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Iterative algorithm for solving mixed equilibrium
problems and demigeneralized mappings

Bashir Alﬂ Mohammed Suleman LawarEl
and Godwin C. Ugwunnad

Abstract. The purpose of this paper is to study a new iterative
algorithm for finding a common element in the set of solutions of mixed
equilibrium problem and common fixed point of finite family of Bregman
demigeneralized mappings. We prove a strong convergence theorem of
the sequences generated by the algorithm in a reflexive Banach space.
Our result complement, extend and improve important recent results
announced by many authors.
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1. Introduction

Let E be a real reflexive Banach space and C' a nonempty closed and convex
subset of E. The normalized duality map from E to 25" (E* is the dual space
of E) denoted by J is defined by

J@) = {f € B (a, f) = |lall*, all = [I£II} for all & € C.

Numerous problems in optimization, economics and physics can be reduced to
finding solutions of some equilibrium problems. Various methods have been
studied for solutions of some equilibrium problems in Hilbert spaces, see for
example Blum and Oetti [6] , Combettes and Hirstoaga [I0] and the references
contained therein.

Let © : C x C — R be a bifunction and ¢ : C — R be a real valued function.
The mixed equilibrium problem (MEP) is to find point

z € C such that O(z,y) + ¢(y) —¢(2) >0, VyeC.

If ¢ = 0, the above MEP reduces to equilibrium problem (EP), which is to find
a point

z € C such that O(z,y) >0, VyeC.
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Throughout this paper, we shall assume f : F — (—o0, +00] is a proper, lower
semi-continuous and convex function. We denote by domf :={z € E: f(z) <
+0o0} the domain of f. Let z € int(dom(f)); the subdifferential of f at x is the
convex set defined by

Of(x) ={a" € E*: f(x) + (z",y —x) < f(y), Vy € E},
where the Fenchel conjugate of f is the function f* : E* — (—o0, +00] defined
by
F*(@*) = sup{(a*,2) — f(x) : z € F}.
A function f on E is coercive [13] if the sublevel set of f is bounded; equiva-

lently,

lim f(z) = +o0,
llzll—+o0

and f on FE is said to be strongly coercive [26] if

fa)

1im —_— =
llel|—=+oo ||zl

For any z € int(dom(f)) and y € E, the right-hand derivative of f at x in the
direction y is defined by

fo(x,y) -— lim f(l’ +ty) — f(l')

t—0 t
[z +ty) - f(2)

exists for any y. In this case, the gradient of f at x is the function V f(z) :
E — (—00,+00] defined by (Vf(z),y) = f°(z,y) for any y € E. The function
f is said to be Gateaux differentiable if it is Gateaux differentiable for any
xz € int(dom(f)). Furthermore f is said to be Fréchet differentiable at x if
this limit is attained uniformly in y, ||y|| = 1. Also f is said to be uniformly
Fréchet differentiable on a subset C of F if the limit is attained uniformly for
xz € C and |ly|| = 1. It is well known that if f is Gateaux differentiable (resp.
Fréchet differentiable) on int(dom(f)), then f is continuous and its Gateaux
derivative Vf is norm-to-weak* continuous (resp. norm-to-norm continuous)
on int(dom(f)) (see [l [12]). We will need the following results in the sequel.

The function f is said to be Gateaux differentiable at z if }in%
=

Lemma 1.1. [T9] If f : E — R is uniformly Fréchet differentiable and bounded
on bounded subsets of E, then V[ is uniformly continuous on bounded subsets
of E from the strong topology of E to the strong topology of E*.

Definition 1.2. [4] The function f is said to be:

(1) Essentially smooth, if 9f is both locally bounded and single-valued on its
domain;

(i) Essentially strictly convex, if (9f)”" is locally bounded on its domain
and f is strictly convex on every subset of dom f;
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(iii) Legendre, if it is both essentially smooth and essentially strictly convex.

Remark 1.3. If E is reflexive Banach space, then we have the following results:

(i) f is essentially smooth if and only if f* is essentially strictly convex (see
[4] Theorem 5.4);

(if) (9f)7" = af* (see [121)
(iii) f is Legendre if and only if f* is Legendre (see [d],Corollary 5.5)

(iv) If f is Legendre, then V f is a bijection satisfying Vf = (Vf*)~!, ranV f =
domV(f*) = int(dom(f*)) and ran Vf* = dom(f) = int(dom(f)) (see
[4], Theorem 5.10).

Examples of Legendre functions were given in [3, 4]. One important and in-
teresting Legendre function is %H |I” (1 < p <o) when E is a smooth and
strictly convex Banach space. In this case the gradient Vf of f is coincident
with the generalized duality mapping of E, i.e, Vf = J, (1 < p < 00). In par-
ticular, V f = I the identity mapping in Hilbert spaces.

In 1967, Bregman [7] introduced an effective technique using the Bregman dis-
tance function Dy for designing and analyzing feasibility and optimization algo-
rithms. This opened a growing area of research in which Bregman’s technique
is applied in various ways in order to design and analyze iterative algorithm
for solving not only feasibility and optimization problems, but also algorithms
for solving fixed point problems for nonlinear maps (see, e.g [I} [8, 5] 24, 22]
and the references therein).

In the rest of this paper, we always assume that f : F — (—oo, +00] is Legen-
dre.

Let f: E — (—o00,+00] be a convex and Gateaux differentiable function. The
function

Dy : domfx intdomf — (—oo, +00], defined as follows:

(1.1) Dy(z,y) :== f(z) — fy) = (Vf(y),z —y),

is called the Bregman distance with respect to f(z,y) (see [9]). It is obvious
from the definition of Dy that

(1.2) Dy(z,x) := Dg(2z,y) + Dy, x) + (v f(y) = v f(x), 2 —y).

Let T : C — E be a map and F(T) = {x : Tx = x} denote the set of fixed
point of T. A point p € C is said to be asymptotic fixed point of a map T
if there exist a sequence {x,} in C' which converges weakly to p such that

lim |z, — Tx,|| = 0. We denote by F(T) the set of asymptotic fixed points

n—-+oo

of T. A point p € C is said to be strong asymptotic fixed point of a map T,
if there exists a sequence {z,} in C' which converges strongly to p such that

lirf |z, — Tzy|| = 0. We denote by F(T) the set of strong asymptotic fixed
n—-+0o0o

points of T'. T is said to be quasi-Bregman relatively nonexpansive if F(T') # 0,
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F(T) = F(T) and D§(Tz,p) < Dg(z,p) for all z € C and p € F(T).
If F is a smooth Banach space, the Lyapunov functional ¢ : F x F — R is
defined by

$(x,y) = ||z]]* = 2(z, Jy) +[lyll*, Vz,y € E.

Let n and s be real numbers with € (—o00,1) and s € [0,00), respectively.
Then the map T : C' — E with F(T) # 0 is called (7, s)—demigeneralized if,
for any « € C and ¢ € F(T),

(1.3) (x —q,Jx — JTz) > (1 —n)p(x, Tx) + s¢p(Tx, x),

where F(T) is the set of fixed points of T'. In particular, if s =0 in (1.3) then
the map T becomes

(x —q,Jx —JTz) > (1 —n)o(z, Tx),

for any « € C and ¢ € F(T'), which is called an (7,0)—demigeneralized map.

Remark 1.4. If E is smooth and strictly convex Banach space and f(z) = ||z||?
for all z € E, then we have V f(z) = 2Jz, for all z € F, and hence the function
Dy(x,y) reduces to ¢(z,y)

Definition 1.5. [2] Let E be a reflexive Banach space, C' a nonempty closed
and convex subset E, let 77 be a real number with € (—oo,1). Then the map
T:C — E with F(T) # 0 is called (n,0)-Bregman demigeneralized map, if for
any x € C and ¢q € F(T),

(r—q,Vf(x) = Vf(Tz)) = (1 -n)Dy(z,Tx).

The following examples illustrate that the class of Bregman demigeneralized
maps are is important.

(i) [24] Let C be a nonempty closed convex subset of a reflexive Banach
space E. Let k be real number in (0,1), the map T : C' — E is called
quasi-Bregman strictly pseudocontractive map if F(T) # ), Vo € C' and
p € F(T),

(1.4) Di(p,Tx) < Dy(p,x) + kDs(z, Tx),

in fact T is a (k,0)-Bregman demigeneralized map, from (1.2)) and (|1.4])

we have,
D¢(p,Tx) < D¢(p,x) + Dy(x,Tx) — Dy(x,Tx) + kDs(x, Tx),
which implies

(1—k)Dy(z,Tx) < Dy(p,z)+ Dy(x,Tx) — Ds(p, Tx)
= (v—p,Vf(z) - Vf(Tz)).

This shows that 7' is (k, 0)-Bregman demigeneralized map.
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(ii) Let E be a reflexive Banach space and C' a nonempty closed convex subset
of £ and let f : E — R be a Fréchet differentiable convex function. A
map T : C — E is called quasi-Bregman nonexpansive map if F(T) # 0
and for all z € C, p € F(T),

D¢(p,Tx) < Dy(p,x),

then T is (0,0)-Bregman demigeneralized map. For all x € C, p € F(T)
we have

Dy(p,Tx) < Dy(p, ),
which by we get
Dy(p,x) + Dy(x,Tx) + (p— 2,V f(z) = Vf(Tz)) < Ds(p,x)
and hence
Di(z,Tz) < (x—p,Vf(z)—Vf(Tx)).
This implies that T is (0,0)-Bregman demigeneralized map.

Example 1.6. 2] Let E = R, C = [-1,0] and define T, f : [-1,0] — R by
f(r) = 2% and Tz = 2z, for all z € [~1,0]. Then T is an (n,0)-Bregman
demigeneralized map but not an (7, 0)-demigeneralized map.

Kumam et.al [I4] introduced the following iterative algorithm,

. =x€C

Zn = Res};(xn); i=12-- m

Yn = V[~ (5nvf($n) +(1— Bn)vf(TnZn))v

Tpt1 = VI (anVf(@n) + (1 — )V (Tayn)), n>1,

(1.5)

where H is an equilibrium bifunction and 7;, is Bregman strongly nonexpansive
map for any n € N. They proved that the sequence generated above sequence
converges strongly.

Motivated by the result of Kumam et.al [14], Ugwunnadi and Bashir [23] in-
troduced the following iterative scheme for finding the common fixed point of a
finite family of quasi-Bregman nonexpansive maps which is the unique solution
of some equilibrium problems,

1 €C

Ujn = Res;(zn), .] = 1727 e ,Mm

(1.6) N
yn = Pco (vf ((1 - O‘n)vf(uj,n)));
Tny1 = Po (vf*(ﬁnvf(yn) + (1 - Bn)vf(Tnyn)))a n>1,
where T, = Ty (mod N) are quasi-Bregman nonexpansive maps, under some

appropriate conditions they proved that the sequence converges strongly to
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Péx.
Also motivated by the result of Kumam et.al [T4], Biranvand and Darvish [5],
studied the following iterative algorithm,

rn=2¢€C

Zn = Reséw(l’n)

yn = projeV £ (BuV f(2a) + (1= )V (Tz0));

Tp+1 = pTOj'éVf*(aan(iCn) + (1 - O‘n)vf(Tyn))v n =1,

(1.7)

where T'= Ty oTy_1 0---0T; and T; is a Bregman strongly nonexpansive
map for each ¢ = 1,2,--- , N. They proved that the sequence {z,} converges

strongly to Proj(fﬁfilF(Ti))mMEP(e))'

Motivated and inspired by the above-mentioned results we propose a new itera-
tive algorithm for finding a common element in the set of solutions of the mixed
equilibrium problem and a common fixed point of a finite family of Bregman
demigeneralized maps in reflexive Banach spaces. Our results complement and
extend some results announced recently by some authors.

2. Preliminaries

Recall that the Bregman projection [7] of 2 € intdomf onto nonempty,
closed and convex set C' C domf is the unique vector Po(z) € C satisfying

D;(Po(z),z) =inf{Ds(y,x) : y € C}.

where P¢ is the Bregman projection.
Concerning the Bregman projection, the following are well known.

Lemma 2.1. [§] Let C be a nonempty, closed and convex subset of a reflexive
Banach space E. Let f: E — R be a Gateaux differentiable and totally convex
function and let x € E. Then

(a) z = Pc(z) if and only if (Vf(x) —Vf(2),y—2) <0, VyeC,;
(b) Dg(y, Po(x)) + Dg(Po(x),x) < Dy(y,z), VrxekE, yeCl.

Let f: E — (—00, 4] be a Gateaux differentiable function. The modulus
of total convexity of f at z € intdomf is the function vy (z,-) : [0, +o0] defined
by
vp(2,t) = inf{Dy(z,y) : y € domf, ||y — 2| =t}.

The function f is called totally convex at x if v¢(z,t) > 0 whenever ¢t > 0. The
function f is called convex if it is totally convex at any point z € intdom f and
is said to be totally convex on a bounded set if v;(B,t) > 0 for any nonempty
bounded subset B of F and t > 0, where the modulus of total convexity of
the function f on the set B is the function vy : intdomf x [0, +00) — [0, +00)
defined by

v(B,t) := inf{vs(z,t) : 2 € BN domf}.
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Lemma 2.2. [I7] Let E be a Banach space and f : E — R be a Gateauz
differentiable function which is uniformly convex on bounded subsets of E. Let
{Zn}tnen and {yntnen be bounded sequences in E. Then

lim Dy(xp,yn) =0 if and only if ILm [|zn — ynl| = 0.

n— oo

Lemma 2.3. [20] Let f : E — R be Gateaux differentiable and totally convex
function. If g € E and the sequence {Dy(xy,x0)} is bounded, the sequence
{zn} is bounded too.

Recall that the function f is called sequentially consistent if for any two se-
quences {z,} and {y,} in F such that the first one is bounded

nkrfoo D (yn,un) =0  implies nkrfoo lyn, — un|| = 0.

The following result was first proved in [§].

Lemma 2.4. Let E be a reflerive Banach space, let f : E — R be a strongly
coercive Bregman function and let V be the function defined by

V(z,z*) = f(z) — (z, ") + f*(z"), x€ E, =" € E".
Then the following hold:
(1) Dy(x,Vf(z*)) =V(z,z*) for allz € E and z* € E*.
(2) V(z,2*)+(Vf*(z*)—z,y*) < V(r,x*+y*) forallx € E and z*,y* € E*.

Lemma 2.5. [25] Let {a,} be a sequence of nonnegative numbers satisfying
the condition

Opt1 < (1 - an)an +anBn, n >0,
where {a,} and {B,} are sequences of real numbers such that
i. {an,} C[0,1] and 307 | oy, = 00;

it. limsup B, <0. Then lim a, = 0.
n—00 n—0o0

Lemma 2.6. [1§] Let E be a real reflexive Banach space, f : E — — (00, 4+00] be

a proper lower semi-continuous function, then f: E — —(co0,400] is a proper

weak® lower semi-continuous and convex function. Thus, for all z € E, we

have

N N N
Dy (z, v/ (thvf(xz)>> < Ztin(z,:zri), where Zti =1.
i=1 i=1 i=1
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Lemma 2.7. [T7] Let E be a Banach space, let r > 0 be a constant, and let
f: E — R be a continuous and convex function which is uniformly convex on
bounded subsets of E. Then

f(Z%u) =D anf(ar) — aiazpr(||zi — ),
k=0

k=0

for alli,j e NU{0} 21 € B,, ay, € (0,1) and k € NU{0} with > po jou = 1.
where p, is the gauge of uniform convezity of f.

Theorem 2.8. [20] Let E be a reflexive Banach space and let f : E — R be a
continuous convex function which is strongly coercive. Then the following are
equivalent:

(1) f is bounded on bounded subsets and uniformly smooth on bounded sub-
sets of E.

(2) f* is Fréchet differentiable and f* is uniformly norm-to-norm continuous
on bounded subsets of E*.

(3) domf* = E*, f* is strongly coercive and uniformly conver on bounded
subsets of E*.

Lemma 2.9. [J] Let E be a reflexive Banach space and C' a nonempty closed
and convex subset of E. Let f : E — R be a strongly coercive, Legendre func-
tion, which is bounded, uniformly Fréchet differentiable and totally convex on
bounded subset of E. Let n be a real number with n € (—oc0,1) and T an
(n,0)-Bregman demigeneralized map of C onto E. Then F(T) is closed and
convetz.

Lemma 2.10. [16] Let T',, be a sequence of real numbers that does not decrease
at infinity, in the sense that there exists a subsequence {I'y, }j>0 of {I'n} which
satisfies T'y; < T'y,q1 for all j > 0. Also consider a sequence of integers
{T(n)}n>n, defined by

T(n) =max{k <n|Tp, <Th, 41}

Then {7T(n)}n>n, i a nondecreasing sequence verifying lim 7(n) = oco. If it
- n—oQ
holds that T'7 () < I'z(ny41 then we have

L <Trm)y+1,  Yn > no.

In order to solve equilibrium problems, we shall assume that the bifunction
© : C' x C' — R satisfies the following conditions [6] :

(A1) O(z,z) =0, Vx € C,

(A2) © is monotone, i.e., G(z,y) + G(y,z) <0 Vz,y € C;

(A3) for each y € C, x — O(x,y) is weakly upper semicontinuous
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(A4) for each z € C, y — O(z,y) is convex;
(A5) for each z € C, y — O(x,y) is lower semi-continuous.

Definition 2.11. Let C be a nonempty closed and convex subset of a reflexive
Banach space E and let ¢ be a lower semi-continuous and convex functional
from C to R. Let © : C' x C — R be a bifunctional satisfying (A1) — (A5). The

mixed resolvent of © is the operator Resé, o B 2¢ defined by

2.1

(Relé,v(w) ={z€0(z,y) + eW)(V(z) = Vf(x),y —2) > p(2), VyeC}.
If f:(—o00,4+00] = R is strongly coercive and G&tea}ux differentiable function,
?;d G satisfies condition (A1) —(A4), then dom(Resg ,)= E ( see [2I], Lemma
The following lemma gives some characterization of the resolvent Resg o
Lemma 2.12. [Z])] Let E be a real reflexzive Banach space and C' be a nonempty
closed convex subset of E. Let f: E — (—oo,+00] be a Legendre function. If

the bifunction © : C' x C — R satisfies conditions (A1)-(A4), then the following
hold:

(i) Resg’w is singled-valued;

(i) Resé#} is a Bregman firmly nonexpansive operator
(i) F(Resl, ,)=MEP(©);
(iv) MEP(®) is a closed and convex subset of C}

(v) For all x € E and for all ¢ € F(Reséw) we have Df(q,Reséw(x)) +
Df(ReséW(x), z)<Dys(q,x) VYgqe€ F(Res({)w),x €E.

3. Main Result

Lemma 3.1. Let E be a reflexive Banach space and C a nonempty closed con-
vex subset of E and let f : E — R be a Fréchet differentiable convez function.
Let n be a real number with n € (—00,0] and let T : C — E be an (n,0)-
Bregman demigeneralized map with F(T) # 0. Let o be real number in [0,1)
and let S =V f*(aVf+ (1 —-a)Vf(T)), then S: C — E is a quasi-Bregman

nonerpansive map.

Proof. Tt is obvious that F(T) = F(S). Since S is an (n,0)-Bregman demigen-
eralized map, for any = € C, we obtain

Dy(x,Sz) = Dy(z, Vi (aVf(z)+(1-a)Vi(T(z))))
< aDys(z,xz)+ (1 —a)Ds(z,Tx)
(3.1) = (1-a)Dy¢(z,Tx),
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and letting p € F(S) we get

(x=p.Vf(x)=Vf(Sz)) = (x—p,Vf(z)—aVf(z)—-(1-a)Vf(T(z)))
= (I-a)@z—p,Vf(z)-Vf(Tx))
(3.2) > (1-a)(1—=n)Dys(z,Tx),

from (3.1), (3.2) and the fact that n € (—oo, 0],we have

(x—p,Vf(z) = Vf(Sz)) = (1-a)(l-n)Dys(z,Tx)
(33) > (1-a)Dy(s,Tx),
from and (B:3)) we have

Dy¢(p,x) — Dg(p, Sx) + Dy(z, Sz) > (1 — ) Dy (x, Tx)
this and implies

Ds(p,x) = Dy (p, Sz) (1 —)Dy(x,Tz) — Dy(z, Sx)

(1-a)Ds(x,Tx) — (1 —a)Dys(x,Tx),

(AVARLYS

this implies
Dy(p, Sz) < Dy (p, x).
This completes the proof. O

Theorem 3.2. Let C' be a nonempty closed and conver subset of a reflexive
Banach space E and f : E — R a strongly coercive Legendre function which
is bounded, uniformly Fréchet differentiable and totally convexr on bounded
subsets of E. LetT; : C — C i = 1,2,--- ,N be finite family of (k;,0)-
Bregman demigenemlized and demiclosed maps, where k; € (—o0,0] for each
t=1,2,--- N. Let © : C x C — R satisfy conditions (A1)-(A5) such that
Q= ( 1F( )N MEP(®) # (0. Let {z,} be a sequence generated by the
followmg algorithm; x1 = x € C

Yn = VI AV (@n) + (1= M)V (Tozn));

Zn = Resé’w(yn);

wy, = V[ (anVf(zn) + BV f(2n) + 1V f(yn)),
Tni1 =PIV (V) + (1= )V f(w,)) n>1,

(3.4)

where T,, = n(mod N), 0 < ¢ < A, < min{l — ky,...,1 — kn}, let k =

1r<n:ix {k;} hm T =0 and > 07 7, = 00, 0 < liminf~, < limsup~y, <1,

Br € [a,b] 0 < a, b<1and a, + B + 79, = 1 V¥n > 1. Then the sequence
{z,} generated by converges strongly to p = PSJ;I.
Proof. From Lemma [2.9) . ) for each i = 1,2,--- , N is closed and convex,

hence NY, F(T;) is close and convex. Also from Lemma 2.12) MEP(G) is
closed and convex. Hence 2 is closed and convex and so p = Péx is well
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defined.
Let p € 2. Then from (3.4)), Lemma and Lemma we have

Df<p7 yn) = Df (p> Vf* ()\nvf(xn) + (1 - )‘n)vf(Tnxn))>
= Df(pv SnTn)
Df(p7 33n)

IN

Also from Lemma [2.12] we have

(35) Df(pa Zn) = Df(pa RES£,¢(yn)) < Df(pa yn) < Df(pa xn)

Df(p, Vf*(Othf(In) + anf(zn) + ’anf(yn)))
aan(pa xn) + Ban(pv Zn) + Van(pa yn)
aan(p, mn) + Ban(pa xn) + ’Van(p> xn)

Dy(p, xn).

Df(p, wn)

VANV

Df(pa Vf*(Tan(u) + (1 - Tn)vf(wn)))
Tan(p7 u) + (1 - Tn)Df(p’ wn)
TnDf(p,u) + (1 —7,)Ds(p, xy)

max {Df(p, u), D¢ (p, xn)} Yn > 1.

Df(pa xn-i-l)
(3.6)

VANRVANVA

IN

By induction we have

D¢ (p, xp) < max {Df(p,u),Df(p,m)}, Vn > 1

Hence, {Dy(p, zr)} is bounded, which by Lemma [2.3]implies {z,} is bounded.
Furthermore, {y,}, {2} and {T;z,} are bounded for i = 1,2,..., N. Since
f is bounded on a bounded subset of E, then V[ is bounded on bounded
subset of E*, which implies {V f(z,)}, {Vf(yn)}, {Vf(2n)} and {Vf(Tiz,)}
are bounded.

Let p} : E — R be the gauge function of uniform convexity of the conjugate
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function f*. By Lemma Lemma [2.7 and Theorem [2.§ we obtain

Dy(p,wn) = Dy(p, VI (anVf(wn)+ BV f(2n) + 7V f(yn)))
Vi, anV f(@n) + BV f(20) + 1V f(yn))
= f(p) (P, 0V f(2n) + BV f(2n) + 10V f(yn))
[V (xn) + BaV f(zn) + 1V f(yn))
anf(p) + Buf () + W f(p) — cn(p, VI (@n)) — Bnlp, Vf(zn))
V(P VI (yn)) + an f*(V f(n)) + Bnf" (Vf(2n))
T (Vf(yn) = Bavmpr(|[V f(@n) = V f(20)l])
an(f(p) = (p, V() + [ (V () + Bu(f(p) — (P, Vf(20))
+5(Vf(zn)) + 1 (f() = . Vi (yn)) + [ (V f(yn)))
—Brnmpr([[V f(zn) = V[ (z)l])
= anVi(p, Vf(@n)) + BuVi(p, Vf(20)) + Vi, Vf(yn))
—Brynpr([IV f(zn) = VI (z)])
= aan(pv Tp) +ﬁan(p» Zn) 'Van(pv yn)
—Brnmpr([[V f(zn) = V[ (z)])
O‘an(pv In) + ﬁan(p» Zn) + ’Yan(pv yn)
=B oy (|[V f(zn) = V f(z0)l])

IN

IN

IN

(3.7)
< Oéan(P, l'n) + ﬂan(pa xn) =+ 7an(p7 xn)
—anBupy([[V f(zn) = V f(zn)]l)
= Dy wn) — anBupr(|[Vf(@n) = VF(z0)l]),
therefore

38)  Dilp,wn) < Ds(pian) = anbupi([[Vf(2n) = VI (zn)l])-

Similarly,
3.9)  Dilpwn) < Di(p,wn) = anmpr([[VF(@n) = V(yn)l])-

From , and we have
Di(p,ant1) < 7aDg(p,u) + (1= 70)Ds(p,wn)
< TwDy(p,u) + (1= 70) [Dy(p, zn)
—anBnpy([IVf(2n) = Vf(z)])]
Dy (p,xn) — anBrpr([[Vf(zn) = V£ (20)l])
~Tn [Dy(ps2n) = Dy (py 1) = nBnpr(|[V f(@0) = V f(2)])]-

Thus,
Di(p,ans1) < Dy(p,xn) — cnBupr(|[Vf(@n) — V(za)l])
—7n [Dy(p, 2n) — Dy (p,u)
(3.10) _OéanP:(HVf<xn) - Vf(Zn)H)]
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and

Df(p, Tpg1) < Df(p7 xn) - O‘n'ynp:i(”vf(xn) - Vf(?/n)”)
—Tn [Df(pv .’En) - Df(pv U’)
(3.11) —anYupr([|[Vf(20) =V (ya)l])]-

Let v, = Vf*(7,V f(u) + (1 — 7,)Vf(wy)) and using Lemma [2.4] we have

Dy(p, PEVF* (1 V () + (1= 1)V f(wn)))
Di(p, VI (maVf(u) + (1 — 7))V f(wy)))
Vi(p, 7oV f(u) + (1 = )V f(wy))
Vi, taV f(u) + (1 = )V f(wn) — n(Vf(u) = Vf(p)))
+Tn<vn - D Vf(u) - Vf(p))
Vi,V f(p) + (1 = 1)V f(wn))
+7n(vn — p, Vf(u) = V£(p))
= Tan(I% Vfp) + (1 - Tn)Vf(p, V f(wn))
+7 (v — p, Vf(u) = Vf(p))
< 7 Ds(p,p) + (1 = 70) Dy (p, wn)
+7n(vn —p, Vf(u) = Vf(p))
(3.12) < (1 =7)Ds(p,zn) + Tulvn — 0, Vf(u) = VF(p)).

Df (p’ $n+1)

IN N

Case 1. Suppose there exists ng € N such that {Df(p,z,)} is nonincreasing
Vn > ng. Then {Df(p,x,)} is convergent. Thus from equations (3.10) and

(13.11) we have

anBnpr(|[Vf(zn) = VI(z)ll) < Dy(p,2n) — Dy(p, Tns1)
—Tn [Df(p7 Z‘n) - Df(p’ u)
(3.13) —onBupi(IIV £ (n) = VF(za)l)]

and
an'YnP:(va(wn) - Vf(yn)”) < Df(p, xn) - Df(p, xn+1)

—70[Dy(p,20) — Dy(p,u)
(3'14> _an'an:(HVf(xn) - vf(yn)H)L

which implies
Tim (@ Bp} (Y f(n) = VF(z0)|]) = 0

and
dim (@} (V£ (@a) = Va)ll) = 0.

Using the property of pi and conditions on o, v, and S, we obtain

(315) Jinn [V £ () = VS (20)]| = 0
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and
(3.16) Tim [V £(z.) = V£(un)l| = 0.

Since Vf is norm to norm uniformly continuous on bounded subset of E* we
have

(3.17) nl;r& [|zn — 2n]|| =0
and
(3.18) nh_)rréo l|zn — ynll = 0.
But

120 = ynll < [lzn = znll + ll2n — ynll,
which from (3.17)) and (3.18]) implies
lim ||z, — ynll = 0.
n—oo
From (3.4 we have

IVf(wn) =V ()l < anl|VF(zn) = V@)l + BallVf(zn) = V()]
|V (yn) = V£ (@a)ll,

which by (3.15) and (3.16) implies
nh—>H;o IV f(wn) = Vf(zn)|| =0.

Since Vf is norm to norm uniformly continuous on bounded subset of E* we
have

(3.19) nl;rgo [|wn — zn|] = 0.

From (3.17) and (3.19) we have

lim ||w, — z,|| = 0.
n—oo

Also from (3.18) and (3.19)) we have
lim ||w, —yn|| = 0.
n—oo

Now, by definition [1.5] we obtain

(@n =D, VI(@n) = Vf(yn)) = (20 =0, Vf(zn) = AV f(zn)

—(1 = X))V f(Thzn))

(1 =) (@n —p, V(zn) = VI(Thr,))
(1=X)( = K)D¢ (2, Trnxn)-

Y
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Hence
(3.20)(1 = A\p)(L = K) Dy (2p, Tnwn) < lwn = pl|IVf(2n) = VI(ya)ll,

which from (3.15]) gives
lim D¢(zp, Than) =0.

n— oo

Since f is totally convex on bounded subset of F, f is sequentially consistent.
It follows that

(3.21) nl;rr;o l|zn, — Thxn|| = 0.

Since v, = Vf*(1,V f(u) + (1 — 7,)V f(wy,)) we have

Dy(wn,vn) = Dp(wn, VI (1, Vf(u) + (1 = 1)V f(wy)))
< Tan(’wn,U)+(1_Tn)Df(wmwn)
= T Dy(wn,u),

which implies that
lim Dy (wy,,v,) =0.

n—o0

Since f is totally convex on bounded subset of F, f is sequentially consistent,
it follows that

(3.22) nILrI;O [|wy, —vp|| = 0.

Also,
[|[Tn — vall < ||z — wnl| + [Jwn — vall,

which from (3.19)) and (3.22)) implies that

lim ||z, —v,|| =0.
n— oo

Since {z,} is bounded and E is reflexive, then there exists a subsequence
{zn,} C {zn} such that z,,, — ¢, which implies that y,, — ¢ and z,, — ¢ as
k — oo. From the fact that T; is demiclosed and it follows that g € F(T;)
foreach:=1,2,--- ,N.

Next, we show that ¢ € M EP(0O). The equation z, = Reséw(wn) implies that
for each n > 1.

O(zn,y) + ¢(y) — ¢(zn) + (Y — 20, Vf(2n) = Vf(2n)) >0, VyeC.

Hence

Q(z’ﬂkvy) + @(y) - @(znk) + <y - Z'ﬂk’vf(znk) - Vf(xnk)> > 07 Vy eC.

By applying (A2), we have

(P(y) _()O(znk)+<y_znk’vf(znk)_vf(xnk)>2_®(znk7y) 2 G(y? Zﬂk) VyEC’.



90 Bashir Ali, M. S. Lawan, G. C. Ugwunnadi

From the fact that ¢ is lower semicontinous and also © is lower semicontinuous
in the second variable, (3.17) and z,, — ¢, we have

O(y,q) +v(q) —p(y) <0 VyeCl.

Let y; =ty + (1 —t)q for t € [0,1] and y € C. This implies that y; € C. This
yields ©(y¢, q) + v(q) — (y) < 0. It follows from (A1) and (A5) that

0

O(ye, yt) + o(ye) — @(ye)
tO(ye,y) + (1 = 1)O(yz, q) + to(y) + (1 — t)e(q) — p(yz)
tO(Ye, y) + ¢(y) — (yr)]-

IAIA

This implies
0<O(yt,y) + o(y) — oY)

Therefore, we obtain

O(q,y) +»(y) —v(q) =20, VyeC.

This implies ¢ € MEP(©). Hence g € Q := F(T;) N MEP(O).

Next, we show that {z,} converges strongly to p = Péxo. Since {z,} is
bounded, then there exists a subsequence {z,, } of {z,}, such that z,, — ¢
and

leII;o<$nk —p, Vf(u) = Vf(p))

limsup(z,, —p, Vf(u) — Vf(p))

n—oQ

= limsup(v, — p, Vf(u) — Vf(p)).

n—oQ

Using Lemma [2.1] we have
i (ap, —p, VF(u) = VEp) = (g p,Vf(u) = Vp)) <0.
Hence,

(3.23) limsup(v, — p, Vf(u) = Vf(p)) <0.

n—oo

Hence from (3.12), (3:23) and Lemma 2.5 we have z,, — p.

Case 2. If the assumption in Case 1 does not hold, there exists a subsequence
{2, } C {xn} such that D¢(p,z,,) < D¢(p,zn,+1),Vk € N. From Lemma

2.10] there exists a nondecreasing sequence {m;} C N, such that lim m; = co
n—oo

and the following inequalities hold
Dy(p,2m;) < Dg(p,Tm;41) and Dy (p, ;) < Dy(p, xm;41) for all j € N.
Combining this together with (3.13]) and (3.14)), we have

am]ﬁm]p:(nvf(xm])_Vf(zm])H) é Df(p7xmj)_Df(p7xmj+1)
~Tm; [Dy(p,2m;) — Dy(p,my)
_amjﬁmjp:<||vf(mmj> - vf(ZmJ)H>]
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and

Yo, Pr([IV f (@my) =V (ym)I) < Dy(py&m;) = Dy(py m;41)
—Tm; [Df(pa xmj) - Df(pa m])

The following can be obtained using the same argument as in Case 1 above,

1.
T {lym, = m, || =0, T [[zm, = m, || = 0.

2.

lim ||win, — @, || =0,  lm ||z, — Tizm, || = 0.

J—ro0 j—o0
3.

(3.24) lim sup (v, — p, Vf(u) — Vf(p)) <0.
j—o0 ’

It follows from (3.12)) that
(325) Df(pa mmj-i-l) S (1 - amj)Df(p? xm]') + amj <Umj - D Vf(u) - Vf(p)>

Since Dy (p, Tm;) < Df(p, Tm,;+1), we have

Oémij(P737mj) < Df(pwrm]) _Df(pwrijrl)
+0lmj <vm_7~ - D, Vf(u) - Vf(p)>
(3.26) < am, <Umj =, Vf(u) = Vfp).

From ([3.24)) we have

lim sup D (p, Zrm,) = 0.

j—o0
Putting this together with (3.25)), we have

limsup D (p, Zm,;+1) = 0.
j—o0
On the other hand, we have Dy (p,z;) < Dy(p, Zm,+1) for all j € N. This
implies that x; — p as j — oo. Hence x, — p as n — oo. O

Corollary 3.3. Let C be a nonempty closed and convexr subset of a reflexive
Banach space E and f : E — R a strongly coercive Legendre function which is
bounded, uniformly Fréchet differentiable and totally convex on bounded subsets
of E. LetT; : C — Ci=1,2,---,N be a finite family of Bregman quasi
nonexpansive maps. Let © : C' x C — R satisfy conditions (A1)-(A5) such that
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Q= (NY,F(T))) N MEP(©) # 0. Let {x,} be a sequence generated by the
following algorithm; 1 =z € C

Yn = VAV (@n) + (1= M)V (Tazn));

Zn = Resé’w(yn);

wy = V[ (anVf(2n) + BV f(20) + 1V f(Yn),
Tni1 = PEV (0 V f(w) + (1= 7)Vf(wn) n>1,

(3.27)

where T, = n(mod N),0 < c¢< X\, <min{l—ky,...,1—kyn}, lim 7, =0 and
n— o0

Yoo 1 Th =00, 0 < liminfry, <limsupy, <1, B, € [a,b] 0<a, b<1 and
O+ Bn+7vn = 1Vn > 1. Then the sequence {x,} generated by converges
strongly to p = PSJ;m.

Proof. Since T; is a finite family of Bregman quasi nonexpansive mappings, then
T; is (0,0)-Bregman demigeneralized mappings. Therefore the result follows
from Theorem B2 O

Corollary 3.4. (see [J], theorem 3.1) Let C' be a nonempty closed and convex
subset of a reflexive Banach space E and f : E — R a strongly coercive Legendre
function which is bounded, uniformly Fréchet differentiable and totally convex
on bounded subsets of E. LetT; : C — C v =1,2,--- ,N be a finite family of
Bregman strongly nonexpansive maps with respect to f such that F(T;) = F‘(TJ
and each T; is uniformly continous. Let © : C x C — R satisfy conditions
(A1)-(A5) such that Q == (NN, F(T;))NMEP(©) # 0. Let {x,} be a sequence
generated by the following algorithm:

r1=xz€C

Zp = Resé)w(mn)

Yn = pTOjCVf ( Vf xn 1 - /Bn)vf(TZn))é

Tpy1 = progCVf (aan(a:n) (1—-a,)Vf(Ty,)), n=>1,

(3.28)

where T' =Ty oTn_10---0Ty and T; is a Bregman strongly nonexpansive

map for each i = 1,2,--- | N. Then the sequence {x,} converges strongly to

Projf ~
(ML, F(T:)NMEP(©))

Proof. Since T; are Bregman strongly nonexpansive mappings, then 7T; are

(0,0)-Bregman demigeneralized mappings. Therefore the result follows from

Theorem 3.2 O

Corollary 3.5. (see [23], theorem 18) Let C' be a nonempty closed and convex
subset of a real reflexive Banach space E and f : E — R a strongly coercive
Legendre function which is bounded, uniformly Fréchet differentiable and totally
conver on bounded subsets of E. For each j = 1,2,---,m and let ©; be a
bifunction from C x C to R satisfy conditions (A1)-(A5)and let {TN,} be a
finite family of quasi-Bregman nonexpansive mappings of C such that F :=
NN F(T;) # 0 where F = F(TnyTn_1 ... ToTy) = F(T\INTN_1 ... Ty) = -+ =
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F(In 1Tn—2... ToTWTN) # 0 and Q := (N2, F(©;)) N F # 0. Let {xn} be a
sequence generated by the following algorithm; x1 = x € C

Cl c(C

Wi = Resh (22); j=1,2,--,m

yn = Pc (Vf*((l - Tn)Vf(Uj,n)))§

Tni1 = Po (VI (BaV f(yn) + (1= Ba)V(Tuyn))), n =1,

where Tin) = Th(mod Ny, and {1, )52, C (0,1) and {Bn};, C [c,d] C (0,1),

satisfying lim 7, =0 and Y7 | 7, = co. Then the sequence {x,} generated
n—oo

by converges strongly to Pozx.

Proof. Since T; are quasi-Bregman nonexpansive mappings, then T; are (0, 0)-
Bregman demigeneralized mappings. Therefore the result follows from Theo-
rem O

(3.29)

Corollary 3.6. Let C' be a nonempty closed and convex subset of a uniformly
smooth and uniformly convexr Banach space E and T; : C - C,i=1,2,--- /N
be a finite family of quasi nonexpansive mappings. Let © : C x C — R satisfy
conditions (A1)-(A5) such that Q = (NN, F(T;)) N MEP(©) # (0. Let {z,}
be a sequence generated by the following algorithm; x1 =x € C

Yn = J_l(Z?;l m((l —A\n)Jx, + )\nJTixn));
ZTL = R65g7¢(yn);

3.30
(3:30) wy, = J HanJ Ty + Bnd2n + YndYn),
Tntl = ch_l(TﬂJu + (]- - Tn)an) nz ]-7
where T,, = n(mod N), 0 < ¢ < Ay, < min{l — ky,...,1 —ky}, lim 7, =0
n— o0

and Y07 | 7, = 00, 0 < liminf~y, <limsupy, <1, B, € [a,b] 0<a, b<1
and oy + Bn + Yo = 1 Vn > 1 Then, the sequence {x,} generated by
converges strongly to p = Pqx.

Proof. Since T; are quasi nonexpansive mappings, then 7T; are (0, 0)-demigenera-
lized mappings. From the fact that every demigeneralized mapping is Bregman
demigeneralized mapping, the result follows from Theorem [3.2 O

4. Application
In this section we present the application of Theorem

Theorem 4.1. Let C' be a nonempty closed and convexr subset of a reflerive
Banach space E and f: E — R a strongly coercive Legendre function which is
bounded, uniformly Fréchet differentiable and totally convex on bounded subsets
of E. LetT; : C — C,i=1,2,--- N be a finite family of k; quasi-Bregman
strictly pseudocontractive and demiclosed maps, where k; € (0,1) for each i =
1,2,---,N. Let © : C x C = R satisfy conditions (A1)-(A5) such that Q :=
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(NN F(T;)NMEP(©) # 0. Let {z,} be a sequence generated by the following
algorithm; x1 = x € C

Zn = Res{_)&(yn);
o1 = PV (V) + (1= 7)Vf(wn)) n>1,

(4.1)

where T,, = n(mod N), 0 < ¢ < A, < min{l — ky,...,1 — kn}, let k =

12‘??\1{]62} nli_)rr;()m =0 and > 07 ;7 = o0, 0 < liminf~, < limsup~y, <1,

Brn €la,b] 0<a, b<1land an+Bn+ym =1 Vn'Z 1. Then, the sequence
{z,} generated by converges strongly to p = PSJ;I.

Proof. Since T is a quasi-Bregman strictly pseudocontractive mapping with
F(T) # 0, then T is a (k,0)-Bregman demigeneralized mapping. Therefore the
result follows from Theorem 3.2 O

Remark 4.2. Our result extends and generalizes the result of Biranvand and
Darvish [B], from a Bregman strongly nonexpansive map to a finite family
of Bregman demigeneralized maps. Also our work extends and generalizes
the results of Kumam et.al [I4] and Ugwunnadi and Bashir [23] from finite
family of quasi-Bregman nonexpansive maps to finite family of quasi-Bregman
demigeneralized maps.
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