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On E-Bochner curvature tensor of contact metric
generalized (k, 1) space forms

Shruthi Chidananddl] and Venkatesha VenkateshaX]|

Abstract. Here we derive the necessary and sufficient condition for
the Sasakian structure corresponding to the contact metric generalized
(k, p)-space forms. Further, we study the contact metric generalized
(k, p)-space forms satisfying B°(¢,X) - ¢ = 0, B°(§,X) - h = 0, and
B¢(&,X) - S =0, where B is a E-Bochner curvature tensor, h := 1 £¢¢
and S is the Ricci tensor.
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1. Introduction

In differential geometry the Riemannian curvature tensor plays a promi-
nent role in the study of Riemannian manifolds. It is well known that sectional
curvatures determine curvature tensor completely, and it is defined that Rie-
mannian manifold with constant sectional curvature c is a real space form, its
curvature tensor is given by

(L.1) R(X,Y)Z = c{g(Y, 2)X — g(X, Z2)Y },

In 2004 [1], P. Alegra, A. Carriazo, and D. E. Blair introduced the notion of
generalized Sasakian space form as an extension of the real space forms in the
background of an almost contact metric geometry. Generalized Sasakian space
is an almost contact metric manifold whose curvature tensor R satisfies the
following condition:

(1.2) R = fiR1 + faR2 + f3R3,

where f1, fa, f3 are smooth functions on M and the curvature tensors Ry, Ro,
and Rs are given by

RI(X7Y)Z = g(}/a Z)X - g(Xv Z)Y,
Ro(X,Y)Z = g(X,02)Y — g(Y,0Z)pX + 29(X, 0Y ) Z,
R3(X,Y)Z =n(X)n(2)Y —n(Y)n(Z)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)§.
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In the expression R of generalized Sasakian space forms, if fo = f3 = 0 then
it reduces to real space forms. Later, in 2012 [I0] the notion of generalized
(k, pv)-space forms was defined as an almost contact metric manifold M whose
curvature tensor satisfies the following condition.

(1.3) R= fiRy + foRa + f3R3 + faR4 + f5Rs5 + fe s,

where f1, fa2, f3, f1, f5, f¢ are smooth functions on M and R;, Ro, R3, Ry,
R5, Rg are the curvature tensors defined as

Ri(X,Y)Z =g(Y,Z)X — g(X, 2)Y,

Ro(X,Y)Z = g(X,0Z)pY — g(Y,pZ)pX + 29(X, pY)pZ,

R3(X,Y)Z =n(X)n(Z2)Y —n(Y)n(Z)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)E,
Ry(X,Y)Z = g(hY,Z)hX — g(hX, Z)LY + g(phX, Z)phY — g(phY, Z)phX,
Rs(X,Y)Z = g(Y, Z)hX — g(X, Z)hY + g(hY, Z)X — g(hX, Z)Y,

Re(X,Y)Z = n(X)n(Z)hY —n(Y )n(Z)hX + g(hX, Z)n(Y)E — g(hY, Z)n(X)E.

For fy = f5 = f¢ = 0 it reduces to generalized Sasakian space forms.

Generally Sasakian implies K-contact, but the converse is true only in case of
3-dimensional manifolds. But in [2], P. Alegre proved that generalized Sasakian
space form with K-contact structure is Sasakian. In [3], A. Carriazo et.al., stud-
ied the generalized (k, 1) space forms in the frame of contact metric geometry.
They conclude that being K-contact and being Sasakian are equivalent con-
cepts and obtained some beautiful results. With the support of this result in
[10] A. Carriazo et. al., proved that being Sasakian and K-contact are equiva-
lent concepts in generalized (k, 1) space forms.

On the other hand, in [§], S. Bochner introduced a Ké&hler analogue of
the Weyl conformal curvature tensor which is cited as the Bochner curvature
tensor. In [4] D. E. Blair interpreted geometrical meaning of the Bochner cur-
vature tensor. In [I7] Matsumoto and G. Chuman constructed the C-Bochner
curvature tensor by using Boothby-Wang’s fibration [9]. As an extension to
C-Bochner curvature tensor H. Endo in [I3] defined E-Bochner curvature ten-
sor which is called as an extended C-Bochner curvature tensor. In [I5], J. S.
Kim et.al., proved (k, pu)-contact metric manifold with vanishing E-Bochner
curvature tensor is Sasakian. Further, Bochner curvature has been extensively
studied in [14], [12], [11], [18].

Our paper is organized as follows: after preliminaries, in Section 3, we study
the E-Bochner curvature tensor and obtain a necessary and sufficient condition
for Sasakian structure corresponding to contact metric generalized (k, p)-space
forms. In Section 4, we study the contact metric generalized (, p)-space forms
satisfying B¢(§, X)-¢ = 0, and we draw several corollaries. In Section 5 and in 6
we study contact metric generalized (k, p)-space forms satisfying B¢(¢, X)-h =
0 and B¢(¢,X) - S =0 in a non-Sasakian case.

By assuming x, p as smooth functions in [16], Koufogiorgos and Tschlias
defined the notion of generalized (k, ) contact metric manifolds and proved
their existence for the 3-dimensional case and non-existence for greater than



On E-Bochner curvature tensor of contact metric generalized (k, ) space forms 3

3-dimension. Motivated by this result in this paper and with the help of [7],
we pay attention to the 3-dimensional case.

2. Preliminaries

In this section, we briefly recall some basic definitions and properties of
contact metric manifolds. Further we infer some results which are useful for
our paper.

If an odd dimensional smooth manifold M together with (1,1) tensor field
p, a vector field &, and a 1-form 7 satisfies following conditions,

(2.1) P =-I+n®¢ =1,

for all X,Y € TM, then M is said to be an almost contact manifold. In an
almost contact manifold, relation (2.1)) implies,

(2.2) wE=0, nop=0,

and the rank of ¢ is 2n. It is well known that the first relation from
together with any relation from also defines an almost contact manifold.

In an almost contact manifold there is always exits a positive definite metric
g such that

(2.3) g(eX, YY) = g(X,Y) —n(X)n(Y),
or equivalently,
(2.4) 9(pX,Y) = —g(X,9Y) and g(X,§)=n(X)

for all X, Y € T M, which is called a compatible Riemannian metric and corre-
sponding almost contact manifold is an almost contact metric manifold.

A (2n+1)-dimensional manifold is said to be a contact manifold if it admits
a global 1-form 7 such that n A (dn)™ # 0 everywhere on M?"+1,

If an almost contact metric manifold M?"*! with almost contact metric
structure (p,&, 7, g) holds the property dn(X,Y) = g(X,¢Y), then it said to
be a contact metric manifold.

Let M be a (2n + 1)-dimensional contact metric manifold with contact
metric structure (¢, &, n, g). If it has the vanishing torsion tensor [p, ¢]+2dn®¢E,
where [p, ¢] is a Nijenhuis tensor of ¢ then it is said to be a Sasakian manifold.

In a contact metric manifold, the tensor h = %pﬁggo of type (1,1) is a
symmetric operator and satisfies the following relations:

(2.5) h& =0, hp=—ph, trace(h)=trace(ph) =0, noh=0.

For more details we refer to [3].
A (k, p)-contact metric manifold is the class of (2n+1)-dimensional contact
metric manifold M in which its curvature tensor R satisfies following relation

(2.6) R(X,Y)E = (kI + ph){n(Y)X —n(X)Y},
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where (k, ) € R2, for all X,Y € TM, with h? = (k — 1)¢?, and x < 1. For
more information we recommend the reference [6]. We recall some results here,
due to A. Carriazo et. al., [10].

Theorem 2.1. Let M (f1, fa, f3, fa, [5, f6) be a generalized (k, p)-space form.
If M is a contact metric manifold with fi — f3 =1, then it is Sasakian.

Theorem 2.2. Let M (f1, f2, f3, fa, [5, f6) be a generalized (k, p)-space form.
If M is a Sasakian manifold, then f1 — f3 = 1.

Theorem 2.3. If M(f1, f2, f3, fa, 5, f6) is a non-Sasakian contact metric gen-
eralized (K, p)-space form of dimension greater than or equal to 5, then M is
a (—fe,1 — fo)-space with constant @-sectional curvature ¢ = 2fg — 1, where
fe = constant > —1 and fq, = 1.

Theorem 2.4. Let M be a non-Sasakian contact metric generalized (k, pu)-
space form of dimension greater than or equal to 5, then M is a (k, u)-contact
metric manifold, that is, the functions kK = f1 — f3 and p = fi — fg become
constants.

In [19], due to K. Mirji et. al., we recall

Theorem 2.5. If M3(f1, f2, f3, f1, f5, f6) is a contact metric generalized (k, p1)-
space form, then the following conditions are equivalent to one another:

e M?3 is n-Einstein,
o Qp = pQ, where Q denotes the Ricci operator,
f4 - fﬁ = 07

o M3 is pseudo symmetric,

M?3 is E-projectively flat.

3. ¢ - E - Bochner flat contact metric generalized (x, )
space forms

In [I7], Matsumoto and G. Chuman constructed the C-Bochner curvature
tensor in an almost contact metric manifold as follows:

m—4 1

— Ry(QX,Y)Z + Ro(QuY,pX)Z — Ry(QpX,¢Y)Z
+29(QeX,Y)pZ 4+ 29(0X,Y)QuZ + n(Y)Ro(QX,£)Z

m + 2n
+0(X)Ro(E.QY) 2} — -
m

(V) Ro(€, X)Z + (X Re(Y: )2},

B(X,Y)Z =R(X,Y)Z —

{Ro(¢Y, pX)Z +29(p X, Y )pZ}

(3.1) -
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_ 2n4r . . ..
where m = 555, r is a scalar curvature, Q@ is the Ricci operator. Generally

the term Ro(X,Y)Z is defined as

Ro(X,Y)Z =g(Y, 2)X — g(X, Z)Y.

In [13], H. Endo constructed E-Bochner curvature tensor by using C-Bochner
curvature tensor like this

BY(X,Y)Z =B(X,Y)Z —n(X)B(¢,Y)Z
(3.2) —n(Y)B(X,§)Z —n(Z)B(X,Y)¢.

For a contact metric generalized (k, it)-space form M?"+1 we have the following
relations:

S(X,Y) ={2nf1 +3f2 = fs}g(X,Y) +{(2n - 1) fa — fe}g(hX,Y)
(3.3) — {32+ (2n = 1) fs}n(X)n(Y),

(34) R(X,Y)¢ = (fr=fa){n(Y)X =n(X)Y }+(fa— fo) {n(Y)hX —n(X)hY},

R(,Y)Z =(f1 — f){a(Y, Z) = n(2)Y} + (f1 — fa){9(hY, 2)& — n(Z)hY}
(35)  =-R(V,Z

From (3.1)), (3.4) and (3.5) we have the following relations

B ye =2 =B = X - yeoy)
(3:6) (= ) (¥ IhX —n(XORY ),
sie.v)z 2B g 26 - 2y
(3.7) + (fa = fe){g(hY, Z)€ = n(Z)hY'},
2hi-f—1) _
se e =L b= e - vy
(3:9) (s oY)

By using (3:2) and (38), we get,

s e =L D oy - nx)

(3.9) + (fa = f){n(X)hY —n(Y)hX}, and
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senz =2 B =y - awnzg
(3.10) + (fa = fo){n(Z)hY'}.
Clearly from and we have
(3.11) n(B(X,Y)§) =0,  n(B(§Y)Z)=0 and
fi—fz—1)

(312 Beev)e =2 Y~ q(V)E} + (fa — fo)h.

(n+2)
Now we are going to prove the following theorem:;

Theorem 3.1. Let M?"*! (n > 1) be a contact metric generalized (k, p)- space
form then it is Sasakian if and only if it is £-E-Bochner flat.

Proof. Let M?"*! be a contact metric generalized (r,u)-space form which is
&-E-Bochner flat, then from relation (3.9) we have

2(f1 — f3—1)

sy XY ()X £ (fa = fo)n(X)RY (Y )R} = 0.

On contracting the above equation over X with respect to an orthonormal basis
we get,

2(f1 — f3—1)

et 2nn(Y) =0,

this implies

fl_f3:17 fO?" nZl.

Then by using Theorem we can conclude that, for n > 1, £&-E-Bochner
flat contact metric generalized (k, u)-space form M?"+! is Sasakian.

Conversely, suppose M2"*+1 is a Sasakian manifold then by Theorem [2.2] we
have the condition

fi—f3=1
Substituting this in , directly we get
BY(X,Y) =0.
This completes the proof. O

Definition 3.2. A contact metric manifold M is said to be n-Einstein if its
Ricci tensor satisfies the following condition

S(X,Y) = ag(X,Y) +bn(X)n(Y),

where a and b are smooth functions on M.
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Corollary 3.3. If M*"*1 (n > 1) is a £-E-Bochner flat contact metric gener-
alized (k, p)-space form then it is always n-Finstein.

Since M?"*1 is a ¢&-E-Bochner flat contact metric generalized (k, u1)-space
form, from Theorem it is Sasakian, this implies h = 0, so by relation ({3.3)

we have

S(X,Y) = (2nf1 +3f2 — f3)9(X,Y) — (2nf1 + 3f2 — f3)n(X)n(Y),

where (2nf; +3f2 — f3) and (2nf1 +3f2 — f3) are smooth functions on M?7+1,
Then from Definition (3.2) we can say that M?"*! is n-Einstein.

Corollary 3.4. Let M*"*! (n > 1) be a contact metric generalized (k, j1)-space
form. If it is not £-E-Bochner flat then M*"1 reduces to (—fe,1 — fo)-space,
(fe = constant > —1) with constant p-sectional curvature ¢ = 2fs — 1 > —3.

Let M?"*1 (n > 1) be a contact metric generalized (k, u)-space form. If
it is not {-E-Bochner flat, then by Theorem it is non-Sasakian. Then the
proof of the corollary follows from Theorem

Corollary 3.5. Let M>(f1, fa, f3, f1, f5, f¢) be a £-E-Bochner flat contact met-
ric generalized (k, u)-space form. Then it satisfies the following conditions;

* fi—fe =0,
o M3 is pseudo symmetric,
o M3 is &-projectively flat.

Let M3(f1, f2, f3, f4, f5, fo) be a ¢&-E-Bochner flat contact metric general-
ized (k, p)-space form, then the rest of the proof of the corollary follows from
Corollary 3.3 and Theorem [2.5

Remark 3.6. Theorem Corollary [3.3] Corollary [3.4] and Corollary are
valid for £ -C-Bochner flat contact metric generalized (k, ) space forms, also.

4. Contact metric generalized (k,u)-space forms satisfy-
ing B*(£,X)-¢=0

Let M?"*! be a contact metric generalized (k, 1) space form satisfying the
condition

(4.1) BY(€,X) -9 = 0.
The condition (4.1) gives

(12) B (€, X)pY — pBE(€, X)Y =0
for all X, Y € TM. Using (3.10), we get

2(f1 — fs—1)

(43) CED)

()X} + (fa = fo){n(Y)phX} = 0.
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Putting X = X and then contracting over X with respect to an orthonormal
basis we obtain

fi—fz—1)

(4.4) 2nn(Y) 2 n+2) =0,

which gives f1 — f3 = 1.
Then by the Theorem it is Sasakian, and so we can state the following
theorem;

Theorem 4.1. A contact metric generalized (k, p)-space form M*"Tt (n > 1),
satisfying B¢(&,X) - ¢ = 0 is Sasakian.

Corollary 4.2. A contact metric generalized (k, p)-space form M7t (n > 1)
satisfying B¢(£, X) - ¢ = 0 is n-Einstein.

Corollary 4.3. Let M3(fy, f2, f3, fa, f5, f6) be a contact metric generalized
(k, pv)-space form satisfying B¢(&, X) - ¢ = 0, then it satisfies following condi-
tions:

* fa—fe=0,
o M3 is pseudo symmetric,
o M3 is &-projectively flat.

Remark 4.4. Theorem [{.1] Corollary 2] and Corollary [1.3] are valid for con-
tact metric generalized (k, p)-space forms satisfying B(§, X) - ¢ = 0, also.

5. Contact metric generalized (k,)-space forms satisfy-
ing B(£,Y) - h=0

Let M?"*1 be a contact metric generalized (k, u1)-space form satisfying the
condition

(BE(&,X) - h)Y =0,
for all X,Y € M, then we have
(5.1) B¢, X)hY — hB°(£,X)Y = 0.
Using , in the above equation we get

2(f1—fs—1)

oy Y Y (= S 2RV} =0,

On contracting over Y we obtain

(52) 2n(f1 — f3 — 1)(f4 - fg) =0.
By Theorem (2.4]), we can state the following theorem
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Theorem 5.1. Let M?"*1 (n > 1) be a non-Sasakian contact metric gener-
alized (k, p)-space form satisfying B¢(§,X) - h = 0, then it is a N(k)-contact
metric manifold.

Corollary 5.2. Let M?"*t! (n > 1) be a non-Sasakian contact metric gener-
alized (K, p)-space form satisfying B¢(§,X)-h =0, then it is a (—1,0)-contact
metric manifold with constant p-sectional curvature equal to 1.

Let M?"*1 (n > 1) be a non-Sasakian contact metric generalized (k, pt)-
space form, then kK = f; — f3 # 1 is a constant. If it satisfies the condition
B¢(&,X) - h =0, then by the relation (5.2) we obtain,

Ji—fe=0.
Then the rest of the proof follows from Theorem [2.3]
6. Contact metric generalized (k, u)-space forms satisfy-
ing B¢({,X)-S=0
Suppose
(6.1) (BE(£,X) - 8)(U, V) = 0.

Put V = £ then we get,

(6.2) S(B(&, X)U, &)+ S(U,B°(&,X)€) =0.

By using relations, S(X,£) = 2n(f1 — fs)n(X), and , in
becomes

63 2B Digwx) - (xS0, + (f1— S RX) = 0.

(n+2)
Put U = X = e; and taking the summation from ¢ =1 to 2n + 1, we obtain

(6.4)
2(f1 — f3—1)
(n+2)

where 7 is the scalar curvature. By using Theorem [2.3] and Theorem [2.4] we
can state the following theorem

{r—=2n(fi = f3) —n(n+2)(fa— fo){@n—1)fs — fe}} =0,

Theorem 6.1. Let M?"*! (n > 1) be a non-Sasakian contact metric general-
ized (k, ) space form satisfying B€(€,X)-S = 0, then it has a constant scalar
curvature r = 2n(f1 — f3) + n(n+2)(1 — fe){(2n — 1) — f¢}.
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