Novi SAp J. MATH. VoL. 52, No. 2, 2022, 111-126
https://doi.org/10.30755/NSJOM. 11897

Existence and multiplicity results for critical and
subcritical p-fractional elliptic equations via Nehari
manifold method

Kamel AkrouifEl, Mounira Azouzﬂ and Hasna Yousf'ﬂ

Abstract. In this paper, we establish the multiplicity of nonnegative
solutions to the following p-fractional Laplacian problem

(=A),u= f(z,u) + Ag(z,u) in Q@ ,u >0,
u=0onR"\Q,

where 2 is a smooth bounded set in R™,n > ps with s € (0,1),\ is a
positive parameter, f, g are homogeneous positive functions of degrees ¢
and 7, respectively. Using fibering maps and the Nehari manifold, we
obtain some results in subcritical and critical cases.
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1. Introduction

The aim of this article is to study the existence and multiplicity of non-
negative of the following p-fractional laplacian equation
(=A)u(z) = f(z,u) + Ag(z,u) in Q ,u >0,
(1.1)
u=0onR"\Q,

where (—A)f7 is the p-fractional Laplacian operator, which may be defined as

— p—2 —
(12) (~A)u=2lim lue) ~ulo)l (@) —ulw) g, ¢ gn,
=70 JRV\B. () o =y

Here Q is a smooth bounded set in R™, n > ps with s € (0,1), A is a positive
parameter, the exponents p, r and ¢ satisfy 0 < r < 1 < ¢ < p¥ — 1 with
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Py = & > the fractional Sobolev exponent, f,g are homogeneous positive

functions of degrees q and r, respectively, that is, for all (¢,z,u) € Rf xQ x R

[z tu) = 11 (2, u),

g(z,tu) = t"g(x,u).

Furthermore, the primitive functions
F(x,u) = [ f(x,s)ds >0,

G(z,u) = [ g(z,s)ds > 0.

are homogeneous positive functions of degrees (¢ + 1) and (r + 1), respectively,
that is, for every (t,z,u) € Rf xQ x R

F(x,tu) =t F(z,u),
Gz, tu) = "1 G(z,u).
In addition, f and g lead to the so-called Euler identities
(¢+1) F(z,u) = uf(z,u),
(r+1)G(z,u) = uG(z,u),
and, for some constants 1,72 > 0, we have, for all (z,u) € Q x R.

F(z,u) <y ul™",
(1.3)
Gz, u) <o |ul.

In this work, we will use the Nehari manifold method to obtain the multi-
plicity of solutions to the problem (1.1]), for the following two cases

1 The subcritical and concave cases (0 <r <1<p<g<pi—1).

2 The critical and concave cases (0 <r<l<p<g=p:—1).

We introduce the functional space X that we will use in the following, as
follows

ntps

lz—y|l

X{u : R™ — R is measurable, u € LP(Q2) and ulw) = uly) € L*(D, dxdy)} ,

where D = R?™\ (CQ x CQ) with CQ = R™ \ Q. The space X is endowed with

the norm
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bl = | b+ 1 ) =0 g
X Lr(Q) - n+ps Y

Through this paper we consider the Banach space X, as

(1.4) Xo={ueX:u=0inR"\ Q},

with the norm

|u(z y)l”
(15) Jullx, = / ) doay
For all u,v € Xy, we have the duality product:

(1.6)
A, 0)=((-

WIIGE u(w)"™ (ula) — u(y) o) ~v®) ;)
|

T

In recent years, fractional spaces and the corresponding fractional problems
arise in many different applications, such as phase transitions [2, 22], mate-
rials science [B], water waves [14, 5], conservation laws [6], minimal surfaces
[11] and so on. Before giving our main results, let us briefly recall the lit-
erature concerning related nonlinear equations involving fractional powers of
the Laplace operator. Problems involving fractional Laplace operator has been
given considerable attention since they arise in many physical phenomena, in
probability and also in finance. For more details see, for instance [10] 12 [24]
and references therein.

There are many works on existence of a solution for fractional elliptic equa-
tions with regular nonlinearities as

(—A)*u= AP +u? in Q,u>0,
(1.7)
u=0onR"\Q,

where N > 25,0 < s < 1,p,q > 0, A > 0. In [I9 20] the authors studied
the existence and the multiplicity of non-negative solutions to the subcritical
growth problems (1.7 and the critical exponent problems are studied in [I8].
Problems similar have been also studied in the local setting with dif-
ferent elliptic operators. As far as we know, the first example in this direction
was given in [I7] for the p-Laplacian operator. Other results, this time for
the Laplacian (or essentially the classical Laplacian) operator can be found in
[1, B, [7, 13]. More generally, the case of fully nonlinear operators has been
studied in [12].
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Definition 1. We say that u is a weak solution of problem (1.1)), if u satisfies
the weak formulation

(u,v) /f (z,u)v dac—i—)\/ (z,u)v(x)dz.
Q

The fact that u is a weak solution is equivalent to being a critical point of
the following functional

(1.8) Ja(u) = = ||u|| /F T, u dx—/\/G x,u)d
To simplify the calculus, we put

P =P =ulf.Q=Q W)= /F(x,u)dm and R = R (u) = /G(x, w)dz,

Q Q

P, =P (up),Qn=Q (up) and R, = R (uy).

Then, we can write Jy as follows
1
In(u) = ;?P —Q — AR.

Also, J\ € CY(E,R) and J, : E — E' is given by
(Ji(w),u) = P = (¢+1)Q — A(r + 1)R.

Our first result is about the subcritical and concave case.

Theorem 1. Let s € (0,1),n > ps, and Q be an open bounded set of R™ with
Lipschitz boundary. If 0 <r <1 < p < g < pt—1, then there exists A, > 0,
such that for X\ € (0, A\«) problem (1.1) has at least two positive solutions.

For the critical case (¢ = p* — 1), since the embedding X, < LPs (R") is
not compact, then the energy functional does not satisfy the Palais—Smale
condition globally, but it is true for the energy functional in a suitable range
related to the best fractional critical Sobolev constant, that we can define by
the following expression:

1m
vEXo\ {0} ||v||

(1.9) 0, =

Theorem 2. Let s € (0,1),n > ps, and Q be an open bounded set of R™ with
Lipschitz boundary. Let 0 < r <1 < p < q=pi—1 and assume that there
exists ug € Xo\{0} with up > 0 in R", such that

1 * S« =% 5%
(1.10) (fotp - t“@@) < = (pim) ™ 657

Then there exists \* > 0 such that, for all X\ € (0, \*), problem (1.1)) has at
least two positive solutions.
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Remark 1. The condition (L.10) can be guaranteed by results of [[J)], Lemma
2.11], or [[21], Section 4.2].

This paper is organized as follows. In Section 2, we give some notations
and preliminaries about the Nehari manifold and fibering maps. In Section 3,
we consider the subcritical an concave case, and give the proof of Theorem
In Section 4, we deal with the critical and concave case and prove Theorem

2. Nehari manifold and fibering maps analysis

To prove Theorem [I] and Theorem [2] we will consider critical points of the
function Jy on the Banach space Xy. A good candidate for an appropriate
subset of X is the so-called Nehari manifold

Na = {u € Xo\{0}, (J3(u), u)x, = 0}.

All critical points of Jy must lie on N as we will see below, local minimizers
on Ny are usually critical points of Jy, and Ny C Xy. So we see that u € N
if and only if

(2.1) P—(g+1)Q—-Xr+1)R=0.

It is useful to understand N} in terms of the stationary points of mappings of
the form ¢, : t — Jy(tu),Vt > 0,

1
Qu(t) = —PtF — QT — \Rt™L.
p

Such maps are known as fibering maps and were introduced by Drabek and
Pohozaev in [I6] and are also discussed by Brown and Zhang [10], Brown and

Wu [9].
Lemma 1. Let u € Xo\{0}, then tu € Ny if and only if ©.,(t) = 0.

Proof. The result is an immediate consequence of the fact that

PL8) = (T4 0u), )y = 7 (T4 (1) ),
O

Thus points in N, correspond to stationary points of the maps ¢, and so
it is natural to divide N into three subsets Ny, Ny and VY corresponding to
local minima, local maxima and points of inflexion of fibering maps. We have

(2.2) oL () =tP"1P — (¢ 4+ 1)t1Q — A(r + DI"R,

(23) L) =1 2P —q(g+ )t Q = Nr(r+ 1)t 'R
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u € N, if and only if ¢/ (1) = 0. Hence, by (2.2) we get
gu(1) = (=1 P—qlg+1)Q—Xr(r+1)R
= (p—q¢-D@+HQ+Ar+1(p—-r-1R
= (p—q¢—-1)P+AXr+1)(¢—7r)R

(2.4) = (p-r—=1DP-XNg+1)(r—-qQ.

Hence, we define

N = {ueNy:¢l(1) >0},
Ny = {ueNy:¢)(1) <0},

NY = {ueNy:¢l(1)=0}.

Lemma 2. Suppose that ug is a local minimizer for Jyx on Ny and that ug € Ny,
then ug is a critical point of J.

Proof. If ug is a local minimizer for Jy on N, then ug is a solution of the
minimization problem:

min Jy(u) = Jx(ug),

B(uo) =0,
where
Bu)=P—(¢+1)Q = AMr+ 1)R.
Hence, by the theorem of Lagrangian multipliers, 39 € R such that
J'(uo) = 68" (uo),
Thus

(2.5) (J'(u0), u0) x, = 0(B"(u0), uo) x,-

Since ug € Ny and so
( J'(uo0), uo)x, = 0.

Hence

(2.6) Py =(g+1)Qo — A(r + 1)Ro.
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On the other hand,
(B'(uo), uo)xo = (0 — 1)Po — q(q + 1)Qo — A (r + 1) Ry = ¢, (1).

Using the fact that ug ¢ NY < ¢l (1) # 0 < (6 (uo), uo)x, # 0, by (2.5),
we obtain 0 = 0, then J} (ug) = 0. O

In order to understand the Nehari manifold and fibering maps, let us con-
sider the function v, : R™ — R defined by

(2.7) bult) =77 1P = (g + 1)117Q
It is clear that, for t > 0,tu € N, if and only if
(2.8) Pu(t) = A(r +1)R.
Moreover,
(2.9) Uu(t)=(p—r =P PP — (¢ + 1) (g —n)t"Q,
so we can see that if tu € Ny, then
(2.10) £, (t) = (1)

Hence, tu € N7 (Ny) if and only if ¥/, (t) > 0 (1, (t) < 0).

Suppose that u € Xy and u # 0. Starting from ,wu satisfies the
following properties

(a) 1, has a single critical point at

[ (p-r-1) P i
(W) = | T D= r 0
(b) lim (t) = —oc.

(¢) wu is strictly increasing on (0,%max(v)) and strictly decreasing on
(tmax(u), +00).
According to (|1.3)), (1.9) and Hoélder inequality, we get

+1 - atl
(2.11) Q<%m| Mﬂﬁém%p P
Likewise,
_rtl pf—r—1 4l
(2.12) R< 0, * |Q »5 P
Moreover,

Yo (tmax) — A(r + 1)R

p—r—1
F1-

p—?“—l ! ' q+1—p q—r _p—r—1
_ = - | Pati—p aFl-p — )\ DR
(@rman)  (S52)ree ey
(2.13)

r4+1 pt—r—1

> ((r+1)729;”Q|SP§ )(A*—A)PT
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such that
(2.14)

p—r—1

1 g+1—p )< p—r—1 >q+1p< p5:>qilrp
>\*:7 9 Q Ps .
72<M—TMT+U @+ Dla—rm 4

Moreover, by (2.8) and (2.13), if A < A, then ¢/ (t) > 0. It seems
that (¢),(t) < 0) when A is large.
Therefore tu € Ny, for all t > 0. On the other hand, if A satisfies

(2.15) 0 < Ar+ 1R < ¢y (tmax(w)),

then there exist ¢; and t3 with #; < tpax(u) < 2, such that:

(2.16) Pu(t1) = Yulte) = AN+ 1)R, ¢l (t1) > 0 and ¢, (¢2) < 0.

From and (2.8) , we have ¢/, (t1) = ¢/,(t2) = 0. By (2.10]), we obtain
@u(t1) > 0 and gy(t2) <O0.

These facts imply that the fibering map ¢, has a local minimum at ¢; and
a local maximum at t2 such that tu € Ny and tou € Ny .

Lemma 3. For all A € (0,\,), we have N? = ().

Proof. Suppose that Ng # 0, then there exists ug € N such that w;o(l) =
0 and 30;0(1) = 0, namely,

(p—7—1)Py+ g+ 1)(r—q)Qo = 0.

Then, we have

(r—p+1)
=" p,
O X
consequently,
0 = ¢,,(1)=P—(qg+1)Qo— A(r+1)Ro
1
= R-"2PR A+ DRy
—q—1
= P97 b A(r+1)R,,
r—q
which implies that
g1
(2.17) Ro= =4 D p

A(r—q)(r+1)
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Therefore,

l/}uo (tmax) - >\(T + ]-)RO

p—r—1
q—p+1 _1
< p—r—1 ) <qp+1> PO\ A+ 1)R
= —_— = — T 0
(@+1)(g—r) q—r Qr !
= i—hh

<<qp+1><q—1>) <qqul>(<qil;<q—lr>> PO

(218) - (W) FPo
— 0.

SO Yy (tmax) — A(r + 1)Rp = 0 is a contradiction, then for any A € (0, A,),
we have NV = (. O

Lemma 4. Jy is coercive and bounded from below on Ny,VA € (0, \,).

Proof. If u € Ny, from (2.1)) we have

Q:ﬁ%(P—/\(r—i-l)R).

s 3k (2)

By using (2.12)), we obtain

Therefore,

1 1 _r+l Pi—r—1l g
Iy > (== ——)P—yb, ¥ |Q 7 P,
O e L

Then we conclude that the functional Jy is coercive and bounded from
below on Nj. O

By Lemmas [1] and [2| for any A € (0, \.), we know that Ny = N7 UN; .
Therefore, we define

ay = inf Jy(u) and af = inf Jy(u).
uEN ueN;

Proposition 1. In the case where 0 < r <1< g <pt—1,if X € (0,\), the
functional Jy has a minimizer uy in ./\f;' and satisfies
(1) Ja(uy) = inf Jy(u) <0.
ue./\/;\+
(2) uy is a solution of problem ([1.1)).
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Proof. Since Jy is bounded from below on N ; , so there exists a minimizing
sequence {ug} C Ny such that

lim Jy(ug) = inf Jy(u).
k—oc0 ’U«GN;

Thus, by Lemma the sequence {uy} is bounded in Xy, there exists u; € X
such that
P, — Py, as k — oo.

Moreover, by [[I9], Lemma 8], up to a subsequence,
ug — up in L7(R™),up — uy in R™ as k — oo.
And by [[8], Theorem IV-9], there exists | € L7 (R™) such that
lug(z)] <l(z) in R",

for any 1 < o < p%(n > sp). Therefore, by dominated convergence theorem,
we have that

Qk — Q17
(2.19)
Ry — Rh

as k — oo, because
Qr <m Huk\\%ﬁl )

R <72 ||uk||TLﬂ1 .

Moreover, there exists ¢; such that, tyu; € N;' and Jy(tjuy) < 0. Hence,
we have inf Jy (u) < 0.
uGN;r
Next, we show that uy — wu;p strongly in Xo. If not, then [luily, <

lim inf ||ug|| y.. Thus, for {ux} C N5 we get
k—oo 0

lim ¢, () = lim [t{"lpk — (g + DHIQx — A(r + 1)t“{Rk}
k—o0

k—o0

> TP — (g4 D)H9Qy — A(r + 1)t Ry

= ¢, (t1) =0

That is, ¢, (t1) > 0 for k large enough. Since up = luy € ./\/;', we can see
that ¢, (t1) <0 for t € (0,t1), and ¢;, (1) = 0 for all k. Then, we must have
t1 > 1. On the other hand, ¢,, (¢) is decreasing on (0,¢;), then we get

In(trur) < Ix(u1) < lim Jy(ug) = inf Jy(u),
k—o0 ’U«EN;
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which is a contradiction. Hence, ur — up strongly in Xy. This implies that
Ia(ug) = Ja(ug) = infuej\/;r Jx(u) as k — oo.

Namely, u; is a minimizer of Jy on N/\Jr Using Lemma u1 is a solution

of .

Proposition 2. In the case where 0 <r <1< q<pi—1, if X\ € (0,\), the
functional Jy has a minimizer uy in Ny and satisfies

(1) J,\(Ug) = infﬁJ,\(u) > 0.
uEN

(2) ug is a solution of problem (1.1)).

Proof. Since Jy is bounded from below on N, there exists a minimizing se-
quence {uy} C N, such that

lm Jy(ug) = inf Jy(u).

k—o0 uEN;

By the same argument given in the proof of Proposition[l} there exists us € X
such that, up to a subsequence,

Py — Py, Qi — Q2 and Ry — Ro, as k — oo,

Moreover, from the analysis of the fibering maps ,,(t), we know that there ex-
ists 1,2 With t1 < tmax(u) < t2 such that tyu € Ny, tou € Ny and Jy(t1u) <
Jx(tu) < Jx(tau). Next, we show that ur — ug strongly in Xg. If not, then
luzll, < liminf flug||,. Thus, for {ux} C Ny, we have J(ux) > Jx(tuy) for

all t > tax, and

tp
J)\(t2u2) = ;2P2 — tg+1Q2 — )\t£+1R2

5 :
< lim (lPk — tg—HQk — )\tg-HRk)

k—oo D

lim J)\(tz’uk) S J)\(uk) = inf J)\(’LL)7
k—o0 ueN

which is a contradiction. Hence, ux — ug strongly in Xy. This implies

Ian(ug) = Ja(ug) = inf Ja(u),k — oo.
ueN,

Namely, uy is a minimizer if Jy on N, . Using Lemma [2| us is a solution of

problem (1.1)).

Proof of Theorem 1.1. By Propositions[I} [2]and Lemmal[2] we get that problem
(1.1) has two solutions u; € Ny and us € Ny on Xp. Since Ny NNy = (), then
those two solutions are distinct. This finishes the proof. O
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Proposition 3. In the case where 0 <r <1 < g=pi —1. Let {ug} C Xo be
a (PS). sequence for Jy with

(2.20) ¢ < % (Di) % 057 — MAT=T,

then, there exists a subsequence of {uy}, which converges strongly in Xo, where
0y is defined in (1.2) and M is a positive constant given by

v

(2.21) M = (p_r—1> ((7“+1) (p3 —r—1)>prt11 (72|Q|>

P (P —p) by

Proof. From Lemma 4} we see that {uj} is bounded in X,. Then, up to a
sequence, still denoted by {ux}, there exists u, € Xy such that up — wu.
weakly in X , that is

P, — P., as k — oo.

Moreover, by [[19], Lemma 8], we have that
u — uy weakly in LPs (R™)  up — u, in L™ (R™), up — u, in R”,
as k — oo, and by [[8], Theorem IV-9], there exists [ € L"T1(R™) such that:
lug(z)] <l(z) in R",

for any 1 < r+1 < p%. Therefore, by dominated convergence theorem, we have
that
R, — R, as k — oc.

By Brezis-Lieb Lemma [[23], Lemma 1.32], we get

P, = P(up —uy) + P+ o(1),

Qr = Q(ur —us)+ Qs +o(1).
Then,

(Ja(ur), ur) x,

= P, - p:Qk — )\(T + 1)Rk

Plug — we) + Po = pi(Q (ug — ua) + Q) = A(r + 1) Ry + 0(1)

= (a(ua), ), + Pluk — ua) = piQ (u — ua) -

By (J}(us), us) x, = 0 and (J} (ur), uk) x, — 0 as k — oo,, we know that

(2.22) P(u, — uy) — b and piQ (up — us) — b.
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If b = 0, the proof is complete.
Assuming b > 0, by (2.11)), we get

P

piQ (ur —u.) < pimb, " (Plup —u.)) ™ .

Then

—n

b= (pim)™ 6, .

On the other hand, we have

1
c = lim (Pk —Qr — )\Rk>
k p

—00
. 1 1

= lim (P(u;C —uy) — Q (up —us) — =P — Qu — )\Rk) +0(1)
k—so00 \ D p

= () F B = ) 2 y(e) + S (i) T O

= A (Us ppz_,\u* np571bp~

—n

By the assumption that ¢ < £ (piy1)*% 657, we obtain Jy(u,) < 0. In
particular, u, # 0, and

1
(2.23) Q. > EP* — AR,.
Then,
= lim Jy(un) = lim (Jy(un) — & (T (k). k)
c = kgnooAuk —kinoo AUk p MUk ), Uk) x
. . —r—1
= dim (2 1)@ —w)) + Q. - N\E——)Ry
k—s o0 p
sp* —r—1
= P (Qur —ua) +Qu) — AEZ"0)R,
n p
s —n o gpt —-r—1
> 2 pry) T oy + P, — <p> .
n n D

Using (2.11)) and (2.23)), we obtain

P,.

—n r+1 ph—r—1 p* —r— 1 r+1 Sp*
7( s s

s —n o -
> — (pey1) 75 057 — Ayefp, © | S P.r
¢z (D)7 057 = Aypebp [0 LA
1
We denote: n = P/, and we define the function h(n) as follow
r+1 ps—r—1

- peorl o pe—r—1 ..  sp;
h(n) = A0, * |Q 73 Os = “yprtl P
(n) » 719 ( ) )n "
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We note that h(n) attaints its maximum at

An(r+1)(p* —r —1)yy —ztl pior=1 F=rT
770:( ( )(5* )72 -5 ) ,
SpPs

and

h(no) = suph () = —MA>=-T,
n>0

where M is defined in (2.21) . Then,

€2 = ()77 057 — MAT=T.

Thus, we get a contradiction with our hypothesis. Hence, b = 0 and we
conclude that uy — u, strongly in Xy. This completes the proof. O

Proposition 4. There exists \* > 0 and ug € Xg such that, for all X € (0, \*),
we have

(2:24) supJy (tug) < = (pim) 7F 07 — MATT.

t>0 n
In particular,
- S * == b5 R A
(2.25) ay < - (p¥vy1) ™% 02° — MAv=——T,

Proof. First, replacing the values of A, and M, we get
S % —_n % P
— (pan) 77 057 — MAr==

-_n n v
> 2 (pim) T 0y - MATTT
n

5 —n o 1 p—r—1\"
> Z(prtv) T ep (11— >0,
n(ps’Yl) P ( r+1 (pz_r_]_) )

because .
1 —r—1\%"
0< pPor <1
r+1\pt—r—-1
Then )
s —n o\ P
A< = (= () 7 0]
o Pam) 7 0

By condition (1.10)), Jug € Xo \ {0} such that, for ¢t > ¢, > 0, we have

1
Ja(tug) < sup (Potp —t1Qy — /\t”lRO)
t>0 \P

5w \TE s r
(2.26) < ﬁ(ps'yl)”s 05" — Myt Ry.
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*er—1

Let Ayys = (%) T Forall A e (0, Assx) we define

—MET Ry < —M AT

Thus, we obtain that (2.24]) holds. Finally, we set A* = min{ ., Asx, Ass }; by
the analysis of fibering maps ¢, (t) = Jx(tu), we get

— S * e é% P —
ay < — (piy)F 057 = MAT,
for A € (0, \2). This completes the proof. O

Proof of Theorem 1.2. By Propositionsand there exist two sequences {u; }
and {u; } in Xo, such that

In(uf) — ay, Ji(ug) — 0,
and

Ilug) — ax,Ji(uy) — 0.

as k — oo.

We observe that from the analysis of fibering maps ¢, (), we have ozj{ < 0.
Similar to the proof of Propositions (1| and [2fand Theorem problem has
two solutions u; € Ny, us € Ny in Xo and since Ny NN # 0, then these
two solutions are distinct. This finishes the proof. O

References

[1] ABDELLAOUL B., COLORADO, E., AND PERAL, 1. Effect of the boundary condi-
tions in the behavior of the optimal constant of some Caffarelli-Kohn-Nirenberg
inequalities. Application to some doubly critical nonlinear elliptic problems. Aduv.
Differential Equations 11, 6 (2006), 667—720.

[2] ALBERTI, G., BOUCHITTE, G., AND SEPPECHER, P. Phase transition with the
line-tension effect. Arch. Rational Mech. Anal. 144, 1 (1998), 1-46.

[3] AMBROSETTI, A., BREzZIS, H., AND CERAMI, G. Combined effects of concave
and convex nonlinearities in some elliptic problems. J. Funct. Anal. 122, 2
(1994), 519-543.

[4] BARRIOS, B., COLORADO, E., SERVADEIL, R., AND SORIA, F. A critical fractional
equation with concave-convex power nonlinearities. Ann. Inst. H. Poincaré Anal.
Non Linéaire 32, 4 (2015), 875-900.

[5] BATES, P. W. On some nonlocal evolution equations arising in materials science.
In Nonlinear dynamics and evolution equations, vol. 48 of Fields Inst. Commun.
Amer. Math. Soc., Providence, RI, 2006, pp. 13-52.

[6] BILER, P., KARCH, G., AND WoOvczYNsSKI, W. A. Critical nonlinearity ex-
ponent and self-similar asymptotics for Lévy conservation laws. Ann. Inst. H.
Poincaré Anal. Non Linéaire 18, 5 (2001), 613—-637.

[7] BoccArDO, L., ESCOBEDO, M., AND PERAL, I. A Dirichlet problem involving
critical exponents. Nonlinear Anal. 24, 11 (1995), 1639-1648.



126

8]

[9]

(10]

(11]

(12]

(13]

(14]
(15]

(16]

(17]

Kamel Akrout, Mounira Azouzi, Hasna Yousfi

Brezis, H. Analyse fonctionnelle. Collection Mathématiques Appliquées pour la
Maitrise. [Collection of Applied Mathematics for the Master’s Degree]. Masson,
Paris, 1983. Théorie et applications. [Theory and applications].

Brown, K. J., AND Wu, T.-F. A fibering map approach to a semilinear elliptic
boundary value problem. FElectron. J. Differential Equations (2007), No. 69, 9.

BrownN, K. J., AND ZHANG, Y. The Nehari manifold for a semilinear elliptic
equation with a sign-changing weight function. J. Differential Equations 193, 2
(2003), 481-499.

CAFFARELLI, L., AND SILVESTRE, L. An extension problem related to the frac-
tional Laplacian. Comm. Partial Differential Equations 32, 7-9 (2007), 1245-
1260.

CHARRO, F., CoLorADO, E., AND PERAL, I. Multiplicity of solutions to uni-
formly elliptic fully nonlinear equations with concave-convex right-hand side. J.
Differential Equations 246, 11 (2009), 4221-4248.

CoLORADO, E., AND PERAL, I. Semilinear elliptic problems with mixed
Dirichlet-Neumann boundary conditions. J. Funct. Anal. 199, 2 (2003), 468
507.

CRrAIG, W., AND NicHOLLS, D. P. Travelling two and three dimensional capil-
lary gravity water waves. SIAM J. Math. Anal. 32, 2 (2000), 323-359.

CRrAIG, W., AND NicHOLLS, D. P. Travelling two and three dimensional capil-
lary gravity water waves. SIAM J. Math. Anal. 82, 2 (2000), 323-359.

DRABEK, P., AND PoHOZAEV, S. I. Positive solutions for the p-Laplacian:
application of the fibering method. Proc. Roy. Soc. Edinburgh Sect. A 127, 4
(1997), 703-726.

GARCiA AZORERO, J., AND PERAL ALONSO, I. Multiplicity of solutions for

elliptic problems with critical exponent or with a nonsymmetric term. Trans.
Amer. Math. Soc. 323, 2 (1991), 877-895.

GHANMI, A., AND SAOUDI, K. The Nehari manifold for a singular elliptic equa-
tion involving the fractional Laplace operator. Fract. Differ. Calc. 6, 2 (2016),
201-217.

SERVADEI, R., AND VALDINOCI, E. Mountain pass solutions for non-local elliptic
operators. J. Math. Anal. Appl. 389, 2 (2012), 887-898.

SERVADEI, R., AND VALDINOCI, E. Variational methods for non-local operators
of elliptic type. Discrete Contin. Dyn. Syst. 33, 5 (2013), 2105-2137.
SERVADEI, R., AND VALDINOCI, E. The Brezis-Nirenberg result for the fractional
Laplacian. Trans. Amer. Math. Soc. 367, 1 (2015), 67-102.

SIRE, Y., AND VALDINOCI, E. Fractional Laplacian phase transitions and bound-
ary reactions: a geometric inequality and a symmetry result. J. Funct. Anal.
256, 6 (2009), 1842-1864.

WILLEM, M. Minimazx theorems, vol. 24 of Progress in Nonlinear Differential
Equations and their Applications. Birkh&user Boston, Inc., Boston, MA, 1996.

YIN, H. Existence results for classes of quasilinear elliptic systems with sign-
changing weight. Int. J. Nonlinear Sci. 10, 1 (2010), 53-60.

Received by the editors October 5, 2020
First published online March 23, 2021



	Introduction
	Nehari manifold and fibering maps analysis

