a) |x| = 0 if and only if = 0;

(b) [z y| = |z[[y| for all z,y € K;

(¢) |z + y| < max{|z],|y|} for all z,y € K.

Property (c) is called the ultrametric inequality. Let B = {z € K: |z| < 1}
be the prime ideal of the ring of integers ® in K. Then, the residue space /B
is isomorphic to a finite field GF(q), where ¢ = p° for some prime p and ¢ € N.
Since K is totally disconnected and B is both prime and principal ideal, so
there exist a prime element p of K such that B8 = (p) = pD. Let D* =D \B =
{r € K: |z| = 1}. Clearly, ©* is a group of units in K* and if = # 0, then we
can write z = p"y,y € ©*. Moreover, if U = {a,, : m =0,1,...,q — 1} denotes
the fixed full set of coset representatives of B in ®, then every element x € K
can be expressed uniquely as z = Z;’;k cop’ with ¢, € U. Recall that B is
compact and open, so each fractional ideal B* = pFD = {x eK:lz|< q_k}
is also compact and open and is a subgroup of K. We use the notation in
Taibleson’s book [26]. In the rest of this paper, we use the symbols N, Ny and Z
to denote the sets of naturals, non-negative integers and integers, respectively.

Let x be a fixed character on K™ that is trivial on © but non-trivial on
B!, Therefore, y is constant on cosets of ® so if y € B*, then Xy(z) =
X(y,z),z € K. Suppose that y,, is any character on K, then the restriction
Xu|D is a character on ®. Moreover, as characters on D,x, = X, if and
only if u —v € ®. Hence, if {u(n) : n € Ny} is a complete list of distinct coset
representatives of ® in KT, then, as was proved in [26], the set {Xu(n) 'n & NO}
of distinct characters on ® is a complete orthonormal system on .

We now impose a natural order on the sequence {u(n)}se,. We have
D/B = GF(q) where GF(q) is a c-dimensional vector space over the field
GF(p). We choose aset {1 ={p,(1,C2,.-.,(c—1} C D* such that span{qj};;é .
GF(q). For n € Ny satisfying

0<n<gq, n=ay+ap+-+ac_1p° ', 0<arp<p, andk=0,1,...,c—1,

we define

u(n) = (ap + a1 + -+ ac—1Ce—1) p~ "
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Also, for n = bg+b1g+bag®+- - +bsq®, n €Ny, 0< b, < ¢,k =0,1,2,...,s,
we set
u(n) = u(bo) +u(by)p™ + -+ u(bs)p*.

This defines u(n) for all n € Ny. In general, it is not true that u(m + n) =
u(m)+u(n). But, if r, k € Ng and 0 < s < ¢*, then u(r¢® +s) = u(r)p=* +u(s).
Further, it is also easy to verify that u(n) = 0 if and only if n = 0 and
{u(s) + u(k) : k € No} = {u(k) : k € No} for a fixed s € Ng. Hereafter we use
the notation Xn = Xu(n), 7 > 0.

Let the local field K be of characteristic p > 0 and (g, (1,(2,...,(.—1 be as
above. We define a character y on K as follows:

_jv_ J exp(2mi/p), p=0andj=1,
x(Cup )—{ 1, w=1,...,c—1lorj#1.

2.2. Fourier Transforms on Non-Archimedean Local Fields

The Fourier transform of f € L'(K) is denoted by f(¢) and defined by

F{f@)} = f(6) = /K o) ve (@) da.
It is noted that
16 = [ 5@ xe(@ide = [ fap(-o)an

The properties of Fourier transforms on non-Archimedean local field K are
very similar to those of on the classical field R. In fact, the Fourier transform
on non-Archimedean local fields of positive characteristic have the following
properties:

e The map f — f is a bounded linear transformation of L!(K) into L>(K),
and [|f]] < [I/]};-

o If f € L'(K), then f is uniformly continuous.
o If f € LY(K) N L2(K), then |||, = ||£|l,-

The Fourier transform of a function f € L?(K) is defined by

f(&) = lim fy(6) = lim f(@)xe(x) dz,

k—oo k—oo |az\<qk

where f, = f ®_; and ®}, is the characteristic function of 8*. Furthermore,
if f € L?(D), then we define the Fourier coefficients of f as

f(u(n)) = /@ F () Xui (@) da
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The series ), -, f(u(n))xu(n) (z) is called the Fourier series of f. From the
standard L2-theory for compact Abelian groups, we conclude that the Fourier
series of f converges to f in L?(D) and Parseval’s identity holds:

70 = [ 1P = 3 |Fun)]

n€Np

2

We also denote the test function space on K by 2, i.e., each function f in Q
is a finite linear combination of functions of the form 1;(z — h),h € K,k € Z,
where 1y, is the characteristic function of 8. Then, it is clear that Q is dense
in LP(K),1 < p < oo, and each function in 2 is of compact support and so is
its Fourier transform. Since § is dense in L?(K) and closed under the Fourier
transform, the set

Q0 = {f €Q:suppf C K\{O}}
is also dense in L?(K).

2.3. Uniform Stationary MRA on Local Fields

In order to able to define the concepts of uniform MRA and wavelets on
non-Archimedean local fields, we need analogous notions of translation and
dilation. Since Ujezp*jCD = K, we can regard p~! as the dilation and since
{u(n) : n € Ny} is a complete list of distinct coset representatives of © in K,
the set Z = {u(n) : n € Ny} can be treated as the translation set. Note that A
is a subgroup of K* and unlike the standard wavelet theory on the real line,
the translation set is not a group. Let us recall the definition of a uniform
MRA on non-Archimedean local fields of positive characteristic introduced by
Jiang et al. in [I§].

Definition 2.1. Let K be a non-Archimedean local field of positive character-
istic p > 0 and p be a prime element of K. An MRA of L?(K) is a sequence of
closed subspaces {V; : j € Z} of L?(K) satisfying the following properties:

(a) V; C Vi foralljeZ;
b)  Ujez Vj is dense in L?(K);
¢) ﬂjeZVj = {0}
d) f(z) € V;if and only if f(p~'z) € Vj4 for all j € Z;
e) There exists a function ¢ € Vj, such that {¢(z — u(k)) : k € No} forms
an orthonormal basis for V.

(
(
(
(

According to the standard scheme for construction of MRA-based wavelets,
for each j, we define a wavelet space W, as the orthogonal complement of V;
in Vi1, ie, Vija =V, ®Wj, j € Z, where W; LV}, j € Z. It is not difficult
to see that

f(x) e W; ifandonly if f(p~'z) € Wi, jEZ.
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Moreover, they are mutually orthogonal, and we have the following orthog-
onal decompositions:

LK =Pw,=we [Pw,

JEL =0

As in the case of R™, we expect the existence of ¢ — 1 number of functions
1,2, ..., g1 to form a set of basic wavelets. In view of (2.7) and (2.8),
it is clear that if {t1,%2,...,9¥4—1} is a set of functions such that the sys-
tem {1/12 (x — u(k)) 1<l<q-1,ke NO} forms an orthonormal basis for Wy,
then {qj/zz/)g(p_jx — u(k)) 1<t<q—-1,j€Z,k € NO} forms an orthonor-
mal basis for L?(K).

2.4. Nonuniform MRA on Non-Archimedean Local Fields

For an integer N > 1 and an odd integer r with 1 <r < gN — 1 such that
r and N are relatively prime, we define

A= {020 1z

where Z = {u(n) : n € Ng}. It is easy to verify that A is not a group on non-
Archimedean local field K, but is the union of Z and a translate of Z. Following
is the definition of nonuniform stationary multiresolution analysis (NUSMRA)
on non-Archimedean local fields of positive characteristic given by Shah and
Abdullah [25].

Definition 2.2. For an integer N > 1 and an odd integer r» with 1 < r <
qgIN — 1 such that » and N are relatively prime, an associated NUMRA on
non-Archimedean local field K of positive characteristic is a sequence of closed
subspaces {V; : j € Z} of L*(K) such that the following properties hold:

(a) V; C Vi foralljeZ;

(b) UjeZ Vj is dense in L2?(K);

(© Njez Vs = {0}k

(d) f(:) € Vjifand only if f(p~'N-) € Vj4 for all j € Z;

(e) There exists a function ¢ in Vj such that {¢(- — A) : A € A}, is a com-
plete orthonormal basis for V.

It is worth noticing that, when N = 1, one recovers from the definition
above the definition of an MRA on non-Archimedean local fields of positive
characteristic p > 0. When, N > 1, the dilation is induced by p~'N and
|p~!| = q ensures that gNA C Z C A.

For every j € Z, define W; to be the orthogonal complement of V; in Vj;.
Then we have

Vi =V;@W, and W, LWy if€+£/.
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It follows that for j > J,
j—J—1

Vi=Vie @ Wi
£=0

where all these subspaces are orthogonal. By virtue of condition (b) in the
Definition this implies
L*(K)=w;
JEZ
a decomposition of L?(K) into mutually orthogonal subspaces.
As in the standard scheme, one expects the existence of ¢N — 1 many

functions so that their translation by elements of A and dilations by the integral
powers of p~! N form an orthonormal basis for L?(K).

3. Main results

We start this section with the following definition

Definition 3.1. Let ) € L?(K) for all j € Z, then the family of functions

via = { @)D Ny e - 2}

JELNEA

is called a nonuniform nonstationary wavelet system for L?(K).

Lemma 3.2. If f € S and ¢ € L*(K), then

> || = [ T8 (8 ¢)

AEA

3.1) x { S F(e+ 0 N)Tu(s) 0 (7 N) €+ u(s) } dg.

s€Ng
Proof. For ¢ € L?(K), let
Yir(x) = (gN)2pD ((p7IN)Yz — N), j € Z,) € A.
Then, we have
(3:2) 0ia6) = (@N) 2090 (7' N) € xa (P~ IN) E).
By the Parseval Identity and Equation we have

> .<f:1/)j,x>’2

AEA

=S [ { > [ F(ewy <x+u<s>))xA(x+u<s>)«Z<j>(x+u(s>)}

% F((p~N) 72)xr @59 (2)da.
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Since Z / (x4 u(s))) xa (x—f—u(s))%(x—i—u(s))dx contains
s€Np

only finite non-zero terms for f € S and xx(u(s)) =1, for all A € A, s € N,

we have

;A‘<f’¢j’*>‘2
= > @y /(/ {Zf( (& + (s )))W(Hu(s))}xw)dx)

< xa) F((tN)~3y) 9 (y)dy.
By invoking Convergence theorem of Fourier series on ®, we obtain This
completes the proof. O
) ) 2
Lemma 3.3. Let f € Q and 9 € L*(K). If ess SUP{ZjeZ ‘w(J)((p_lN)Jf)‘ } <
oo for £ € B\ ND, then

63 L[] = [ Ife (TS o +roth),

JEZ XEA

=
o
=N
-
=
Il

S (gNY? /f SN ) ()

{Zf( T(&+uls )))$<j>(5+u(s))}df

seN

= S ey /f )OO (07N (€ 4 uls) )

JEZ seN
xp(@) (€ + u(s)) de.
=1, then the series converges absolutely on K.

L2(K)
Proof. For Ro(f), we use the fact that for f € Q,

S (7 V) @+ ul)) 90 (@ + uls))

sENg

Moreover if H'J;(j)

contains only finite non-zero terms, so we have

> (@Y’ /f “LN)I€) (¢ {Zf( T(w +uls )))$<j>(x+u(s))}d§
Z

Jje seN

=X Y@V [ oM = e @F (67187 o+ ()

JEZ sEN

X)) (z + u(s))dE.
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We claim that for all f € Q°, 3.3) holds. Moreover, by using Lemma we have

ZZ'(ﬁ%‘MV

JEL NEA

_Z/ {’f ‘w(J) )fjg)r

JEL

+(gNy (f(( ODF (6™ N7 (e +uls )))1Z<J‘>(x+u<s))>}ds

seN

_Z/ w“) (o~ )*jg)‘2+R0(f).

Hence, our claim is true for f € Q°. Further by applying Levi Lemma and the

given assumption, we obtain (3.3)). We now show that the series (3.3]) is absolutely
convergent. Since
)

B4 S 3@V /‘f (b N ')f((ple) I (2 + u(s) )Hw@) ‘

JEZ sEN

it suffices to verify that the series

is convergent. As u(s) # 0 for s € N and f € Q°, there exists a constant J > 0
such that

P M) 7o) F (67 M) 7 (@ +uls)) =0 Vil > J.
On the other hand, for each fixed |j| < J, there is a constant L such that
f((ple)fj (z+ u(s))) =0 Vs> L.

Hence, it means that there are only finite non-zero terms in the series (3.4]). Thus,
there ex1sts a constant C' such that

> S @N)” J/ ‘f LTI F (T M) T (@ 4 u()) 9 ()89 (2 + u(s)
jEZsEN

w =i,

,@(j)Hz,

Thus, it follows that the series >, ;> |<f, w]")\>‘2 is also convergent.

For given s € N, there is a unique pair (A, m) with A € A and m € gA+ Q, where gA =
{gh: X €A} and Q ={1,2,...,¢N — 1}, such that s = (¢N)*m. Therefore, we have
{u(s)}yen = {(ple)*Au(m)}(AYm>€AX(qA+Q). Since the series (3.4) is absolutely
convergent, we can estimate Ro(f) by rearranging the series, changing the order of
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summation and integration by Levi Lemma as follows

Ro(f)
=Y avy [ T m=eu©

JEL

{Zf( (€ +uls )))Jw(uu(s))}dg

seN

=> (gNy /K f((p—lN)—Jf){Z > v

JEL AEA megA+Q

< F(07'N)7 €+ 67 M) Fulm) ) $0) (¢ + (7 N) ~Fu(m) | d

— [ S e

K jez

X{Z ST w6 N T (67N €+ (07 V) Fuim)) )

AEA MEGA+Q

X0 (p=IN) =+ ((§ + u(m)) } de
-/ Z(qN)jf«p—lN)—fé){ S F(eTM I+ 07N um))

JEL megNg+Q

% Zw(n (pIN)” g)qZ(j)(p—lN)—k ((§+U(m)))}d§

AEA

~ [ vy i N e

jEz

x{ > f((n1N)f’(£+<p1N>’“u(m)))tw<j>(u(m),£)}d§

megNo+Q

=Y Y @V [T MmF (67 67N um)))

JEZ meqNg+Q

where

tyo (u(m), &) = 3 Y (07" N)TFE) W) (p=IN) =k ((€ + u(m))).

keNg
O
Theorem 3.4. Assume that ) € L*(K) and ’ J(j) 20) =1 for j € Z. Then
L2(K
-~ 2
(3.5) Z‘d)(_])((p_lN)_J&)‘ =1 aefeK

JEZ
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and for n € Ng and m € gA + Q we have

oo

(3.6) ST (T IN) ) =) ((p71N) I (€ +u(m))) =0 a.e

=0

if and only if

{(gN)Y"*pD ((p™*N) Tz = X), j € Z,A € A}

is an orthonormal basis of L*(K).

Proof. Sufficiency part: As H{Z;(j)

2 =1, it is clear that the system {d’jA 1 j €
L2(K

Z,\ € A} is an orthonormal basis if and only if for any f € L?(K), the Parseval
identity holds.

Assume that the conditions (3.5) and hold. Then for n € No,m € qA + Q, by
Lemma and Lemma we have

Yo (i)l

JEL NEA

LFof S| @l ae

= |Ifl72w VfES

Necessary condition: We assume that {(gN)/?% ((p~'N)z —A), j € Z,\ € A}
is an orthonormal basis of L?(K) and will prove the conditions 1-) and . We

assume A; to be the set of regular points of ’1/)“)(( “IN)T E)) , so that for each
T €A,

A

Then |A§| =0, so that ‘U
integer M, set

PO (@ V)] de - |39 (67 ) V)|

,  asn — o0

AF| =0. Let & € K\ U,c, Aj. For each fixed positive

JEZ

F©) = (@N)" B (6 — &), m > M,
where ©,,(§ — &) is the characteristic function of & + B™. Then it follows that for
se€Nandj>—-M, f(f)f(f—k(p_lN)_ju(s)) =0, and hence | f||3 = 1. Furthermore,

we have

Y CONTED iy

JEL AEA j>—M 7 Eot+BT

12 |~y _ 2
@)™ [F©| |22 (V) o) @ < B
Therefore, in the limiting case, we have

ZW ) ( J&))‘ —1 ae

JEL
To prove (3.6), we let
SIS KL =5+ I,
JEZL NEA

where

ST T and L= YT ST (L]

j>—M AeA F<—M AEA
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Since, it has been already verified that Iy = 37, ‘7/1( J) (p™'N)~ ]fo)‘ , S0 to

prove the result, it is enough to show that lima/— 40 I2 = 0. Using Lemma @ and
the Schwartz Inequality, we have

0<n< Y Z{/‘f YO ((p 7 N) Jg)‘ d§}

J<—M reNg

X{AJﬂg+m1N>%v»@ﬂwm4wrw+uwnfﬁ}é

If €4+(p —1N) u(r) € §0+%m foraﬁxed j < =M, then it follows that | (p~"N) u(r)| <
(gN)™™, so |u(r)| < (¢N)~™77. Therefore

12<Z/(f ©F 2 (7' N)7e)| de

J<—M

<

Jj<—-M

/ G )] de.
(P=IN)~JTgo+B—Itm

If £&o # 0, then for given € > 0, we choose M so that

(@)™ < Jéo] = (aN)" and P de <.

BM—s

Therefore for all 7 < —M, we have
(3.7) (p7'N) g BT M,
Moreover for any j1 < jo < —M, it can be easily verified that
(3.8) {GT'N) G+ BTN {(pTIN) 26 + BT = 0,

Using (3.7) and ( . we have

I, < /
B/M—s

from which the result follows. O

~ 2
) ﬂ)(m)’ dz < e,

Definition 3.5. Let K be a local field of positive characteristic p > 0 and p be a
prime element of K. A collection of closed subspaces {V; : j € Z} of L*(K) is called a
nonuniform nonstationary multiresolution analysis (NUNMRA) if the following con-
ditions hold:

(a) V; C Vjy1 for all j € Z;
(b) Ujez Vi is dense in L*(K);
(©) Njez Vi = {0}
(

d) for any j € Z there is a function ¢ € V; such that the sequence
{6V +67'N) 72 s aen}

forms a Riesz basis (or orthonormal basis) for V;.
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The sequence {cp(j )} is called a scaling sequence for the given NUNMRA. If we
JEL

denote by Pj, the orthogonal projector on V;, then condition (b) of the Definition
implies that lim;ec P;jf = f for any f € L?(K). It then follows from the condition
(d) that for any f € Vj, the function f(z+(p~"N)7)) also belongs to V; for any A € A.

Without loss of generality, we assume that {(p(j ) (x4 (p 'NY )\)} constitutes an
AEA

orthonormal basis in V.

Proposition 3.6. If {V;},_, is a NUNMRA, then there exists a nonstationary or-
thonormal wavelet bases {Yjx};cy rcn» Such that for any f € L*(K),

(3.9) Piaf=PFf= Z <f7 wj,)\>¢jA

AEA

Proof. Let W; be an orthogonal complement of Vj; in Vj41. Then
(3.10) W; LW;, for j#3'
and for jo < j,

j—1
(3.11) Vi=Vi, o | W

£=jo
It then follows from the conditions (b) and (d) of Definition that

(3.12) L*(K) = w;.
j€z
Equation (3.9)) is equivalent to the fact that for fixed j, the sequence {1j,x},ca
forms an orthonormal basis in W;. From (3.12)), it follows that {1jx},cz sca is an
orthonormal basis in L?(K). Hence the problem of construction of nonstationary
1) is to find ) such that {w(j>(x+ (ple)j)\)}
constitutes an orthonormal basis in Wj.

For the construction of the function ¥), we use the following properties of go“ )
and W;.

Since ¢ C Vi C Vj41 and {cpgjﬂ)} is an orthonormal basis in Vj41, it
AN
follows that ’

wavelet bases satisfying

AEA

(313) 90(])(‘T) — Z hj+1,)\ (p()\j+1)(1’)7
AeA
where
(3.14) i1 = <<p(j),s0(””>7 S lhjal =1
AEA

Equation (3.13]) can be written in the frequency domain as

(3.15) U = mypr (P NYTHE)FU T (¢),

where

mj1(€) = Z Pjv1a xa(6),

AeNg
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are called nonuniform nonstationary masks. It can be easily verified that

(3.16) S|P+ T NN

AEA

From (3.15) and (3.16]), we have

S s (607 N Fe ) (64 (07 NN [ = (a7
AEA

2 .
’ =(¢gN)™? forae €K.

Partitioning the sum into two parts and taking into account the integral periodicity
of mjy1, we get

(3.17) Imj41(6)1> + |mjs1 (€ + pu(N))|* = gN.

We now characterize the subspaces Wj;. Let f € W;. Then f is in Vj41 and is
orthogonal to V. Then

(3.18) fla)y =3 fupid (@),
keNg
where f\ = (f, @S\jﬂ)). Applying Fourier transform to equation l} we have
(3.19) F© =ms (7 NY TSI (@),

my(€) = hxald),

AEA
are integral periodic from L?*(®). Since f is orthogonal to V;, we have for A € A,

/K FOTDI@xr (57" NY~'€)de = 0.

Moreover,

[ FOF @ (07 Ny e

= £ + _lN —J

e %\; FE+ (T N)u(r)
X B (€4 (p~LN) ~u(r))xa((p " N) 7€) dé

(3.20) =0.
Since holds for all A € A, we have
(3.21) Do FE+ TN u(r) @) (€ + (I N)iu(r)) = 0.

rENg
The series in (3.21)) converges in L*(D). Keeping in view (3.17) and using equations

(3.19) and (3.20) in (3.21)), we get
(@N)™ 3 FE+ 007" N)u(r)39) (€ + (p~1N) u(r))

r€Ng

=mg((p ' NY ) mya (= N)TH1E)my (07" N + pu(N))

xmjy1((p~ N)I+E + pu(N))
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It is evident from 1) that m;41(£) and m;11 (€ + pu(N)) can not vanish simul-
taneously. Hence, there exists an integral periodic function A(£) such that

(3.22) my(€) = ME)my+1 (€ +pu(N))  ae.
and
(3.23) AE) + A€ + pu(N)) = 0.

Equation (3.23]) can be rewritten as

M) = v(p™ NEX(©),

where v is an integral periodic function. Therefore the Fourier transform of any
function of W yields

(3.24) F(€) = myp (€ + pu(N)) v ((p7 ' NYE) BV (6)x (pi€).

Moreover, it can be seen that v is square integrable. Having system (3.24) in hand, it
will not be difficult to find functions ¢ in the space W, such that

{w(j) (z+ (p_lN)_jA)}x A constitutes an orthonormal basis in W;. Therefore, we
€
have

D) = my i (€ + pu(N)) vy (07 NY BV (@x (-1 N)E).
Therefore, substituting above expression in and using , we have
|1/¢(j) ’2 =1 ae.
From , it follows that the integer shifts of /) defined by
(3.25) (&) = mypr (€ + pu(V) BV (©x ((p—TN)IE).

form a basis of W;. Thus having a nonstationary multiresolution analysis {V;}iez
generated by a scaling function {cp(J )}, one can construct a nonstationary orthonor-
mal wavelet basis {zr/)j,)\}jeZ’ nea iR L*(K) satisfying 1) O

Definition 3.7. Suppose v¥) € L? (K) for j € Z. Then dimension function is defined
by

Dy (€) = fj P R (CR O (5 A))’Q aef €K
n=1X\eA
Since
/Ei_oj 150 (ot e )| e - g(qu" JACRIGIRS

Hence D, ;) is well defined for a.e. £ € K.
Proposition 3.8. For all j € Z and for a.e. £ € K, we have

2

(3.26) ‘@m

=X e
n=1
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Proof. 1f ) € L*(K), then equation (3.25) holds. Therefore using (3.17), we have

from equations and ,
s (el 4 g (e —1 i) 0D ()|
BV +[P2@ = |man (M)
- —
+|mier (€+ puN)) U OX (T N) 8 |
= qN’s@“* >(§)’
— ‘A(J"rl) _1N§)’2.
Since the equality holds for a.e. £ € K, we have
’ 59 (¢ ‘ ‘A(a 1) ’1N§)‘2+‘W’” (p—le)r.

Iterating for any integer L > 1, we get
50)( 00 (oL [P o S 26D (gt -y
\ \ \ (p N) 5)] +Z\¢ (') €)\~
n=1

Since ’@“‘L)(f)‘ < 1, the sequence

{i N (I e 1}

of real numbers is bounded by 1, hence it converges. Therefore,

L—o0

2
o el (G
also exists. Moreover

/"\(J L) ~1N )*Lg)’ dé = (gN)~ /’A(J df*}O as L — oo.

Therefore, the application of the Fatou’s Lemma yields

/ lim ’90(7 2 ((p 1N)ng d¢ < lim /‘gaw L> (p~'N)” 5)’2d§:0.

L—oo L—oo

, 2
This means that limz, ’(ﬁ(J_L) ((p_lN)_Lf)’ d¢ = 0. Hence, we have

2@ =3 [ (e )|
n=1

This completes the proof. O
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Since {(qN) e ((p™'INYz —A): N € A} is an orthonormal basis of L?(K) for
all j € Z, we have

= S e = T3 (0 M e ) = Dun @)

AEA AEA n=1

Since D, ;) (§) = 1, we can choose the smallest n € N such that for all j € Z and for
almost all £ € K,

>[5 (M e+ )| £ 0

AEA

and then for almost all £ € K, we define o) (¢) by

20 (¢ YU ((pTIN)TE)

ﬁ: 507 (@ e+ )|

Moreover for a fixed j € Z and n € N, we define an infinite vector of I*(A) as
(3.27) U, () = {J(]‘wz) ((ple)fn €+ X)) }AQ foraef e K

Theorem 3.9. Assume that %) € L*(K) for every j € Z, such that the system
{(qN)j/Qw(j)((p_lN)jx —A):Ae A} is an orthonormal basis of L?(K). Then the
mother wavelets ¥\, j € Z come from a NUNMRA, if and only if

w(J) Z Z .iﬁ(] n) ( )7”(§+)\))‘2 =1 aefeK

n=1keN

Proof. Necessary part of the theorem follows from Proposition For the proof of
the sufficient part, we need the following lemmas:

Lemma 3.10. For all j € Z, and for almost all £ € K, we have

(3.28) i< Wjn(€), ¥5n(€ )>\I’j,h(§)7

h=1

Proof. The series in the Lemma converges absolutely for a.e. £ € K. Let us first
show that

YU (I N) T ZZW Y ((pTIN)TH(E+N))

h=1X€A

(3.29) X U= ((p=1N)=k (€ + AP ((p7'N)"¢).

Let us denote by I'; ,, (§), the second member of the series (3.29). Then using equations
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and , we have
= > U (TN (E+N)

h=1X€A

X U= ((pIN) =€+ N) P (I N) )
=D (0N T (E+ ) {Z@(a’—m (= N)=" (€ + N))

AEA h=0

PO (TN — I (€ + 0 () |
Z Z 297 (07 N) " (€ + ulgN)))
h=0 Ag€A

X YU ((p=IN) =" (€ +u(gh))) B0 (07 N) ")
50 3 alomm ) (e +)

HD”18

X PO (= N) =" (p€ + 1)U " (07 V) "pe)
=Ljt1,n41(p)

The above system is equivalent to

Lin(€) =T 1n1(p” 'NE).

In consequence, for j € Z, n € N and almost all £ € K, we have by recursion
Ljn(€) = T o (7 N)"T19),

from which equation (3.29) follows as T';_n41,1(£) = J(jfm((p*lN)*"F).
Moreover, since <\Il]-,n(§),\llj’h(§)> is integral periodic, equation (3.28) holds. This

completes the proof of the lemma. O

From the above lemma, it can be seen that

(3.30) Zn%n N = 30 2 [59 (67 )+ )

n=1X€A

=Dy (§) =1

For all j € Z, and for almost all £ € K, we define
(3.31) F5(6) = span{W,(¢) i n > 1},

It is a subspace of I2(A) of dimension 1.

Lemma 3.11. Let {a, : n > 1} be a family of vectors in a Hilbert space H such that

oo} oo
Z lan||? =C <00 and v, = Z (Qn,am)yam  for alln > 1.
n=1 m=1

Then dimension of the subspace span{ay, :n > 1} of H is equal to C.
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Sufficient part of the Theorem: Using Lemma [3.11] it follows that the family
F;(£), defined by (3.31) is generated by only one unit vector X;(£). To construct it,
we first make a partition of ® as follows

Pin={6€D:¥;,(§) #0 and ¥;n(§) =0 form<n},n>1,

and the null set
Pio={£€D: Dy (€ =0}.
Let us now define the unit vector X;(§) on © by

Wjn(E) i
i€ EZEGIFE. o

We write X;(&) = {u&j)(g)}AEA and define ¢ almost everywhere on K by

) =u (e —N) ifeeD+A

These ¢, j € Z are the required scaling functions. O
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