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Recurrent and ϕ-recurrent curvature on mixed 3-Sasakian
manifolds

Mohammad Bagher Kazemi Balgeshir12 and Fatemeh Raei3

Abstract. In this paper we study the equation ϕ2
i (∇R) = AiR on a

mixed 3-structure manifold (M, ξi, ηi, ϕi, g)i∈{1,2,3}, where ∇R is the co-
variant derivative of the curvature tensor and Ai’s are some 1-forms. We
give some examples of such manifolds and show that this equation leads
to the important equation ∇R = AiR. That means that the manifold
is curvature recurrent. Moreover, we prove that on a mixed 3-Sasakian
manifold that equation implies ∇R = 0.
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1. Introduction

Para-hyper Hermitian and para-quaternionic structures have many applica-
tions in theoretical physics and mechanics [8, 11]. Recently, as an odd dimen-
sional analogue of para-quaternionic manifolds, Ianus et al. [9] have introduced
the notion of mixed 3-structures. Some lightlike hypersurfaces of almost para-
quaternionic Hermitian manifolds and normal semi invariant submanifolds of
para-quaternionic Kaehler manifolds admit mixed 3-structure [10]. An impor-
tant and interesting type of these manifolds is the mixed 3-Sasakian manifold
which has been shown to be an Einstein manifold [4].

On the other hand, locally symmetric manifolds, recurrent manifolds and
their generalizations were very interesting for many authors [1, 7, 14]. It is well-
known that locally symmetric Sasakian manifolds have constant curvature and
this condition is too strong. Hence, Takahashi introduced locally ϕ-symmetric
Sasakian manifolds [15]. Later, Boeckx and Vanhecke extended this notion to
the contact metric structures [3]. As a generalization of this concept, De and
collaborators [5] defined ϕ-recurrent Sasakian manifolds. It has been shown
that locally ϕ-symmetric and ϕ-recurrent Sasakian manifolds are Einstein and
η-Einstein manifolds, respectively [6, 12]. In the present paper, we introduce
and investigate ϕ-recurrent mixed 3-structures. By constructing some non-
trivial examples, we show their existence. We also study ϕ-recurrent mixed
3-Sasakian manifolds.
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This paper is organized as follows. In Section 2, we review some basic infor-
mation about mixed 3-structures and 3-Sasakian manifolds. In Section 3, we
introduce ϕ-recurrent mixed 3-structures, construct some examples and show
that ϕ-recurrent manifolds are recurrent manifolds. Moreover, we prove that
ϕ-recurrent mixed 3-Sasakian manifolds are ϕ-symmetric and locally symmet-
ric.

2. Preliminaries

Let (N, g) be a smooth semi-Riemannian manifold. A subbundle σ of TN
is said to be almost para-quaternionic Hermitian, if there exists a local basis
{J1, J2, J3} on sections of σ such that for any X, Y ∈ TN

(a) J2
i = ϵi,

(b) JiJj = −JjJi = ϵkJk,

(c) g(JiX, JiY ) = ϵig(X,Y ),

where (i, j, k) is a permutation of (1, 2, 3) and ϵ1 = ϵ2 = −ϵ3 = −1 [11].
If the bundle σ is preserved by the Levi-Civita connection of g, then N is
said to be a para-quaternionic Kaehler manifold. It is easy to show that any
almost para-quaternionic Hermitian manifolds are of dimension 4m,m ≥ 1.
The counterparts in odd dimension of these manifolds are studied in this paper.

Let M be a 2n+ 1-dimensional semi-Riemannian manifold which admits a
vector field ξ, a 1-form η and a (1,1)-tensor field ϕ such that

(2.1) ϕ2X = ϵ(−X + η(X)ξ) , η(ξ) = 1 ∀X ∈ TM,

then (M, ξ, η, ϕ) is called an almost contact manifold for ϵ = 1 and an almost
para-contact manifold for ϵ = −1 [2, 13].

Definition 2.1. Let M be a semi-Riemannian manifold which admits two al-
most para-contact structures (ξi, ηi, ϕi), i = 1, 2, and an almost contact struc-
ture (ξ3, η3, ϕ3) satisfying

(2.2) ηi(ξj) = 0, ϕi(ξj) = ϵjξk, ϕj(ξi) = −ϵiξk, ηi(ϕj) = −ηj(ϕi) = ϵkηk,

(2.3) ϕioϕj − ϵiηj ⊗ ξi = −ϕjoϕi + ϵjηi ⊗ ξj = ϵkϕk,

where (i,j,k) is an even permutation of (1, 2, 3). Then (M, ξi, ηi, ϕi)i∈{1,2,3}
is called a mixed 3-structure manifold [9].

In addition, if there is a semi-Riemannian metric g on M such that

(2.4) g(ϕiX,ϕiY ) = ϵi[g(X,Y )− τiηi(X)ηi(Y )], ∀X,Y ∈ TM,

in which τi = g(ξi, ξi) = ±1, then (M, ξi, ηi, ϕi, g)i∈{1,2,3} is called a metric
mixed 3-structure manifold. In such a manifold, (2.4) implies,

(2.5) g(ϕiX,Y ) = −g(X,ϕiY ).
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We can choose a local basis {ei, ϕ1ei, ϕ2ei, ϕ3ei, ξ1, ξ2, ξ3} for TpM , and the
dimension of manifold is 4n+ 3.
Moreover, a metric mixed 3-structure manifold is said to be a mixed 3-Sasakian
manifold if

(2.6) (∇Xϕi)Y = ϵi[g(X,Y )ξi − τiηi(Y )X], ∀X,Y ∈ TM, i ∈ {1, 2, 3}.

If the Ricci tensor of a manifold satisfies S(X,Y ) = fg(X,Y ), for a scalar
function f , then it is called an Einstein manifold.

Theorem 2.2. [4] Let (M, ξi, ηi, ϕi, g)i∈{1,2,3} be a mixed 3-Sasakian manifold.
Then M is an Einstein manifold

3. ϕ-recurrent mixed 3-structures

A Riemannian manifold M is called a recurrent manifold, if there exists a
1-form A such that

(3.1) (∇WR)(X,Y, Z) = A(W )R(X,Y )Z,

for any vector fields X,Y,Z,W ∈ TM , in which R is the curvature tensor of M
[1].

Definition 3.1. An almost contact manifold (M, ξ, η, ϕ) is called a ϕ-recurrent
manifold, if there exists a 1-form A such that

(3.2) ϕ2(∇WR)(X,Y, Z) = A(W )R(X,Y )Z,

for any vector fields X,Y, Z,W ∈ TM [5].

Moreover, if the 1-form A is equal to zero in (3.1) and (3.2), then M is said
to be locally symmetric and ϕ-symmetric, respectively. Now, we introduce the
notion of ϕ-recurrent mixed 3-structure manifolds and give some examples.

Definition 3.2. Let (M, ξi, ηi, ϕi, g)i∈{1,2,3} be a metric mixed 3-structure
manifold. We say that M is a 3-ϕ-recurrent manifold, if

(3.3) ϕ2
i (∇WR)(X,Y, Z) = Ai(W )R(X,Y )Z, i = 1, 2, 3,

where X,Y, Z,W ∈ TM and Ais are 1-forms.

Example 3.3. Let M = {(xi)i=1,7 ∈ R7|x1 + x2 + x3 + x4 ̸= 0}, and ϕi’s are
defined as follows

ϕ1((xi)i=1,7) = (−x2,−x1,−x4,−x3, 0, x7, x6),

ϕ2((xi)i=1,7) = (x4,−x3,−x2, x1,−x6,−x5, 0),

ϕ3((xi)i=1,7) = (x3,−x4,−x1, x2, x7, 0,−x5).
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Suppose that q = x1 + x2 + x3 + x4 and

g =
4∑

i=1

(−1)iq2dxidxi + dx5dx5 − dx6dx6 + dx7dx7,

Let ξ1 = ∂x5, ξ2 = ∂x7, ξ3 = −∂x6 and ηi’s be the duals of ξi’s. Then
(M, ξi, ηi, ϕi, g)i∈{1,2,3} is a metric mixed 3-structure manifold. By some com-
putation, we obtain the non-zero Christoffel symbols and components of cur-
vature tensor R as follows

Γi
ii = Γi

ij =
1

q
, i ̸= j, i, j = 1, . . . , 4.

−Γr
ii = −Γi

rr = Γj
ii = Γs

rr = −1

q
, i ̸= j, r ̸= s, i, j ∈ {1, 3}, r, s ∈ {2, 4}.

Rrssr = −Rijji = 4, i ̸= j, r ̸= s, i, j ∈ {1, 3}, r, s ∈ {2, 4},

−Rriis = −Rjiir = Rirrj = Rsrri = 2.

By computing covariant derivative of R, we get

Rrssr,k = −Rijji,k =
−24

q
,

Rriis;k = Rjiir;k = −Rirrj;k = −Rsrri;k =
12

q
,

for i ̸= j, r ̸= s, i, j ∈ {1, 3}, r, s ∈ {2, 4} and k = 1, . . . , 4.
Thus by taking

A(∂xk) =

{ −6
q , k = 1, . . . , 4;

0, k = 5, 6, 7,

for any X,Y, Z,W ∈ TM , we have

ϕ2
i (∇WR)(X,Y, Z) = Ai(W )R(X,Y, Z, U), i = 1, 2, 3,

where A1(W ) = A2(W ) = −A3(W ) = A(W ). So, M is a 3-ϕ-recurrent.

Example 3.4. Let (M, ξi, ηi, ϕi)i∈{1,2,3} be the manifold in Example 3.3 and

g =
4∑

i=1

(−1)ie2qdxidxi + dx5dx5 − dx6dx6 + dx7dx7.

Then it is easy to check that (M, ξi, ηi, ϕi, g)i∈{1,2,3} is a metric mixed 3-
structure manifold and the non-zero Christoffel symbols are

Γi
ii = Γi

ij = 1, i ̸= j, i, j = 1, . . . , 4

−Γr
ii = −Γi

rr = Γj
ii = Γs

rr = −1, i ̸= j, r ̸= s, i, j ∈ {1, 3}, r, s ∈ {2, 4}.
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So, the non-zero components of curvature tensor R and its covariant derivatives
are obtained as follows

Rrssr = −Rijji = 2e2q,

−Rriis = −Rjiir = Rirrj = Rsrri = e2q.

Rrssr,k = −Rijji,k = −8e2q,

−Rriis;k = −Rjiir;k = Rirrj;k = Rsrri;k = −4e2q,

for i ̸= j, r ̸= s, i, j ∈ {1, 3}, r, s ∈ {2, 4} and k = 1, . . . , 4.
By putting

A(∂xk) =

{
−4, k = 1, . . . , 4;
0, k = 5, 6, 7,

we can see that (M, ξi, ηi, ϕi, g)i∈{1,2,3} is a 3-ϕ-recurrent manifold.

Lemma 3.5. Let (M, ξi, ηi, ϕi)i∈{1,2,3} be a metric mixed 3-structure manifold.
Then

(3.4) ϕ2
i oϕ

2
j = −ϵk[ϵiϕ

2
i + ηj ⊗ ξj ] = −ϵk[ϵjϕ

2
j + ηi ⊗ ξi],

where −ϵ1 = −ϵ2 = ϵ3 = 1 and (i, j, k) is an even permutation of (1, 2, 3).

Proof. Since the composition of tensors is associative, by using (2.3) and straight-
forward computation, we have

(3.5) ϕio((ϕioϕj)oϕj) = −ϵk[ϵiϕ
2
i + ηj ⊗ ξj ].

On the other hand,

(3.6) (ϕio(ϕioϕj))oϕj = −ϵk[ϵjϕ
2
j + ηi ⊗ ξi].

So, comparing (3.5) and (3.6) completes the proof.

Theorem 3.6. Let (M, ξi, ηi, ϕi)i∈{1,2,3} be a non-flat 3-ϕ-recurrent manifold.
Then Aj(W ) = ϵkAi(W ), where {i, j, k} is an even permutation of {1, 2, 3}.

Proof. Suppose

(3.7) ϕ2
j (∇WR)(X,Y, Z) = Aj(W )R(X,Y )Z.

By applying ϕ2
i on (3.7) and using Lemma 3.5, we have

−ϵk[ϵiϕ
2
i (∇WR)(X,Y, Z) + ηj((∇WR)(X,Y, Z))ξj ] =

ϵiAj(W )[−R(X,Y )Z + ηi(R(X,Y )Z)ξi].(3.8)

Since

ϕ2
i (∇WR)(X,Y, Z) = Ai(W )R(X,Y )Z,
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from (3.8) we have

(ϵiAj(W )− ϵkϵiAi(W ))R(X,Y )Z = ϵkηj((∇WR)(X,Y, Z))ξj

+ ϵiηi(Aj(W )R(X,Y )Z)ξi.(3.9)

Now, by applying ϕj and then ϕk on (3.9), we get

(3.10) (ϵiAj(W )− ϵkϵiAi(W ))ϕkoϕj(R(X,Y )Z) = 0.

Assume ϕkoϕj(R(X,Y )Z) = 0. Then (2.3) implies

(3.11) ϵiϕi(R(X,Y )Z) = −ϵkηj(R(X,Y )Z)ξk,

we apply ηj on (3.11) and obtain ϕk(R(X,Y )Z) = 0. This means

(3.12) R(X,Y )Z = ηk(R(X,Y )Z)ξk.

On the other hand, applying ηk on (3.9) implies, ηk(R(X,Y )Z) = 0 and there-
fore, R(X,Y )Z = 0. This contradicts the assumption that M is a non-flat
manifold. Therefore, from (3.10) we get Aj(W ) = ϵkAi(W ).

Theorem 3.7. Let (M, ξi, ηi, ϕi)i∈{1,2,3} be a 3-ϕ-recurrent manifold. Then
M is a recurrent manifold.

Proof. Since M is a 3-ϕ-recurrent manifold, by using Theorem 3.6, we put
A(W ) = A1(W ) = A2(W ) = −A3(W ) and get

(3.13) [−(∇WR)(X,Y, Z) + ηi((∇WR)(X,Y, Z))ξi] = A(W )R(X,Y )Z,

for i = 1, 2, 3. We obtain ηi(A(W )R(X,Y )Z) = 0 and ηj((∇WR)(X,Y, Z)) =
−ηj(A(W )R(X,Y )Z), by applying ηi and ηj on (3.13), respectively. Therefore,

(3.14) ηi((∇WR)(X,Y, Z)) = −ηi(A(W )R(X,Y )Z) = 0,

so, (3.13) and (3.14) imply (∇WR)(X,Y, Z) = −A(W )R(X,Y )Z.

The following example shows that the inverse of the previous theorem is
not necessarily correct.

Example 3.8. Let M = {(xi)i=1,7 ∈ R7|x1 + x2 ̸= 0}, (ξi, ηi, ϕi) be the same
in Example 3.3 and

g = e2(x1+x2)[
4∑

i=1

(−1)(i)dxidxi + dx5dx5 − dx6dx6 + dx7dx7].

(M, ξi, ηi, ϕi, g)i∈{1,2,3} is a metric mixed 3-structure manifold.

For i ̸= k, i ∈ {1, 2}, k ∈ {1, .., 7}, j ∈ {2, 4, 5, 7}, r ∈ {1, 3, 6}, we have

Γi
ii = Γi

ik = Γk
ik = 1,
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Γ1
jj = −Γ1

rr = −Γ2
jj = Γ2

rr = 1,

−Rriir = Rjiij = −R1rr2 = R1jj2 = e2(x1+x2).

By taking

A(∂xk) =

{
−4, k = 1, 2;
0, k = 3, .., 7,

M is a recurrent manifold with associated 1-form A. Since ∇R has only
two non-zero components, it is not ϕi-recurrent for any i = 1, 2, 3.

Theorem 3.9. Let (M, ξi, ηi, ϕi, g)i∈{1,2,3} be a mixed 3-Sasakian manifold. If
M is a 3-ϕ-recurrent manifold, then M is a ϕ-symmetric and locally symmetric
manifold.

Proof. Since M is a mixed 3-Sasakian manifold, Theorem 2.2 implies that is
an Einstein manifold. Thus its Ricci tensor S satisfies S(X,Y ) = fg(X,Y ).
By contracting this formula, we have r = f(dimM), where r is the scalar
curvature of M and dimM = 4n + 3. On the other hand, from contracted
Bianchi Identity, we obtain 1

2dr = 1
4n+3dr, hence for n ≥ 0, r is constant and

therefore f is constant. So,

(3.15) (∇WS)(Y, Z) = f(∇W g)(Y,Z) = 0, ∀W,Y,Z ∈ TM.

On the other hand, M is a 3-ϕ-recurrent manifold and from Theorem 3.7, we
conclude

(3.16) (∇WR)(X,Y, Z) = −A(W )R(X,Y, Z).

By contracting (3.16), we obtain

(3.17) (∇WS)(Y,Z) = −A(W )S(Y, Z).

Since S(Y, Z) ̸= 0, comparing (3.15) and (3.17) implies A(W ) = 0. Therefore,
M is locally symmetric and ϕ-symmetric.
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Math. Phys. 43, 1 (2002), 651–658.

[9] Ianuş, S., Mazzocco, R., and V̂ılcu, G. E. Real lightlike hypersurfaces of
paraquaternionic Kähler manifolds. Mediterr. J. Math. 3, 3-4 (2006), 581–592.
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