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Hyperspheres in Euclidean and Minkowski 4-spaces as
almost paracontact almost paracomplex Riemannian
manifolds

Mancho ManeWl|PIP] and Veselina Tavkova

Abstract. Almost paracontact almost paracomplex Riemannian man-
ifolds of the lowest dimension are studied. Such structures are con-
structed on hyperspheres in 4-dimensional spaces, Euclidean and pseudo-
Euclidean, respectively. The obtained manifolds are studied and charac-
terised in terms of the classification used and their geometric properties.
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1. Introduction

In [12], 1. Sato introduced the notion of almost paracontact Riemannian
structure on a differentiable manifold of arbitrary dimension so that this struc-
ture is compatible with a Riemannian metric such that the metric preserves
the structure endomorphism on the paracontact distribution. Later, other ge-
ometers (K. Matsumoto, T. Adati, T. Miyazawa, S. Sasaki) joined Sato in the
initial development of the differential geometry of almost paracontact Rieman-
nian manifolds (e.g. [Il [I1]).

Another type of structure-metric compatibility is known in addition to the
above. If the structure endomorphism induces an anti-isometry with respect
to the metric on the paracontact distribution of each tangent fibre, then it is
said that the manifold has an almost paracontact metric structure (see, e.g.,
[3, 13]).

The restriction of the almost paracontact structure on the paracontact dis-
tribution is an almost product structure. In [I0], A.M. Naveira gives a classi-
fication of Riemannian almost product manifolds with respect to the covariant
derivative of the almost product structure regarding the Levi-Civita connection
of the Riemannian metric.
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Almost paracontact Riemannian manifolds of Sasaki type (n,n) are classi-
fied in [6]. For them, the induced almost product structure on the paracontact
distribution is traceless and it is called an almost paracomplez structure ([]).
These manifolds are necessarily odd-dimensional and are called almost para-
contact almost paracomplex Riemannian manifolds in [9].

An object of particular interest in our research is the case of the lowest
dimension (which is three) of almost paracontact almost paracomplex Rieman-
nian manifolds. In this regard, we study their properties in [9] [7, [§].

In the present work, we use two different approaches to construct an almost
paracontact almost paracomplex Riemannian manifold on a hypersphere. The
first case is of a hypersphere in Euclidean space E* and the second is of a time-
like hypersphere in pseudo-Euclidean space E} (i.e. Minkowski space). Similar
research was conducted in the case of almost contact B-metric hyperspheres in
[2 [E].

The purpose of this paper is to study the basic geometric characteristics of
the considered manifolds. The obtained results will provide explicit examples
of the lowest dimension of the manifolds under study and will contribute to the
understanding of their geometry.

The paper is organized as follows. In Sect. 2] we recall some necessary basic
definitions and properties of the studied manifolds. In Sect. [3] and Sect. []
we construct and characterize such manifolds on hyperspheres in E* and E{,
respectively.

2. Almost paracontact almost paracomplex Riemannian
manifolds

Let us consider an almost paracontact almost paracomplex Riemannian man-
ifold (M, @, €,m,g), i.e. M is areal differentiable manifold of dimension (2n+1)
equipped with an almost paracontact almost paracomplex structure (¢,€,n) and
a Riemannian metric g. Namely, ¢ is a tensor field of type (1,1) (known as
a paracontact endomorphism) of the tangent bundle TM of M, £ is a Reeb
vector field and 7 is its dual 1-form, which together with ¢ satisfy the following
conditions: [12] [6]

¢2:I_n®£a 7’}(6):17 770¢207 ¢§:O7 tI'(]S:O,
g(oz, ¢y) = g(z,y) — n(z)n(y),

where Z denotes the identity on T'M.

Here and further x, y, z, w will stand for arbitrary elements of the Lie
algebra X(M) of tangent vector fields on M or vectors in the tangent space
T,M at p e M.

Let us denote the Levi-Civita connection of g by V. The fundamental tensor
F of type (0,3) on (M, ¢, &, m,g) is defined by

F(.’E,y, Z) = g((vw¢) Y, Z)
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It has the following basic properties with respect to the structure
F(x,y,z) = F(z,2,9)
— —F(2,6y,62) + n(y) P, €, 2) + n(2) F (2,9, ).
The relations of V& and Vn with F' are as follows:

(2.1) (Ven)(y) = 9 (Vo y) = —F(z, ¢y, &).

Let {¢;e;} (1 =1,2,...,2n) be a basis of T, M at an arbitrary point p € M
and ¢g¥ are the components of the inverse matrix of g. Using this basis, the
structure (¢, &, n) and the metric g, the following 1-forms (known as Lee forms)
are associated with F"

9(2) :gijF(ei7ejvz)7 9*(2) :gijF(eia(bejaz)v w(z) :F(gagaz)'

In [6], a classification of almost paracontact almost paracomplex Rieman-
nian manifolds is made according to the basic properties of F' with respect to the
tensor structure of the studied manifold. This classification consists of 11 basic
classes Fi, Fa, ..., F11. Furthermore, the components F* (s € {1,2,...,11})
of F', which correspond to the classes Fs, are determined in [9]. The latter
approach provides an alternative way to determine the basic classes of the con-
sidered classification. Namely, the manifold (M, ¢, &, n, g) belongs to F if and
only if the equality F' = F* is valid. As a corollary we have the following.
A manifold of the studied type belongs to a direct sum of two or more basic
classes, i.e. (M,¢,€,n,9) € F; & F; & ---, if and only if the tensor F' on (M,
®,&,m, g) is the sum of the corresponding components F*¢, F7 ... of F, i.e. the
following condition is satisfied F = F? + FJ + ...,

Let (M, ¢,£,m, g) have the lowest dimension (i.e. dim M = 3) and let the
set of vectors {ep,e1,e2} be a ¢-basis of T, M which satisfies the following
conditions:

peo =0, ¢e1 =e2, ¢ex=e1, &=eq,

n(eo) =1, nle1) =nle2) =0,

(2.3) g(ei, ej) = (57;j, i,j S {0, 1, 2}.

According to [9], the components Fj;, = F(e;, €j,€ex), 0, = 0(ex), 05 = 0" (ex)
and wp = w(eg) of F, 0, 8* and w, respectively, with respect to the ¢-basis
{ep, €1, e2} are determined as follows:

0o = F110 + Fazo, 0y = Fi11 = —Fio0 = —03,
05 = Fi20 + F210, Oy = Faop = —Fp11 = — 07,
wo = 0, w1 = Foo, wa = Foppz.

Hence, the components F*, s € {1,2,...,11}, of F on (M,¢,&,n,g) in the
corresponding basic classes F have the following form: [9]

Fl(z,y,2) = (216, — 2%60;) (y'2" — y?2?%);
(2.4a) F(z,y,2) = F3(2,y,2) = 0;

Fi(z,y,2) = 970{901 (1021 + y12%) + 22 (1022 + y22°) };

(2.2)
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(@,y,2) = B {2 (022 +422°) + 22 (4021 + y120) };
(wy, z)=F(z,y,2) = 0;
F8(x,y,2) = )\{:c (y 2t 4+ ylzo) — 22 (y022 + yQZO)},
(2.4D) A= Fuao = ~Fazo;
FO(z,y,2) = u{x (1022 + y220) — a2 (02" +y'20)},
p = Fia0 = —F210;
F®z,y,2) =va® (y'z! —y?2?), v = Fon = —Fpo;
Fii(z,y,z) = 2%{wr (12" + y'20) + w (1022 + y%2°) },
where the decompositions x = z'e;, v = y'e;, 2 = z'e; with respect to

{eo, €1, ea} are used.

By the virtue of (2.4)), it is determined in [9] that the studied 3-dimensional
manifolds can belong only to the basic classes F1, Fy, F5, Fs, Fo, F10, F1i1
and their direct sums.

The Nijenhuis tensor N of the structure (¢,&,n) is defined by the equality
N(z,y) = [¢, d](x,y)—dn(z, y)&, where the Nijenhuis torsion of ¢ is determined
by [0, 9)(x,y) = [¢z, py| + ¢*[x, y] — ¢loz, y] — ¢[z, py] and d7 is the exterior
derivative of 1 given by dn(z,y) = (Von)y — (Vyn)x. The corresponding tensor
of type (0,3) of the Nijenhuis tensor on (M, ¢, &, n, g) is defined by the equality
N(z,y,2z) = g(N(x,y),2). According to [9], we express N in terms of F as
follows:

N(x,y,z) = F(gbx,y,z) - F(¢y7maz) - F(‘T7ya¢z) + F(y’xad)z>
+ 77(2) {F($,¢y,f) - F(y,rbamf)} .

The associated Nijenhuis tensor N of the structure (¢,€,m, g) is defined in
the following way: ﬁ(m,y) = {¢, 0} (x,y)—(Leg)(z,y)§. In the latter equal-
ity, {¢, ¢} is the symmetric tensor of type (1,2) determined by {¢, ¢} (x,y) =
{pz, py} + ¢*{z,y} — ¢{ox,y} — ¢{z, ¢y} for {z,y} = V,y+ V,z and L¢g is
the Lie derivative of g along £ expressed by (£¢9) (z,y) = (Von)y + (Vyn)z.
The corresponding tensor of type (0,3) of the associated Nijenhuis tensor is

(2.5)

defined by ]v(x,y, z)=g (]V(:c,y),z) In [9], we express N by F as follows:

N(z,y,2) = F(¢x,y,2) + F(¢y, x,2) — F(z,y,¢2) — F(y, z, $z)
+n(2) {F(z,¢y,&) + F(y, ¢z, &)} .

The curvature tensor R of type (1,3) for V is defined as usually by R =
[V,V] = V[,]. The corresponding (0, 4)-tensor is denoted by the same letter
and it is given by R(z,y, z,w) = g(R(z,y)z, w).

The Ricci tensor p and the scalar curvature 7 for R, as well as their associ-
ated quantities, are determined respectively by:

(2.6)

p(yvz) :gin(ei,y,Z,ej)7 T:gijp(eiaej)a

P (y7z):ij(ei7y7Z7¢ej)7 T :gjp (eiaej)'
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Moreover, we use the Kulkarni-Nomizu product g ® h of two (0, 2)-tensors
g and h defined by

(g D h) ((E, Y, z, w) = g(.’E, Z)h(yv U}) - g(ya Z)h(l'v U))
+ g(y7 w)h(x, Z) - g(a:, U))h(y, Z)
Obviously, g ® h has the basic properties of R if and only if g and h are
symmetric
Let o be a non-degenerate 2-plane in T, M, p € M, having a basis {z, y}.
The sectional curvature k(«;p) is determined by
2R(z,y,y,v)
(90 9)(z,y,y,z)

(2.8) k(a;p) = —

3. A hypersphere with the studied structure in Euclidean
4-space

Let E* be the Euclidean space (R?, (-,-)), where (-, ) is the usual Euclidean
inner product determined by
(z,y) = 2yt + 22y? + 2By’ + aty?t
for z(a!, 2%, 2%, 2%), y(y', 4% y°,y*) from R™.
Then we consider a hypersphere S; in E* at the origin with a real radius r
identifying an arbitrary point p in E* with its position vector z, i.e.

(3.1) S (z2) =1

It has the following parametrization

z(r cos ul cosu?, rcosut sinu?, rsinu! cosu, rsinu! sin uo)7

where u®, u',u? are real parameters such as u®,u',u? € [0;27), u! # 5T for

k € {0,1,2,3}. Consequently, the local basic vectors 9; = %, i €{0,1,2}
have the following inner products:

(Do, Op) = 12 sin? !, (01,01) =12, (Da,02) = r?cos?ul,
(0;,05) =0, i # j.

Substituting e; = ———0;, i € {0, 1,2}, we obtain an orthonormal basis {e;},

V/(9:,0:)
i €40,1,2} as follows

— 2 _ 1 —
(3.2) €0 = 75i2ar 0o, er = 0, €2 = st 02

where g1 = sgn(cosu!), g5 = sgn(sinut).

Next, we introduce an almost paracontact almost paracomplex structure
(¢,€,1) on S; determined as shown in . The metric g on the hypersurface
is the restriction of (-,-) on S;. Therefore, {e;}, i € {0,1,2} is an orthonormal
¢-basis with respect to g on T,S1 at p € Sy, i.e. (2.3) is satisfied. Thus, we
obtain for (S1,¢,&, 1, g) the following
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Proposition 3.1. The manifold (S1,$,&,1,9) is a 3-dimensional almost para-
contact almost paracomplex Riemannian manifold.

Using (3.2)), we calculate the following commutators of the basic vectors e;:

(3.3) [eo, e1] = %cot uleo, [eo,e2] =0, [e1,ea] = %tanuleg.

According to the latter equations and the Koszul equality for V of g, i.e.
(34) 29 (in,Eja Ek) =g ([Eu Ej]7 Ek) +9 ([Ekv Ei]v Ej) +9g ([Ekv Ej]v El) )
we obtain the components of the covariant derivatives of e; with respect to V:

Veo€0 = —% cotule, Veo€1 = %cot uley,

1 1

(3.5) 1 1
Ve,e1 = — tanueg, Ve,€2 = - tanu e

and the remaining V., e; are zero.
Bearing in mind (2.2)), (2.3) and (3.5)), we obtain the following components
F;ji of F with respect to the basis {e;}, ¢ € {0,1,2}:

1 2
(36) F002 = F020 = ;COt ul, F211 = —F222 = ;tanul

and the other componentb Fuk are zero.

According to , and ., we determine the basic components
Nijk = N(ez,ej,ek) of the Nijenhuis tensor and ka = N(ez,ej,ek) of its
associated tensor. The non-zero ones among them are:

1 1
No1o = —Nigo = 7 cotu-,

~ N ;N - . )
Noo1 = Ni11 = —Nigg = —Najp = S tanu,
S, . - s .
N001——Tcotu 5 N010—N100—Tc0tu .

Using and , we get the equality
F(z,y,z) = %tanule (y'2' —y?2%) + %cot u'z® (y°2% +y20).
By the virtue of the latter equality, we establish that F' has the following form:
(3.7) F(z,y,2) = F'(z,y,2) + F (2,9, 2),

where F! and F'!' are the components of F for the basic classes F; and Fi1,
respectively. Therefore, we have the following non-zero components of F'! and
F1! with respect to {e;}, i € {0,1,2}:

1 1 _ 2 1
(3.8) Fyy = —Fayp = —02 = S tanu,
' FiL = FIL = o = L cotul

002 — 4020 — W2 = & :

Let us note that the components of F'' and F'' from the above are non-zero
for all values of u! in its domain.
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Next, using (2.1)), (3.7) and (3.8]), we find the following:
N=-dy@E Ve #0,

which support the results obtained in [9].

Bearing in mind (2.3)), (3.3)), (3.5)) and the definition equality of R, we obtain
the components R;jke = R(e;, e, ex, e¢) of R with respect to {e;}, i € {0,1,2}.
The first of them are:

1

(3.9 Ro101 = Ro202 = Ri212 = 3

The rest of the non-zero components of R are determined by (3.9) and the
basic symmetries of R and its first Bianchi identity.

According to , and 7 we obtain the components p;i = p(e;, ex)
and pJ, = p*(ej,ex) of the Ricci tensor p and the *-Ricci tensor p*, respec-
tively, as well as the values of the scalar curvature 7 and its associated quantity
7* as follows:

(3.10)

Furthermore, from (2.3)), (2.8) and (3.9)), we get the basic sectional curvatures
kij = k(ei,e;) determined by the basis {e;, e;} of the corresponding 2-plane:

1
(3.11) ko1 = koo = k12 = ?"72
Taking into account (2.3)), (3.9) and (3.11)), we get the form of the curvature

tensor as follows

1
(312) R(I,y,Z,UJ) = _ﬁ(‘g@g)(x,y,Z,IU)

According to the results obtained above, we have the following

Theorem 3.2. Let (S1,¢,£,1,9) be the hypersphere in the Fuclidean 4-space
E* equipped with an almost paracontact almost paracomplex structure and a

Riemannian metric defined by (3.1)), (2.2) and (2.3). Then, the manifold
(S1,9,&,m,9) has the following properties:

1. it is in the class F1 @ F11 but does not belong to either Fy or Fi1;
2. it has a positive scalar curvature;

8. it is x-scalar flat;

4. it is a space-form of positive constant sectional curvature.

Proof. We establish the truthfulness of assertion (1) using (3.7) and (3.8)).
Conclusions (2) and (3) are consequences of (3.10)), whereas (4) follows from
B12). O
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4. A hypersphere with the studied structure in Minkowski
4-space

In this section we consider the pseudo-Euclidean space Ef, i.e. the real
4-space R* equipped with the following Lorentzian inner product

(4.1) (z,y) = 2'y" +2%y” + 2%y° —aty?

for arbitrary vectors x(x!, 22,23, 2%) and y(y*', y?, y3,9y*) in R
In a similar manner as in the previous section, we define the following
hypersphere Sy in E} at the origin with real radius r,

So: (z,2) = —r%
It has the following parametrization

z(r sinh u! cosu?, rsinh ! sinw?, r cosh u! sinh w3, r cosh u! cosh u3)7

where u!,u?,u® are real parameters such as u' € (—o00;0) U (0;4+00), u? €

[0;27), u® € (—o0; +00).
Therefore, for the local basic vectors 9; = %, i € {1,2,3}, we obtain the
following

(01,01) =12, (Do,09) = 12 sinh? u?, (03,05) = 1? cosh? u?,
<ai,aj> = 07 i 7é .7

1

Then, we substitute ¢;_1 = ——
[(9:,0:) |

1 €{0,1,2}, as follows

0; and get the orthonormal basis {e;},

1
€y = ;81, €1 = €y = 63.

rsinh ul Y2s r cosh ul

In the same way as in the previous section, here we equip Sy with an almost
paracontact almost paracomplex structure and a Riemannian metric defined by
and , respectively. Thus, for the obtained manifold (Sa, ¢, &, 17, g), we
have the following

Proposition 4.1. The manifold (S, $,€,1,9) is a 3-dimensional almost para-
contact almost paracomplex Riemannian manifold.

By similar considerations as for &1, we obtain the following:

(4.2)  [eo,e1] = =1 cothuley, [eo, €2] = —1 tanhu'e,, [e1,e2] = 0.
Taking into account (3.4) and (4.2) we get:
(4.3) Ve €0 = %coth uley, Ve,€0 = %tanh ules,

. Ve,e1 = — 2 cothuleg, Ve,e2 = — L tanhuleg.



Hyperspheres in Euclidean and Minkowski 4-spaces . .. 183

Bearing in mind (2.2)), (2.3) and (4.3), we compute the components Fj;j, of F.
The non-zero once among them are:

(44) Fioo = Fiog = —% cothul, Foo1 = Fo19 = —% tanh u'.

Then, applying (2.5), (2.6) and (4.4), we calculate the components N;;; and
N;ji; as follows:

2
Nio1 = —No11 = Noaz = —Noo2 = ooty
. N N . )

Nio1 = Noi1 = —Naoz = —No22 = ;55907

]/\\7110 = NQQO = —%(cothul +tanhu1).
By the virtue of (2.4]) and (4.4]), we establish the following equality
(4.5) F(z,y,2) = (F° + F)(x,y, 2),

where F° and F* are the components of F corresponding to the basic classes
Fs and Fy. The non-zero components of F° and F*? with respect to the basis
{eo, €1, ez} are the following

(46) Fioy = Fiyy = F3yy = F3yg = 1605 = —5-(cothu! + tanhu'),
Fiog = Fiy = —Fjpy = —Fjig=p = %(tanhul — cothu').

Taking into account , and , we get

(4.7) dn =0, Ve =0,

which support the results obtained in [9].

Bearing in mind (2.3), (4.2) and (4.3), we calculate the components R;;
of R. The non-zero ones among them are determined by the basic symmetries

of R and the following
(4.8) Ro101 = Rozoz2 = Ri212 = 5.
Using (2.3), (2.7) and (4.8), we obtain the basic components p;; and pj; as

well as the values of 7 and 7*:

(4.9) p00=p11=P22=—%27 Pl2 = Po1 = 77,
’ Tz—%, ™ =0.

Bearing in mind (2.3)), (2.8) and (4.8), we compute the basic sectional curva-
tures k;; with respect to the basis {eg, €1, e2} as follows

1
7‘72.

Bearing in mind (2.3)), (4.8) and (4.10]), we get the form of the curvature

tensor in the following way

(4.10) ko1 = ko2 = k12 = —

1
ﬁ(g®g)(x,y72,w).

By the virtue the results obtained above, we obtain the following

(4.11) R(,y, 2 w) =
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Theorem 4.2. Let (S2,$,&,1,9) be the time-like sphere in the Minkowski 4-
space B} equipped with an almost paracontact almost paracomplex structure and

a Riemannian metric defined by (4.1)), (2.2) and (2.3). Then, the manifold
(S2,0,€,m,g) has the following properties:

1. it is in the class F5 @ Fg but does not belong to either Fs or Fy;
2. it has a closed 1-form m and geodesic integral curves of &;

3. it has a negative scalar curvature;

4. it is x-scalar flat;

5. it is a space-form of negative constant sectional curvature.
Proof. We establish the truthfulness of assertion ( ) usmg (4.5] D and .
Statements (2), (3)—(4), (5) follow directly from ([1.7), ([.9), (4.11)), respec-
tively. O
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