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Almost everywhere convergence of Riesz means of
one-dimensional Fourier series on the group of 2-adic

integerﬂ
Gyorgy Géiﬂ and Gabor Lucska

Abstract. In this paper, we prove the almost everywhere convergence
of Riesz means of integrable functions on the group of 2-adic integers,
o' f — f, where 0 < v <1< a.
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1. Introduction

We follow the standard notation of the dyadic analysis introduced by math-
ematicians F. Schipp, P. Simon, W. R. Wade [§]. The set of natural numbers
and the set of positive numbers are denote by N := {0,1,...} and P := N\ {0},
respectively. Let I := [0,1) be the unit interval. Denote by A(B) = |B| the
Lebesgue measure of the set B (B C I). (LP(I),]|.||,) stands for the usual
Lebesgue space and the corresponding norm (1 < p < 00). Set

_J|p pt1).
I.—{[Qn, om ).p,neN}

as the set is of dyadic intervals and for given z € I and n € N I,,(x) € Z
denotes that a dyadic interval is of length 27" and it contains . We also use
the notation I, := I,,(0). Let

T = Z zp2” (D)
k=0

be the dyadic expansion of x € I, where z,, € {0,1}. If z is a dyadic rational
number, that is x € {2% : p,n € N}, then we choose an expression which
terminates in 0’s.
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We consider the binary form of the natural number n:

o0
n = g nk2k,
k=0

where ny € {0,1}. We also use the following notation: |n|:= [log,(n)],

k oo
Nk = Znﬂi, and nk) .= Znﬂl
i=0 i=k

In the next step we define the 2-adic (or arithmetic) sum

a+b:= Z ) (a,be )

n=0

where g, r, € {0,1} for every natural number n. The elements ¢, and r,
are defined recursively as follows: g_1 := 0, ap, + by + Gn—1 = 2q,, + 1y, for
n € N. (These equations uniquely determine the coeffcients ¢, and r, since
these elements take on only the values 0,1.) The group (I,+) is called the
group of 2-adic integers. Set

e(t) := exp(2mit) (t € R),

where ¢ = v/—1. Set

Tn X
7.)2%(%)::5(74’.. —+ v )

5 -t S (x € I,n €N),

and
oo
._ n;
Up 1= Vo
n=0

where N3 n = Y77 ni2¥ (ng € {0,1},4 € N). It is known [6] that (v,,n € N)
is the character system of (I,+).
The next lemma highlights an important property of v, (x).

Lemma 1.1. [3] For k,n € N, k < 2™ we have
Ugn,,k,1(2> = UQn,l(Z)ﬁk(Z)

Consider the Dirichlet and the Fejér kernels:

n—1 n
1
Dnszg " Kn:zig Dy, Dy, Ky :=0.
k:ka n+1k:0 k 0 0

It is well-known that [7,[6] for n € Nand z € T

o ifg e,
(D1) Don(2) = { 0, ifadl,,
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and also -
Dy, (z) = vp(2) Z Dok (z)ng(—1)"*
k=0

are statisfied.

The Fourier coefficients, the partial sum of the Fourier series, the (C, 1) and
the Fejér means of f € L'(I) are defined in the following way ('—’ is the inverse
operation of '+’ on I)

f(n) = / f(@)on(@) dA(z)  (neN),
I

Suf(w) =S F(k)wn(y) = / F(#) Doy — 7) dA (),
0

I

=

1

onl(0)= 17 Sk W) = / f+pEaly—2)dAe)  (neNye )

respectively.
The next lemma will play an important role in the proof of the main theo-
rem.

Lemma 1.2. [3] Let B and t be fized natural numbers. Then

C(t — B), if B <t,
sup |K,(2)|d\(z) < B —1t)? )
_/anB| SRS WACEY

t

Corollary 1.3. [Z/
K| <C for alln € N.

Denote by the kernel function K27 of the Riesz summability method

1 n—1
Y. Y _ e
K37 = e (nY — k") %y,
k=0
where n € Nand 0 < v <1 < a < co. The Riesz means of the integrable
functions f are
n—1

1 ~
o8 (W) = — S = ) ().
j=0

The Riesz means are called Fejér means if a =y = 1.

In 1955, N.J. Fine proved the Fejér-Lebesgue theorem for the Walsh-system
[1], stating that the almost everywhere convergence o f — f holds for f € L.

For the character system of the group of 2-adic integers, Fejér means related
to Taibleson [9] question, which was open for a long time. In 1997, Gat [4]
answered the Taibleson’s question in the affirmative.

For the trigonometric system, the almost everywhere convergence of Riesz-
means was proved by Riesz ([Bl, [11]). The case 0 < v <1 < « it was proved in
the Walsh case by Weisz [10].
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2. Main results
The main aim of this paper is to prove the same result in the 2-adic case.

Theorem 2.1. Let 0 < v < 1 < «. Then we have cVf — f for every
f € LY(I), where I is the group of 2-adic integers.

During the proof we use the following notations. Let a, ; = (n? — k") =
k
n*7e (), where
n

Moreover,

O(x) = (1 — ")~

A1an,k' = On,k — On,k+1, and A2an,k = A1an,k' - Alan,k—‘rl-

It is easy to prove the following: if 0 < v <1 < « < 0o, then ©' is increasing
and it has negative values. The derivative, ©’(z), is bounded. Since @« —1 > 0,
then 0 < (1 — 27)*~1 <1 and consequently |0’(z)| < ayz?~ 1.

Furthermore, ©” and A;© have only positive values.

Now we investigate AyO(z). By the theorem of Lagrange we get

A20(z) = O(x) — Oz + h) — (O(x + h) — O(x + 2h))
=0'(¢) - (—h) — &' (n)(~h)

for some r < £ < x4+ hand z+h < n < x4+ 2h. We apply the Lagrange
theorem again. Then we have

©'(§) - (=h) = O'(n)(=h) = h(®'(n) = ©'(§)) = h-h-O"(C)

with some 0 < h < 2h and ¢ < ¢ < 7. The difference h will mainly be
something like 1/n.
Therefore, the second difference of ©(z) is positive for 0 < v <1 < a < 0.

Lemma 2.2. Let n and t be natural numbers. An upper bound for the Riesz
kernel can be written in the following form.:

b

7
K| < 30T+ R

j=1

where
t—1 281

T, i=n"" an Z (l + 2) ’A2an7n<k)_l_1| |Kl‘,
k=0 =0
In|—1 2t—1

Ty :=n"" Z Nk Z (l + 2) |A2a”7n(1¢)_l_1| |Kl‘,
k=t =0
[n]-1  2F_1

T3 :=n"" Z Nk Z (l + 2) |A2an}n(x@),l,1’ |Kl|,

k=t =2t
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t—1
Ty:=n"" 2:7%(2/1€ +1) ’A1an,n<k) - 2k| <[ Kogr],
k=0
In|—
T5 :=n"%"7 Z ng (28 + 1) |A1an,n<k>_2k| <[ K],
k=t
t—1
T :=n" 7 Z ng ’amn(k)_zk ’ Doy,
k=0
In|
T7 :=n"" Z N |y, ) —on | Do,
k=t
olnl_
Rﬁ”y =n_ Z An ;U -

Proof. We use the binary form of n and Lemma and then we have

n
K7 =n=%7 E i V;

\n|—1 n(k+1)+2k,1 olnl_
=n" E ng E An iV + 1Ty E i V;
k=0 i=n(k+1) i
In|-1 2~ olnl_q
—a —o
=n" E ng E Ay ——1 V) —j—1 + 1Y E A, iV;
k=0 1=0 i=0
[n]—1 2k _1
—a = [,
=07 N v,y Y a0+ K
k=0 1=0

We apply Abel’s transformation twice. This implies

2k 1
Z Qpy (k) 101 = Z Alan nk) —1—1 Z’U] F Oy () —2k Z U
2k 1
e Z Alan’n(k)illel_A'_l + an,n(k),nggk
=0
2k 1 2k 1
= Z Aaay, 1 Z Djy1 4 Avay, ;00 _on Z Dyya
1=0 j=0 1=0
+ an’n(m,ngQk
2k 1
= Z Aganm(k)_l_l(l + 2)Kl+1 + Alan,n(k)_Qk (Qk + ].)RQk:_l
=0

+ an,n(k)72’“D2k )
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where k < |n|. Subtituting this formula we get the following estimation:

[n]—1  2F_1

|K,O;”Y <n~ Z Nk Z ‘A2an,n(’“>fl71’ (l + 2) |Kl+1|

k=0 1=0
In|—1

+n"Y Z k(28 +1) ‘Alan7n<k)_2k’ Ko
k=0
n|—1

+n" Z n ‘anvn(k)_gk‘ Doyr + ‘K;Xr‘f‘ )
k=0

The statement of the lemma comes from this estimation. ]

2.1. The case K&

The aim of this section is to give an upper estimation for the function f(ff”f,
where the definition of K57 is

2lnl_q

oL,y o —

KoY =n=7 E i V;.
i=0

Lemma 2.3. An upper bound for the f(ﬁ:'y kernel can be written in the follow-
ing form:

11
(f{:;ﬂ <> T,
i=8
where
2t—1
Tg :=n~ Z (i+2) |A2an,i| Ky,
i=0

Tyo :=n"7(2" +1) |A1an,2\"‘| | Ky

2lnl_1
Tg =n" Z (Z —+ 2) |A2an’i\ . |Ki+1|,

i=2t

DQ\n\ .

Ti1 == n"%|a, gin
Proof. Applying the Abel transformation, we have
2lnl 1

’Kf;”’gm“ E Qi V;
i=0

2lnl 1

_ - 2

=n" AlamiDH_l + a7b’2‘n‘D2|n‘
=0




Almost everywhere convergence of Riesz means ... 157

2\"‘_1 7 2‘”‘_1
=077 Y Asani Y Diti + Aagoimi Y Digt+ ay o0 Do
i=0 =0 =0
2lnl 1
<n~ Z (i +2) |Agani| - | Kipa] + " + 1) [Avay, gimi | - Kyl
i=0

—
+n=Y7 ‘amzw { D2|n|,

which proves the lemma.

Lemma 2.4. Let n be a natural number. Then
niary(Z‘nl + 1) ‘Alan72|n|| < Ca’,y.
Proof. By the Lagrange theorem, we obtain

n= (2" + 1) |Aa, oin

=n"72" + 1) |ay, oinl — @y gimig |
-()) - (-))
(2l 1 1) ’@ (T) e <2|nln+ 1)‘

[n]
2 e () = (a),

n

= (2" +1)

IN

2ln| 2lnl 11
for some — < & < .
n n

olnl 11 9olnl
Since 0 < 7 <1 < a < o0, then (A) < + e’ () is bounded by
n n
because ©'(z) is bounded for 1/4 <z < 1.

a constant Cy ,

Lemma 2.5. We suppose that 0 < v <1< a < oo and |n| > B >t where B
18 fized. Then

ﬁ sup Thp < Caqy-
T

t [n|>B

Proof. By Lemma [2.4 we have

. |K2|n\

/ sup Tig :/ sup n~ 7 (2" +1) ’Alan oln|
I [n|>B I [n|>B '

/ sup | Ko | - sup n=27 (21" 4 1) |Ara, i | < C’Ow/ sup |Koi| < Cq -
I, j>t n|>B I, j>t

The last inequality is implied by Lemma |1.2) O
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Lemma 2.6. Let n be a natural number. Then we get

2lnl_q

n=7 Z (14 2) [Agan,i| < Cq -

=2t

Proof. In this case, the second difference of a, j is positive. We get

2lnl_q
n_o‘“’ Z (7, —|— 2) |A2an,i|
=2t

|TL|71 om _1

=n" Z Z (1 +2) [Aran; — Aran, iy

m=t j=9m-—1

Inj-1 21

D ST ST
m=t j=2m—1
Inj-1 21

D ST S TREP
m=t i=2m—1
In]—1

=n " Z (2™ 4+ 1) (Arapgm—1 — Ajanom)
m=t

|1 !

<n~* Z (2™ +1) ’Alan,Q’”’ll + Z 2" + 1) |Aran,om
—t m=t

=: (4) +(B)

The estimation of the function (A) consists of the following steps:

[n|—1 In|—1
n_ Z (Qm + ].) |A1an’2m,—1’ =n" Z (Qm —+ ]_) |an,2m—1 — an’gm,—1+1|
m=t m=t
nl—1 gm—1 AN gm—1 +1 T\ ¢
(- () (- ()
n n
m=t
nl—1 -1 -1
m 2m 1
o) o)
n
m=t
[n|—1 In|—1 -1
2m+1 2m 41 /2™
- Cu, 01 <y 3o T () <,
m=t n m—t n n
m—1 2m—1 41
by the Lagrange theorem for some < & < —— . We also used the

fact that |©’(z)| is bounded.
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The upper estimation of the kernel (B) is similar to the previous case. We
have

[n|—1 || —1
=n"" Z 2" + 1) [Arapzm| =n"" Z 2" + 1) |an,2m — an2m i1
m=t m=t
‘n‘*l N\ @ T\ &
2m 2™ + 1
=Xemen|(-(5)) (- (5))
— n n
! gm om 4 1
- el () e )\
— n n
n|—1 [n|—1 y-1
2m+1 +1 [2m+t
Cay ~ 0" (§)] < Cay Z ary - ( " ) < Capy
. . 2m 27Yl _|_ 1
by the Lagrange theorem again with some — < ¢ < . We also used
n n
the fact that |©'(z)| is bounded. O

Lemma 2.7. We suppose that 0 < v <1< a < oo, |n| > B >t and B is
fixed. Then

/ sup Ty < Co -
T

I; |n|>B
Proof. By Lemma [2.6] we obtain

2lnl_1

/ sup ng/ sup n~ 7 Z (1 +2) | Agan ;| - | Kiq1]
Iy In|2B I In|>B =9t
2l 1
S/ sup Z (i +2)|Agan | - sup |Kjq1]
I, In|>B i—ot |7|>2¢t

< CDW/ sup |Kj11] < Ca .
Iy

7=t
This completes the proof of this lemma. O

2.2. Investigation of T;

We are going to prove that some estimation for the function 75 is bounded,
where T5 is defined in the following form:
In|—1
Ty =n~" Z nk(2k + 1) |A1an,n(l€)_2k‘ |K2k| .
k=t
Lemma 2.8. We suppose that 0 < v <1< a. Then
In|—1

n- 7 Z nk(Qk +1) ‘Alan7n(k),2k| < Cypy.
k=t
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Proof. In this case, the derivative of (1 —27)* (x € I) is an increasing function.
By the Lagrange theorem we get

n|—1

n~ Z nk(2k +1) |A1an7n(k)_2k|

|n|—1
n_oY Z nk(Qk —+ 1) |a,n)n(lc)_2k — an,n(k)_2k+1|

In|-1

=07 S (2 4+ 1) (07 = () = 257) T =g (07 = (0 =28 1))

() ()
6
S| 0-() )

2k 41
Cor mi (5 <
k=t

In|—-1

= > (@2 +1)

k=t

In|—-1

k
_Cﬁanz +1)

Inl 1

§C7"/an k+1

=
-

IN

for some
2F 11 <n®) — 9k c e <) — 9k 41

since 21"l < n(k) — 2% hecause k < |n| and nj, = 1 can be supposed. Otherwise
the corresponding addend does not occur.
O

Lemma 2.9. Suppose |n| > B >t where B is fixzed and 0 < v <1 < «. Then

/ sup 15 < Coy .
It In|>B

Proof. This estimation is a result of the previous lemma and Lemmal[T.2] Thus,

[n|—1

/_ sup T5 :/_ sup n= 7 Z (28 4+ 1) [ Avay, 0 gk | [ Kox|
I |n|>B I |n|>B k=t
In|—1
S/ sup | Kyi| - sup n=%7 Z (28 4 1) nk’Alann(m 2k|
I, >t |n|>B P

< Ca,'y[ sup |K2j| < Ca,Aw
I

: J>t
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2.3. Investigation of T3
In the sequel we investigate the function 7T3.

n|—1 2k 1

T3 :=n"" Z ng Z (l + 2) |A2an,n(k>_l_1| |Kl|
k=t =2t

Lemma 2.10. We suppose that 0 < v <1< a < co. Then

[n|—1 ok _q1

n_Y Z Nk Z (l + 2) |A2an7n(k)_l_1| < Ca”y.

k=t =2t

Proof. In this proof we use that the second difference of a,, ,,_; is positive
and then

[n|—1  2k_1

n=eY Z Nk Z I+ 2) ’Agan’n(k),l’

k=t =2
|n|—1 om_1

=n Z ng Z Z l—|—2 ’Alann(’ﬂ -1 — A4 nn(k)—l’

m=t+1[]=2m—1

|n| 1 2m_1
<n™ E ng E (2™ +1) E (Ala/n,n(k)flfl — Alan’n(k),l)
m=t+1 l=2m—1
|n|71 k

=07 e Y (27 + 1) (A1 m—om-1 o — A1y _om )
k=t m=t+1
In|—1
—avy 2 : ne 2 : 2™ +1) |A1an (k) _gm—1 1|
k=t m=t+1
|n|—1 k
+n"Y E ng E (2™ + 1) |Aray yo0—om i1 | = To1 + Taa.
k=t m=t+1

In the first step, T3s is investigated, methods are similar to the estimation
of T5.

[n|—1 k
n- Z N Z 2m+1 |A1an (k) _ 2m+1|
m=t+1
n|—1 k

=n" Y E Nk E 2m + 1 n nk) —om41 — an7n(k)_2m+2|

= m=t+1
) n® —om 1\"\"
—(n )

’ﬂ

Z_: Zk: (2™ +1)
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=) ()

k ~ a—1
om 4 1 (k) —om 41
DT D <1<nn+)

n|—1 k y—1
o2m 41 (npk) —9m 4 9

<Cup 3ome 32

k=t m=t+1 n n

In|]-1 &k

om 41

S Caa"/ Z S C(x,'y

k=t m=t+1 n

where we applied the Lagrange theorem and where
b1 < (b1 — (k) _ ok < (k) _9m « ¢ « k) _om 41

and

(k) _ gm =1 Inl _ ok -1 In] _ gln|-1\ "7~}
<n 2 +2> <<2 2 +2) <<2 2 ) <c,
n n n

because k + 1 < |n|.

Lemma 2.11. Suppose |[n| > B>t and 0 <~y <1< . Then

/ sup T3 < Coz,'y
I

¢ |[n|>B

Proof. This estimation comes from the previous lemma. Namely,

[n|-1  2k_1
/ sup T3 :[ sup n~ Y E ng E (1+2) |A2an,n(k>fl71’ | K1
I |n|>B It |n|>B k=t =2t
[n|—1 2k_1

S[ sup |K,|- sup n= Z ng Z (1+2) |A2an)n(k>_l_1’ < Cq oy
T

¢ 1>t In|>B k=t 1=2t
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2.4. The proof of the main theorem
Lemma 2.12. Let f € L*(I) be with supp f C I}, and [ f =0. Then

/ sup | * K27 dA < Coy - 1l

n>2t

It
Proof. The upper bound for |K27| can be written in the following form by
Lemmas 2.2 and 2.3
|Kg”y| <NT+T+T35+Ty+T5+Te+T7 +Tg+To + T1o + T11-

In the first step, let m € {1,2,4, 6,8}, then

(2.1) /sup |f*Tm|d\=0,

n>2t

I

because T,, are A;-measurable and f f=0.
T and Ty, are equal to 0 because of (D1)).

Let j be an element of the set {3,5,9,10}. We apply Lemmas[2.11],
and Thus,

/sup |f*Tj|d)\:/sup |[f(x) T;(y — )| dady

n>2t n>2t JI,

I; Iy

= [ 18 =a) [ sup 1T,0)] dy da < Cor 11
I L

O

Lemma 2.13. Let be f € L'(I). Then operator sup,cy |f * K| is of type
(L*°, L>) and of type (L, LY).

Proof. Using Lemma we get

[ @Ko dy|

sup |f * K27 < sup
neN neN

10
<> fll [ 590 [Znly ~ 2)] dy < Cors ]
p— I neN

Furthermore,

/sup|f*K;f"V| < sup/
I neN neNJT

10
< Z/|f<x>| dx-/supwm(y—zﬂ dy < Cor |11, -
V) I neN

J1t@rz =) dy‘ "

If m € {1,2,4,6,8}, then we use (2.1). 77 and T3; are equal to 0 because of

(D1). Finally, if m € {3,5,9,10}, then we apply Lemmas and
O
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Proof of Theorem[2.1 The proof is the standard density argument (that is,
the set of one-dimensional polynomials, i.e. finite linear combinations of the
functions v,, is dense in L' (1)) (see [§]). This fact and the previous two Lemmas
complete the proof. O
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