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Certain subclass of meromorphic functions associated
with the Bessel function

Pinnintti Thirupathi Reddyf]
Galla Swapna’] and Bolineni VenkateswarluY]

Abstract. In this paper, we introduce and study a new subclass of
meromorphic univalent functions defined by the Bessel function. We
obtain coefficient inequalities, distortion properties, closure theorems,

Hadamard product. Finally we obtain integral transforms for the class
U;(B,a7 A7U757t)'
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1. Introduction

Let X denote the class of meromorphic functions of the form

(1.1) f(z) = % + Zakzk
k=1

which are analytic in the punctured unit disc
(1.2) Ur:={z:2€C, 0<|2| <1} =U\{0}.

Let g € ¥ be given by

(1.3) g(z) = % + Z by 2"
k=1

then the Hadamard product (or convolution) of f and g is given by

(1.4) (Fr)) =1+ Y bt = (g N)(2).
k=1
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A function f in ¥ is said to be meromorphically starlike of order ~ if

(1.5) —8‘%{ Zj;éi?} >, z€ U, for some v (0 <~ <1).

We denote by ¥*(y) the class of all meromorphically starlike functions of order
~. Similarly, a function f in ¥ is said to be meromorphically convex of order ~
if

2f"(2)
f'(z)

(1.6) —§R{1—|— } >, z €U, for some v (0 <y <1).

We denote by X% (v) the class of meromorphically convex functions of 7. The
classes ¥*(y) and Xj(y) were introduced and studied by Pommerenke [14],
Miller [I1], Mogra et al. [12], Aouf et al. [I 2, B], EL-Ashwah et al. [9],
Mostafa et al. [I3] and Venkateswarlu et al. [18, 19, [17].

Many important functions in applied sciences are defined via improper in-
tegrals or series (or infinite products). The general name of these important
functions is special functions. Bessel functions are important special func-
tions which are playing an important role in studying solutions of differential
equations. Especially, the linear PDE describing various chemical transfer pro-
cesses, allow the exact solution expressed in terms of one special kind of Bessel
functions and they are associated with a wide range of problems in impor-
tant areas of mathematical physics, modelling of transfer processes in chemical
engineering, as well as in the related fields like hydrodynamics, heat trans-
fer, diffusion, bioprocesses and so on. By using the method of separation of
variables, exact solution in terms of Bessel functions can be used to calcu-
late several important parameters which are needed in design and construction
of chemical engineering apparatuses and equipment like heat exchangers and
their components. Typical example for the efficiency calculation is applied in a
Brazilian powdered milk plant [I5]. In another case when Bessel functions arise
is heat transfer modelling which was considered in [§]. Here the problem of a
cross-flow streaming of heated object with large value of the length to diameter
ratio (like thermoanemometer) is solved for small Pe numbers using the theory
of analytic functions.

Let us consider the second order linear homogenous differential equation
(see, Baricz [0], p. 7]):

(1.7) 2w (2) + szw'(2) + [t22 —v? + (1 — 8)|Jw(z) =0 (s,t,v € C).
The function w,, s4(2), which is called the generalized Bessel function of the

first kind of order v where v is an unrestricted (real or complex) number, defines
a particular solution of (1.7). The function w, s (%), has the representation

e (—t)* 2\ 2k+v
Wy s.4(2) = — |3 .
kZ:O L(k+DI(k+ v+ 23h) (2)
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Let us define

2°T' (v + ﬁ) 1
‘Sv,s,t(z) = Tﬁww&t(zﬂ)
&0 s+1
_1 Z (—=)*T(v + *3) k
z = ARD(k + 1) (k + v+ =5

The operator £, s+ is a modification of the of the operator introduced by Deniz
[7] for analytic functions.

By using the Hadamard product (or convolution), we define the operator
Lo,s,¢ as follows:

(Los0f) (2) = Lu60(2) * f(2)

1 o0
1.8 == tag 2"
(1.8) ; +kz::1¢k(v,s7 Jagz",

— )P (v4-2EL
where ¢ (v,s,t) = 4’V‘F((k+)1)f‘((k+v2+2+71)'

It is easy to verify that
(1.9)

z (Sv,s7tf)l (Z) = (U + ) (Svysif) (Z) — (U +1+
We note that: (£,1.1f) (2) = (£uf) (2) (see Aouf et al. [2]).

Motivated by Sivaprasad Kumar et al. [10], Atshan et al. [5] and Venkate-
swarlu et al. [I7], now we define a new subclass o3 (8, o, A, v, s,t) of X.

s+1

S —; 1 ) (2U+17s,tf) (Z)

Definition 1.1. For 0 < g <1, a >0, 0 <A < %, we let o (83,a,A,v,s,t)

be the subclass of ¥ consisting of functions of the form (1.1)) and satisfying the
analytic criterion

_ z(2v7s,tf(z))/ + )‘22(£v,s,tf(z))”

"G5 ey )
Z(’gv,s,tf(z))/ + >‘Z2(£v,s,tf(z))u
(]- - )\)zv,s,tf(z) + )‘Z('Qv,s,tf(z))

In order to prove our results we need the following lemmas [4].

(1.10)

>«

.

Lemma 1.2. Ifn is a real number and w is a complex number then
R(w) =0 e w+ (=) — - (1+m)] = 0.
Lemma 1.3. If w is a complex number and n, k are real numbers then
—R(w) > klw+ 1]+ 1< =R (w(l + ke) + ke?) > n,—7 < 0 < 7.

The main object of this paper is to study some usual properties of the
geometric function theory such as the coefficient bounds, distortion proper-
ties, closure theorems, Hadamard product and integral transforms for the class
an (B, A\ v, 5, ).
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2. Coeflicient estimates

In this section, we obtain necessary and sufficient condition for a function
f to be in the class o, (8, @, A, v, 5,1).

Theorem 2.1. Let f € ¥ be given by (1.1} . Then f € o, (B, a, A\, v,s,t) if and
only if

SO1A+ (k= DNl +1) + (0 + B)léw(v, 5, ax < (1 - B)(1—2)).

k=1

Proof. Let f € 0,(83,a,A,v,s,t). Then by Deﬁnition and using Lemma

it is enough to show that

(2.2)

_§R{ Z(f’vvatf(z))/ + /\22(£11,S,tf(z))”
(1 - )\)Ev,s,tf(z) + )‘z(sv,s,tf(z))l

For convenience
C(2) = = [2(Lo,s.0 f(2)) + A2% (L0, (2))"] (1 + ae”)
—ae? (1 - N Eusif(2) + A2(Lo st f(2))]
D(Z) :(1 - A)Sv,s,tf(z) + )‘Z(Sv,s,tf(z))/'
That is, the equation is equivalent to

(5)=s

In view of Lemma we only need to prove that

|C(2) + (1 = B)D(2)] = [C(2) = (1 + B)D(2)| = 0.

(1—|—aei9)—|—aei9} >B,—r< <.

Therefore

C(z) + (1= 5)D()]
> (2-B)( 1—2/\|i > k- [1+ Ak = D] (v, 5, t)ax|=|*
k=1

—a Z(k + D1+ Ak — 1)]or(v, s, t)ag|2|®
k=1

and

1C(= )—(1+6) (2)]

< 5172)\ +Zk+ (14 B[+ Ak — D)])ow(v, s, t)ax|z|*
k=1

« Z(k + D[+ ME — D]or(v, s, t)ag||*.
k=1
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It shows that
IC(2) + (1 = B)D(2)| — |C(2) = (1 + B)D(2)|

2201 = (1 220~ 23000+ )1+ (K~ DNIou(o, el
k=1

—2a Y (k+1)(1+ (k= 1)N)dx(v, s, t)ax|2|*

>0, by the given condition (2.1)).

Conversely, suppose f € o, (8, a, A, v, s,t). Then by Lemmau we have .
Choosing the values of z on the positive real axis the inequality (2.2]) reduces
to

[(1=2))(1-8) (1+ae®)] L+ k§ {ktae® (k+1)+B8}1+A(k—1)] ok (v,5,6) 2"~
=1 > 0.
(1-20) 5+ 32 [L4A(k=D)]¢k (v,5,t)a 2k 1

k=1

Since R(—e??) > —|e?| = —1, the above inequality reduces to

[(1=2X0)(1=5) (1+ae’)] S+ 3 {hta(ktD)+BY 14 A(k—1)]ox(v,s,axr* !
r b=l > 0.
(1—2A)T%+k§1[1+>\(k—1)]¢k(v,s,t)r’“*l

Letting r — 1= and by the mean value theorem, we have obtained the

inequality . O
Corollary 2.2. If f € 03(B,, A\, v,5,1) then

1-— 1-2
0 » (1)1 -2

[1+ Ak = DI[E(L+ @) + (B + a)]or(v, s,t)
The result is sharp for the function

B (1-B)(1—2)) i
(2.4) f(z) = s 14+ ME— D[k +a)+ B+ a)]op(v,s,t)”

By taking A = 0 in Theorem we get the following corollary.
Corollary 2.3. If f € 03(B,, v, 5,t) then

1-3
(2.5) ak < k(1+a)+ (8 + a)]¢r(v,s,t)

3. Distortion theorem
Theorem 3.1. If f € 05(B,a, A\, v,5,1) then for 0 < |z| =7 <1,

(1-B)(1L - 2)) L, (-pa-2

1
R vy By Ly ey L AL Il vy B s vy prp
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This result is sharp for the function

1 1-B-2)

(42 IO = Gar B+ Donosit) -
Proof. Since f(z) =1+ i arz*, we have
k=1
(3-3) |f(z)|=%+zakrkS%+TZak.
k=1 k=1

Since k > 1,
2a 4 B+ 1)1 (v, 5,t) < [1+ Ak — D][k(1 +a) + (a + B)|or(v, s, 1),

using Theorem we have

(2a+ B+ 1)¢1(v,s,t Zak Z Nk + a) + (o + B)] ok (v, s, 1)
k=1 k=1
<@- ﬂ)(l —2))
-/ —-2))

:Zak - 2a+ﬁ—|—1)¢>1(v s,t)

Using the above mequahty in , we have
1, (-/H-24

< —
f(2)] < r (2a+5+1)¢1(’l),5at)r
d 2 - = '
and |f(z)| > , (2a+5+1)¢1(v,8,t)r
The result is sharp for the function f(z) = % + %Z -

The proof of the following corollary is analogous to that of Theorem
and so we omit the proof.

Corollary 3.2. If f € 0,(B,, A\, v,5,t) then

1 (1-8)(1 =23 1 (1=5)1 =2X)

2 (2a+ B+ 1)p1(v,s,t) SRS 2t 2o+ B+ 1)¢1(v,8,1)

The result is sharp for the function given by (3.2).

4. Closure theorems

Let the functions f; is defined, for j =1,2,--- ,m, by

1 o0
(4.1) filz) =+ > ak;2F ar; > 0.

k=1
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Theorem 4.1. Let the functions f;,j7 =1,2,--- ,m defined by (4.1) be in the
class oy (B, o, A, v, 5,t). Then the function h defined by

(42) 4—+§: Lsas )=

] 1
also belongs to the class o,(B,a, A\, v, s,t).

Proof. Since f;,j = 1,2,---,m are in the class o, (8, a, A, v,s,t), it follows
from Theorem 2.1] that

DL AK = DIk + a) + (a+ B)]dk (v, 5, D)ax,; < (1 - B)(1 = 2)),
k=1
for every j =1,2,--- ,m. Hence

ZHA DIk + ) + (a+ B)|dk(v, s, 1) %Z k.
k=1 Jj=1

= *Z <21+/\ D[E(1 +a) + (a+ﬂ)]¢k(v,s,t)ak,j>
k=1

< (1-B)(1-2N).

From Theorem ({2.1)), it follows that h € o} (5, o, A\, v, s, t).
This completes the proof of Theorem O

Theorem 4.2. The class 0,;(3,a, A\, v, s,t) is closed under convex linear com-
binations.

Proof. Let the functions f;,j = 1,2,---,m defined by (4.1) is in the class
oy (B, A v, s,t). Then it is sufficient to show that the function

(4.3) h(z) = <fi(z) + (1 =<)fa(2), 0 <o <1

is in the class o, (83, a, A, v, s,t). Since for 0 <¢ <1,

o0

(4.4) h(z) = % + Z[cak,l + (1 = <)ag.1]2",
k=1

with the aid of Theorem we have

i[l +AE = DR+ a) + (@ + B)|gk(v, s, 1)[sar,1 + (1 = S)ag]
k=1

1B —20) + (1 -1 H(1 -2
(1 B2,

which implies that h € o55(8, a, A\, v, 5,1). O

IN
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Theorem 4.3. Let £ > 0. Then sz(ﬂ,a,)\,v,&t) C N(«, &), where

2(1 = B)(1 = 20)(1 + a)
a+B+1)+(1-8)(1—-2)\)

Proof. 1f f € azf(ﬁ,a,)\7v,s,t) then

(4.5) E=1-

i": (14 Xk — D]kl + ) + (a+ B)]ér(v, 5, 1)
— (1=8)(1-2))

We need to find the value of £ such that

ar < 1.

i k(14 a) + (a4 )]g (v, s, 1)

1—¢ ap < 1.
k=1
Thus it is sufficient to show that
[k(L+a) + (a+ §]dk(v, 5, 1)
1-¢
< 1+ Xk —=D]k(1+a)+ (a+ B8)|gx(v, s,t)
- (1=5)(1—2)) '
Then
f<1_ (k+1)(1 - B)(1—20)(1 + )
= [+ ME-D]EQ+a)+(a+B)]+ 1 —B)(1 -2\
Since
D(k) =1 k+1)(A -1 =201+ «)

L+ Ak — D]k +a)+ (a+B)] + (1 —B)(1—2))
is an increasing function of k, k > 1, we obtain

21 - B)(1—20)(1+ o)

C<PO=1" g+ a-pHa-2n
O
Theorem 4.4. Let fo(z) = 1 and
RS (1902 ]
(46) fulz) =7 +; T D+ ) T @t Dlosg” *2 "

Then f is in the class 0;(5,047)\,1)78,15) if and only if can be expressed in the
form

(4.7) F(2) = wifi(2),
k=0

where wy, > 0 and > wi = 1.
k=0
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Proof. Assume that

= Zwkfk(z)
1,y (1-B)(1—2)) p
+k2:1 L+ Ak =Dk +a) + (a+ B)lor(v, s, 1)
Then it follows that
1+ Ak —D]k(1+ )+ (a+ B)|ér(v, s, 1)
Z; (1-8)(1—2)\)

(1-pa-2y 2
[+ Ak = D][kE(L+ a) + (o + B)]dr(v, s, 1)

:Zwkzl—wogl
k=1

which implies that f € o (8, a, A, v, 5,1).
Conversely, assume that the function f defined by . ) be in the class
f€o,(B,a,\v,s,t). Then

X

- (1-5)1—2))
FETFME = D]E+ o) + (a+ B)dr(v, 5, t)
Setting
oy = LHAE=DI[EA+ ) + (a+ B)lgr(v,s,8)
* (1—B)(1—2)) "
where

oo
wo = 1-— Z Wk,
k=0
we can see that f can be expressed in the form (4.7]).
O

Corollary 4.5. The extreme points of the class o, (3, o, A, v, s,t) are the func-
tions fo(z) = 1 and

N (1-B)(1-2)) k
48)  fulz) =+ 14+ MK — D)1+ a) + (a + B)|ér(v, s, 1)

5. Modified Hadamard products

Let the functions f;(j = 1,2) defined by (4.1). The modified Hadamard
product of fi and f5 is defined by

(5.1) (f1* f2)(z *+Zak1ak2z (f2* f1)(2).
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Theorem 5.1. Let the functions f;(j = 1,2) defined by (4.1)) be in the class
oy (B, A\ v, s,t). Then fi x fo € 0,(B,, A\, v, 8,t), where

2(1— ﬁ)Q(l =22 (1 + )
2a+ B+ 1)2¢1(v,s,t) + (1 — B)2(1 —2))°
The result is sharp for the functions f;(j = 1,2) given by

L 0-p0-2
z  (a+ B8+ Dpi(v,s,t)

(5.2) o=1-

(5.3) fi(z) = z, (1=12).
Proof. Employing the technique used earlier by Schild and Silverman [I6], we
need to find the largest real parameter ¢ such that

i 1+ Ak = D]kl + )+ (a+ @)]or(v,s,t)

(5-4) 012N

ai1ak2 < 1.

=

=1

Since f; € o}, Bya, A\ v, s,t), j=1,2, we readily see that

14+ Ak —D]k(1+ @) + (a+ Blox(v, s,t)

NE

& (= B)(1 -2 w1 =1
and

o (L Ak = D]k + @) + (o + Bléw(v, 5. 1)

2 (- B)(1— 2 Gz =
By the Cauchy-Schwarz inequality, we have

=~ [1+ Ak = D]EQ+ ) + (a+ Blér(v, s,t)
652 (51— 2 V12 < 1

Then it is sufficient to show that
o~ [1+ Ak = D]k + @) + (o + ¢))on(v, 5,1)

Ak, 10k,2

(]

h=1 (I—p)(1—2))
14+ Ak = D]k 4 ) + (a+ Blor(v, s,t)
Sg (1-5)(1 -2 : Vk, 10k 2,

or equivalently that

[E(L+a) + (o + A1 = )
Va2 S G o e+ ol (1=B)

Hence, it light of the inequality (5.5)), it is sufficient to show that
(1-p)1 -2}
[1+ Ak = DIk + @) + (a + Blow(v, s, 1)

k(14 a) + (a+ Bl(1 - ¢)
k(14 a) + (a+¢](1 - B)

(5.6) <
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It follows from (5.6)) that

<1_ (1-8)(1—2))(1+0)(k+1)
= D+X(k—D)][k(1+a)+(at+B]2ék (v,s,t)+(1—B)2(1—2N)

Now defining the function E(k),

_ (1-8)2(123) (1) (k+1)
E(k) = 1 — 30 DRiT ) T (0T 328 (o5, 0 T (A=A T—20

We see that E(k) is an increasing of k, k > 1. Therefore, we conclude that

2(1 - B)2(1 =2\ (1 + «)
2a+ B+ 1)2¢1 (v, s,t) + (1 — B)2(1 — 2))’

p<Ek)=1-

which evidently completes the proof of Theorem [5.1]
O

Using arguments similar to those in the proof of Theorem we obtain
the following theorem.

Theorem 5.2. Let the function f1 defined by (4.1) be in the class
oy (B, A\, v, 5,t). Suppose also that the function fa defined by (4.1) is in the
class a3y (p, B, o, \, v, 8,t). Then f1* fa € 0,(C, B,a, A\, v,5,t), where

2(1=p)(1 =p(A =201 +a)

B0 = B B DRa ot Donlws ) + (- B)(A—p)d - 20

The result is sharp for the functions f;(j = 1,2) given by

1 (I=75)(1 -2\

hlz) =2+ 2a+ B+ D1 (v,5,1)
and
1 (1=p)(1=2))
e Gy | E P B

Theorem 5.3. Let the functions f;(j = 1,2) defined by (4.1)) be in the class
oy (B, A\ v,s,t). Then the function

1 o0
(5.8) h(z) =+ > (ai, +az)2"
k=1
belongs to the class o, (¢, B,a, A, v, s,t), where

4(1-8)2(1 =20 (1 + «)
(2a+ B+ 1)2¢1(v,s,t) +2(1 — B)2(1 — 2))°

(5.9) e=1-

The result is sharp for the functions f;(j =1,2) given by (5.3)).
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Proof. By using Theorem we obtain
> EELIENLIEDE L I }

p (1—8)(1—2)) k1

([T + Ak = D]EN+ ) + (a+ B)or(v, s, t) 2
o0 <32 Aomrosy e ) <
and

L+ Ak = D)k + o) + (a+ B)lgr(v,5,8)* 5

Z;{ (1—B)(1 -2 } 2

(L4 AE =Dk +a a—+ B)|or(v, s, t 2
(5.11) SZ{[ + A( )][(1(_;)()1+_(2A)+ )] ( )%2} <1

~
Il

1

It follows from (5.10]) and (5.11)) that

1 (4 Ak = DK+ a) + (a+ B)|x(v,s,6) )
>3 (s

Therefore, we need to find the largest € such that
14+ AE=D]E(1+a)+ (a+e)]dr(v, s, t)

2 2
a1 +ags) <1
k=1

(1—¢e)(1—2))
<1{U+Mk_mw“+a”*a+mwuuaﬂr
2 (1—B)(1—2N) )
that is
e <1- 201 = B)2(1 =20 (1 + @) (k + 1)
< T+ Ak —D]FA+ )+ (a+ B)2¢k(v, s,t) +2(1 — 8)2(1 — 2)\).
Since
G(k) =1— 2(1-B)2(1 =221+ a)(k+1)

[1+ Ak = D]k +a)+ (a+ B)2¢r(v, s,t) +2(1 = B)2(1 — 2))
is an increasing function of k, k > 1, we obtain

41 - P21 =201 + )

e<G() =
=G (2a+ B+ 1)2¢1(v,8,t) +2(1 — 8)2(1 — 2))
and hence the proof of Theorem is completed. O

6. Integral operators

Theorem 6.1. Let the functions [ given by (L.1) be in the class
o, (B,a,\,v,s,t). Then the integral operator

1
(6.1) F(z) :c/ucf(uz)alu7 0<u<l ¢c>0
0
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is in the class o, (B, a, A\, v, 8,t), where

2¢(1 - B)(1 + a)
(c+2)2a+L+1)+c(1-08)

The result is sharp for the function f given by (3.2).

(6.2) E=1-

Proof. Let f € o;(B,a, A\, v,5,t). Then

1
F(z) :c/ucf(uz)du
0

oo

_1 R
2 +;k+c+lakz
Thus it is sufficient to show that
o L+ Ak = D][E( + @) + (o + &)]on (v, 5,1)
(6:3) kzzl (k+c+D)(1—&)(1-2) o = L.
Since f € o5(B,, A\, v, 5,t), then
Z 14+ Mk=D]k(A+ ) + (a+ B)|ér(v, s, 1)
(6.4) T Ha—2 ap < 1.

k=

=

From and (| .7 we have

[F(L+a) + (a+ )]

k(1 +0) + (@ + )]

hter)(i-6 = (-5
Then
f<1- c(1-08)k+1)(1+«)
= (k+c+Dk(1+a)+ (a+8)] +c(l—p)
Since
Y(k)=1— c(1-0)k+1)(1+«)

(k+c+D[k(1+a)+ (a+8)] +c(1—p)

is an increasing function of k, k > 1, we obtain

2c(1-58)(1+a)

<Y(1)=1-
C<YW) =1 N Gat g+ D+ 1=
and hence the proof of Theorem [6.1]is completed. O
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