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Fixed point theorems for \-generalized contractions in
D*-metric spaces

D. Srinivasa CharyEI, V. Srinivas CharyEI7
Stojan Radenovid’] and G. Sudhaamsh Mohan Reddy{T]

Abstract. The fixed point theorems for D*-metric spaces were ob-
tained by several authors. The notion of a D*-metric space and A-
generalized contractions are presented in this paper and a fixed point
theorem on a A-generalized contraction of an f-orbitally complete D*-
metric space is obtained. Further, some consequences of this fixed point
theorem are presented in this paper.
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1. Introduction

In 1992 B. C. Dhage [2] initiated a study of general metric spaces called
D-metric spaces. Later several researchers made significant contributions to
the study of fixed point theorems of D-metric spaces, in [1], [3] and [9]. Un-
fortunately, almost all fixed point theorems proved on D-metric spaces are not
valid, in view of papers [7], [6] and [§]. R. Kannan introduced the concept
of K-contraction in metric spaces and obtained fixed point results in metric
spaces.

2. Definitions

As a modification of D-metric spaces, Shaban Sedghi, Nabi Shobe and
Haiyun Zhou [I0] have introduced D*-metric spaces as follows:

Definition 2.1. [10] Let X be a non-empty set. A function D* : X3 — [0, 00)
is said to be a generalized metric or D*-metric on X, if it satisfies the following
properties:

(i) D*(z,y,2z) >0 for all z,y,z € X,
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(ii) D*(z,y,2) = 0 if and only if x=y=z,

(iii) D*(z,y,z) = D*(o(x,y,2)) for all z,y,z € X, where o(z,y, z) is a per-
mutation of the set {x,y, 2},

(iv) D*(x,y,2) < D*(x,y,w) + D*(w, z, z) for all z,y,z,w € X.

The pair (X, D*), where D* is a generalized metric on X is called a D*-metric
space, or a generalized metric space.

Example 2.2. [I0] Let (X,d) be a metric space. Define D} : X3 — [0, 00)
by Di(x,y,z) = max{d(z,y),d(y, z)d(z,z)} for z,y,z € X. Then (X, D7) is a
generalized metric space.

Note 2.3. [11)] Using (ii) and inequality (iv) of Definition [2.1], one can prove
that, if (X, D*) is a D*-metric space, then

(2'1) D*(ﬂﬁ,l’,y):D*(Sﬁ',y,y)

fOT’ all T,y € X. In faCt’ D*(xax,y) < D*(x,x,x) +D*($7y7y) = D*(xayay)
and D*(z,y,y) = D*(y,y,x) < D*(y,y,y) + D*(y,z,z) = D*(z,z,y) for all
x,y € X, proving (2.1).

Definition 2.4. Let (X, D*) be a D*-metric space. A sequence {z,} in X is
said to

(i) Converge to some point z of X, if
D*(xp, Tpn,x) = D*(xy, z,2) = D*(z,x,2) as n — 00

(ii) be Cauchy if, for every e > 0, there is a natural number ng such that
D*(p, Tpy Tin) < € for all m,n > ng.

It is easy to see (A fact proved in [I0]; Lemma 1.8 and Lemma 1.9) that, if
{zn} converges to x in (X, D*), then z is unique, and that {z,} is a Cauchy
sequence in (X, D*).

Definition 2.5. A D*-metric space (X, D*) is said to be complete, if every
Cauchy sequence in it converges in it.

Note 2.6. As noted in Example given any metric space (X, d) it is possible
to define a D*-metric D} by using the metric d. We shall call D} as D*-metric
induced by the metric d. Thus, every metric space gives rise to at least one
D*-metric space (X, Dy). Also, if (X, D*) is a D*-metric space, then defining
do(z,y) = D*(x,y,y) for x,y € X, we can easily show that (X, dy) is a metric
space, and we shall call dy as metric induced by D*.

Theorem 2.7. Let (X,d) be a metric space and Di the D*-metric induced by
d (as given in Ezample[2.9). A sequence {x,,} in (X, D) is a Cauchy sequence
if and only if {xz,} is a Cauchy sequence in (X, d).
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Proof. First note that we have d(z,y) < D} (z,y,y) < 2d(z,y) for all z,y € X.
The theorem follows immediately from the above inequality. In fact, if {z,}
is a Cauchy sequence in (X,d), then, for any given € > 0, choose a natural
number ng such that m,n > ng implies d(x,,z,) < €/2; and note that, for
the same ng, m,n > ng implies that D*(xz,, z,, ) < 2d(zm, ,) < €, proving
that {z,} is a Cauchy sequence in (X, D}). The other part of the theorem
can be proved by using the left one among the two inequalities noted at the
beginning of the proof. O

Corollary 2.8. Suppose that (X,d) is a metric space, and let D} be a D*-
metric induced by the metric d. Then the D*-metric space (X, D}) is complete
if and only if (X,d) is complete.

Proof. Follows from Theorem . O

It has been proved in (J[I0]; Lemma 1.7) that, if (X, D*) is a D*-metric space,
then D* is a continuous function on X3, in the sense that lim D*(z,,, Yn, 2n) =
n—oo
D*(x,y, z), whenever {(x,,,yn, z,)} is a sequence in X3 converging to (z,y, z) €
X3. Equivalently, lim z, = z ,lim ¥, = y and lim 2, = z imply that
n—00 n—00 n—00
lim D*({L‘n, Yn,s Zn) = D*(ﬁ, Y, Z)
n—oo
The purpose of this paper is to define certain types of contractions among

self-maps of D*-metric spaces, and to establish fixed point theorems for such
self-maps.

Definition 2.9. Let f be a self map of a D*-metric space (X, D*). For any
z € X, the set Of(z: 00) = {f"x :n >0} = {x, fx, f2x,...} is called the orbit
of x under f.

Definition 2.10. Let f be a self-map of a D*-metric space (X, D*). If, for
some x € X, every Cauchy sequence in Oy (x : 00) converges a point in X, then
(X, D*) is said to be an f-orbitally complete D*-metric space.

Remark 2.11. Trivially, a complete D*-metric space is f-orbitally complete for
any self-map f of X. However, the converse is not true. A self-map f of a
D*-metric space (X, D*) is called a contraction, if there is a ¢ with 0 < ¢ < 1
such that

(2.2) D*(fz, fy, fz) < q-D*(x,y, 2)

for all z,y,z € X.

R. Kannan [4] defined a contraction for metric spaces in a different way,
which we shall call a K-contraction. Analogously we define K-contraction for
D*-metric spaces as follows:

Definition 2.12. A self-map f of a D*-metric space (X, D*) is called a K-
contraction, if there is a ¢ with 0 < ¢ < 1/3 such that

(23)  D*(fz, fy, f2) < q{D"(x, f, fx) + D" (y, fy, fy) + D" (2, fz, f2)}
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for all x,y,z € X.

The concepts of contraction and K-contraction are independent. We now
define a special type of contraction, called a A-generalized contraction for D*-
metric spaces as follows:

Definition 2.13. A self-map f of a D*-metric space (X, D*) is called a -
generalized contraction if, for every x,y, z € X, there exist non-negative num-
bers ¢, r, s, t and v (depending on z, y and z) such that

(2.4) sup {¢g+r+s+t+10v}=A<1
z,y,2€X

and

<q(z,y,2)D*(z,y,2) + r(x,y,2)D"(z, fz, fr)
+s(z,y,2)D*(y, fy, fy) + t(z,y,2)D*(2, fz, f2)
+v(x,y, 2){D*(x, fy, fy) + D*(y, f2, fz)

+ D*(2, fx, fx) + D*(z, fz, fz) + D*(y, fz, fx)
+ D*(z, fy, fy) + D*(z, fy, f2)

+ D*(y, fz, fx) + D*(2, fz, fy)},

D*(fz, fy, fz)

for all z,y, z € X. From the definition it is clear that every contraction and
K-contraction are A-generalized contractions.

3. Main results

Fixed point theorem for A-generalized contraction of D*-
metric spaces

Theorem 3.1. Suppose f is a self-map of a D*-metric space (X, D*) and X
18 f-orbitally complete. If f is a A-generalized contraction, then it has a unique
fized point u € X. In fact,

(3.1) u= lim fz

n— oo

for any x € X and

n

(32 DA (") < T DY o )

foranyx € X andn > 1.

Proof. Let € X be an arbitrary element of X. Define the sequence {z,} by
x0 =, 1 = fro, X2 = fr1 = f2x, ..., xp = frn_1 = f"x, ...and denote the
orbit of  under f by O¢(z :00) = {z, :n=0,1,2,3,...}.
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Consider

D*(@n, Tnt1, Tnt1) = D*(fTn-1, fTn, f2n)
< @(Tp-1,Tn, Tn)D* (Tn-1,ZTn, Tn)
+ 7 (T, Tny Ty ) D" (Tp—1, Ty 1)
+ 8(Tn—1,Tn, Tn)D* (Tp, Tpt1, Tnt1)
+ (X1, Ty T ) D (Ty T 1, Tip1)
+v(@p—1,Tn, ) { D" (X1, Trt1, Tni1)
+ D*(xpn, Tna1, Tnt1) + D (zn, Tn, Tp)
+ D" (Tp—1,Tni1, Tns1) + D (Xp, Tn, x4)
+ D" (%, Tnt1, Tnt1) + D (X1, Tnp1, Tni1)
+ D*(xp, Tnt1, Tn) + D* (T, Tn, Tnt1) }
writing
Gn-1 = q(Tn-1,Tn,Tn), "1 = 1(Tpn_1,Tn, Tn), Sn-1 = $(Tn_1,Tn, Tn),
tno1 = t(Tp_1,Tn,Tn) and v,—1 = V(Tp_1, Ty, Tp), We get
D*(xm Tn41, $n+1) < anlD*(xnfh T, xn) + rnle*(xnfh Tn, xn)
+ 81D (Tpy Tt 1, Tpt1) + b1 DTy T 1, Trg1)
+ U 1{3D* (xp—1,Tns1, Tnt1) + 2D*(Tp, Tpa1, Tnt1)
+2D" (2, Tny Tpt1) }
since D*(x, z,y) = D*(x,y,y) [Note ], SO we write
D*(xp—1,Tn+1,Tnt1) = D*(xp—1,Tpn—1,Tny1) and
D*(xp, Ty Tnt1) = D*(zy, Tnt1, Tny1). Therefore
D*(xp, Tpy1, Tng1) < qno1 D™ (Tn—1, Zn, Tn) + 11 D* (o1, T,y Tn)
+ 8y 1D (@, Tng1, Tng1) + o1 D" (T, Trgp1, Tnt1)
+ 01 {3D" (xp—1,ZTpn_1,Tnt1) + 4D* (T, Tpt1, Try1)}

By using property (iv) of a D*—metric space, we write

D*(xn—lal'n—lvxn+l) S D*(xn—laxn—laxn) + D*(mnaxn+1,$n+1)

< D*(xn—hxnyxn) + D*(l‘na zn+1axn+1)}

D*(#p, Tpg1, Tng1) < @n-1D* (Tn—1,Tn, Tn) + 1D (Tn—1, Tn, Tn)
+ S$n-1 D" (Tny Trg1, Tng1) + o1 D™ (T, Trgp1, Trg1)
+ U1 {3D* (p—1, T, xn) + TD* (Tp, Tpt1, Tnr1)}
< (qno1+7rn1+30, 1)D (T _1,Tpn,Tp)
+ (Sp—1+tn-1+ T0p—1)D*(n, Tnt1, Trt1)
This implies that

(1 —Spn—1 — tn—l - 7’Un_1)D*(In,SCn+17l’n+1)
S (Qn—l + Tn—1 + 3vn—1)D*(xn—17xnaxn)~

99
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Hence D~ (xnv Tn+1, anrl) < ( 137;;1_—:?;;11_31;2;1_1 )D*(xnfl’ T, xn)

D*(xp, Tpy1, Tpy1) < AD*(Tp—1,Tp, Tn), where A =

gn—1+trn—1+3vn_1
. l-sp_1—tp—1—Tvpn_1"
Assume that A < 1, which implies A\ = lﬁ"’ﬁi"’ﬁiv"’l <1

Sn—1—tn—1—TVn—1

Gn-1+7Tn—1+30p_1 <1—58p_1 —tp_1 — Tp_1
Qn-1+"Tn-1+ Sn—1+tn_1+ 10v,_1 < 1 since

sup {g+r+s+t+10v}=A=¢p1+7rn-1+Sp—1+tn—1+ 100,71 < L.
z,y,2€X
Thus by iteration, we get

(3.3) D*(xpn, Tna1, Tnt1) < A" D*(xg,21,21) = A" D* (0, fxo, fzo)
Therefore

D*(xnvxn-i-paxn—l-p) S D*(-/L‘naxn-i-laxn—i-l) + D*(xn+17xn+2; xn+2)

+ D*(xn+27 Tn+3, xn+3) +...+ D*(mn+p717 anrp, xn+p)

< N'D*(wo, x1,@1) + AT D* (20, 1, 21)

+ A2 D* (2o, 21, 21) + ...+ AP D (w0, 21, 21)

<AV XL A2 APl L YD (g, 2, 21)
A"

<

T 1=

D*($0,$1,$1)

n

(3.4) D*(zy, Tntp, Tntp) < 11—

)\D*(ffo,fﬂl,xl)

Hence D* (24, Tntp; Tntp) < A"D*(zo,21,21)/(1 — ) — 0 as n — oo, since
0 <A< 1,and {x,} is a Cauchy sequence in Of(z : 00). Since X is f-orbitally
complete, there exists a u € X such that

u= lim z, = lim f"zo= lim f"z.
n—oo n—oo n—oo
To show that u is a fixed point of f,

D*(fu, fan, fon) < gD*(u,xn, ) + rD*(u, fu, fu)
+ sD*(xp, fan, fan) +tD*(xy, fon, fo,)
+v{D*(u, fan, fen) + D*(zn, fXn, fo,)
+ D*(zp, fu, fu) + D*(u, fan, fo,)
+ D*(zy, fu, fu) + D*(xn, fTn, f2n)
+ D*(u, fxy, fx,) + D" (xy, fo,, fu)
+ D*(xn, fu, fr,)}
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D*(fu, fxn, fr,) < ¢D*(u,Zpn, xn) + D" (4, Tpt1, Tnt1)
+ rD*(xpt1, fu, fu) + sD*(Tpn, Tpt1, Tnt1)
+ tD*(xn, i1, Tnt1) F 0{D* (U, Tpy1,Tpi1)
D* (2, Try1, $n+1) + D" (xm Tpil, Tngl)
D* (@41, fu, fu) + D™ (U, Tny1, Tny1)
D*(xy, Tpg1, Tnt1) + D* (i1, fu, fu)
(33 $n+1axn+1) + D* (Ua$n+1axn+1)
D*(@n, Tnt1, Tns1) + D™ (Tn1, Tnia, fu)
D*(xpn, Tny1, Tnyr) + D" (g1, fu, 2nq1)}
< qD (U, Ty ) + (1 + 30)D* (U, Ty 1, Tipt1)
+ (r + 4v)D*(fan, fu, fu)
+ (s+t+6v)D*(Tn, Trni1, Trnt1)

D*(fua fxnvfxn) S /\D*(uaxnaxn) + )‘D*(uvmn+1»xn+1)
+ )\D*(fln, fua fu) + AD*(InﬁEn-&-la In—‘—l)-

Therefore

(1 = XN)D*(fu, fxn, fr,) < MD*(u, zp, T,)
+ D*(U, Tn41, In+1) + D*(Ina Tn+1, xn+1))

and

* A *
+ D*(U,J}n+1, xn+1) + D*(xnaanrlaanrl))
which implies that lim D*(fu, fx,, fx,) = 0. Hence fu = lim fz, =
n—oo

n— oo

lim z,11 = u, and u is a fixed point of f.
n—oo

To prove that f has unique fixed point, suppose that fu = u and fw = w
for some u,w € X. Then, by the definition of A-generalized contraction, it
follows that

D*(u,w,w) = D*(fu, fw, fw) < ¢D*(u, w,w) + rD*(u, fu, fu)
+ sD*(w, fw, fw) + tD*(w, fw, fw) + v{D*(u, fw, fw)
+ D*(w, fw, fw) + D*(w, fu, fu) + D*(u, fu, fu)
+ D*(w, fu, fu) + D*(w, fw, fw) + D*(u, fw, fw)
+ D*(w, fw, fu) + D*(w, fu, fw)}
< (g + 6v)D*(u, w,w) < AD*(u,w,w)

Which implies that (1 — A)D*(u, w,w) = 0, since A < 1, D*(u, w, w) = 0. That
implies = w. Thus f has unique fixed point. Since x is arbitrary in the above
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discussion, it follows that u = lim f"x for any = € X and hence equation
n—oo

is proved. Finally, since D* (2, Tptp, Tntp) < A"D*(z, fz, fz)/(1—X) (by

3.4), on letting p — oo, we obtain D*(x,,u,u) < A"D*(z, fz, fx)/(1 — X),

proving equation [3.2} O

Corollary 3.2. Let f be a self-map of a D*-metric space (X, D*), and X be
f-orbitally complete. If f is a contraction of (X, D*), then it has a unique fized
point u € X. In fact,

(3.5) w= lim f"x for any =€ X and

n—oQ

for any x € X and

(30 DX (" u,0) < £y D (i f, )

forany x € X andn > 1.

Proof. Since every contraction is A-generalized contraction, the Corollary fol-
lows from Theorem [3.11 O

Remark 3.3. The Banach contraction principle is a particular case of Corollary
For, if (X, d) is a complete metric space, then, by Corollary , (X, D7)
is a complete D*-metric space, and hence f-orbitally complete for any selfmap
fof X. Also, if f is a contraction of (X, d), then the contractive condition can
be written as

Di(fz, fy, fy) < ¢.Di(z,y,y)

for all z,y € X, since Di(z,y,y) = d(z,y) ; so that f is a contraction on
(X, D7). Thus f is a contraction on the f-orbitally complete D*-metric space
(X, D7), and the conclusions of Corollary hold for f, and f satisfies the
Banach contraction principle.

Corollary 3.4. Suppose that f is a self-map of a D*-metric space (X, D*) and
X s f-orbitally complete. If f is a K-contraction of (X, D*), with constant g,
then it has a unique fixed point u € X. In fact,

(3.7) u= lim f"x

n— oo

for any x € X and

n

2q
1-—2¢q

(3.8) D*(f"z,u,u) < D*(z, fz, fx)

forallz e X andn > 1.

Proof. Since every contraction is a A-generalized contraction, the Corollary
follows from Theorem by taking A = 2q. O
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Remark 3.5. Kannan’s result ( [0]; p. 406 ) is a particular case of the Corollary
. In fact, if (X,d) is a complete metric space, then, by Corollary
(X, D7) is a complete D*-metric space, and hence f-orbitally complete for any
selfmap f of X. Also, if f is a K-contraction, with constant ¢, of (X, d), then
the condition of K-contraction can be written as

(3.9) Di(fz, fy, fy) < d{Di(=, fz, fz) + Di(y, fy, fy)}

for all z,y € X. Since Dj(z,y,y) = d(z,y). Thus f is a K-contraction on
(X, D7), and f is a K-contraction on the f-orbitally complete D*-metric space
(X, D7). Therefore the conclusions of Corollary hold for f, which are the
conclusions of Kannan’s result.

4. Consequences of Theorem (3.1

Theorem 4.1. Let f be a self-map of a D*-metric space (X, D*) and X be f-
orbitally complete. If there is a positive integer k such that f* is a A-generalized
contraction, then it has a unique fixed point u € X. In fact,

(4.1) u= lim f"z,

n—oo

for any x € X and
(4.2) D*(fx,u,u) < A p(x, fz, fz)

foranyx € X andn > 1,
where p(z, fr, fr) = max{\"1D*(fTx, fHFe, frHre) r =0,1,2,... k- 1}.

Proof. Suppose that f* is a A-generalized contraction of an f-orbitally complete
D*-metric space (X, D*). By Theorem f* has unique fixed point. Let u
be the fixed point of f*¥. Then we claim that fu is also a fixed point of f¥.
In fact, f*(fu) = f**'u = f(f*u) = fu. By the uniqueness of fixed point of
f*. fu = u, showing that u is a fixed point of f. To prove the uniqueness of
fixed point of f, let u,v € X be such that fu = v and fv = v. Then ffu=u
and f*v = v and hence u and v are fixed points of f*, which has unique fixed
point. Hence u = v. To prove equation [{1] let n be any integer. Then by
the division algorithm, n = mk + j, 0 < j < k, m > 0 and, for any z € X,
[z = (f*)™fiz. Since f* is a A-generalized contraction, by equation we
have

D*(f"a,u,u) = D*((f*)" fa,u,u)
" * j k rj k rj
SﬁD (f]xvf fjxaf fjx)
2Dt (P, o, )

D*(f"z,u,u) < %maX{D*(fix,fi"’jx, fiz):i=0,1,2...,k—1} =0

as m = m(n) = oco. Thus u = lim f"z for any z € X. To prove equation
n—oo
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let n be any positive integer. Since f* is a A-generalized contraction and
n=mk+j,0<j <k, m>0with m=[n/k], from equation 3.2 we have

D*(f"x,u,u) = D*(fmkfja:,mu)
< 2 D* (i, [, fF)
1/kymk+j—j ' 4 4
— %D*(fjx,fkﬂw,fkﬂx)
< (Al/k)karjka*(fjx’fk«ij’fk+jx)

< WEATID N (fa, [, [ )

Hence

D*(frz,u,u) < AN*max{\"'D*(fiz, fitkz, fit*z) i =0,1,2...,k — 1}.
O
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