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A note on (m,n)∗-paranormal operators

Preeti Dharmarha1 and Sonu Ram23

Abstract. In this note, as a further generalization of paranormal
operators, we prove some properties of (m,n)∗-paranormal operators on
Hilbert space. The equality of approximate point spectrum with joint
approximate point spectrum and also that of point spectrum with joint
point spectrum are proved. We also show that this class possesses SVEP
under a given condition.
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1. Introduction

In this note, we present a class of non-normal operators, which is a topic of
growing interest. We denote the set of all complex numbers by C, the set of all
integers by Z and the set of all real numbers by R. We assume that H is an
infinite dimensional separable complex Hilbert space with inner product 〈., .〉,
unless stated otherwise and B(H) is a C∗-algebra of bounded linear operators
acting on H. Throughout the manuscript, σ(T ), N(T ) and R(T ) denote the
spectrum, the null space and the range space of the operator T , respectively.
An operator T is said to be hyponormal if T ∗T −TT ∗ ≥ 0 [8], and paranormal
if ‖Tx‖2 ≤ ‖T 2x‖‖x‖ for all x ∈ H [6]. For a fixed positive real number m, an
operator T is called m∗-paranormal if ‖T ∗x‖2 ≤ m‖T 2x‖‖x‖ for all x ∈ H [3].

In [5], new classes of operators, namely, (m,n)-paranormal operators and
(m,n)∗-paranormal operators are introduced. For a positive real number m
and a positive integer n, an operator T in B(H) is called (m,n)-paranormal if

‖Tx‖n+1 ≤ m‖Tn+1x‖‖x‖n, and (m,n)∗-paranormal operator if ‖T ∗x‖n+1 ≤
m‖Tn+1x‖‖x‖n, for all x ∈ H.

The paper is organized as follows. In Sect. 2, we prove algebraic proper-
ties for the class of (m,n)∗-paranormal operators. We prove that the restric-
tion of (m,n)∗-paranormal operator to an invariant subspace is again (m,n)∗-
paranormal. Also, we show that the tensor product of two (m,n)∗-paranormal
operators need not be (m,n)∗-paranormal and the direct sum of countably
many (m,n)∗-paranormal operators is (m,n)∗-paranormal.
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In Sect. 3, we prove spectral properties for the class of (m,n)∗-paranormal
operators. Under some conditions, we prove the equality of the approxi-
mate point spectrum and the joint approximate point spectrum for (m,n)∗-
paranormal operators. Moreover, we show that the point spectrum coincides
with the joint point spectrum for the class of (m,n)∗-paranormal operators.
We also discuss SVEP for the same class of operators.

2. Algebraic properties of (m,n)∗-paranormal operators

First, we give an example of an (m,n)∗-paranormal operator.

Example 2.1. Let H = l2(N,C) and T ∈ B(H) be the unilateral shift op-
erator defined by T (x1, x2, ...) = (0, x1, x2, ...) with the adjoint of T given by
T ∗(x1, x2, ...) = (x2, x3, ...). For m = 5 and n = 8, T is (5, 8)∗-paranormal.

The following proposition implies that every part of an (m,n)∗-paranormal
operator is (m,n)∗-paranormal.

Proposition 2.2. Let T be a (m,n)∗-paranormal operator and W is an in-
variant subspace of H under T . Then the restriction of T on W , T |W is also
(m,n)∗-paranormal.

Proof. This proof is similar to the proof of [9, Proposition 1], so we omit it
here.

The following theorem establishes that the direct sum of countably many
(m,n)∗-paranormal operators is again (m,n)∗-paranormal.

Theorem 2.3. Let H be a direct sum of countably indexed family of Hilbert
spaces {Hi : i ∈ I} such that Hi

∼= Hj for all i, j ∈ I. Suppose for each i, an
operator Ti on Hi is (m,n)∗-paranormal. If the operator T is the direct sum
of Ti for all i ∈ I, then T is also (m,n)∗-paranormal.

Proof. For each i, Ti is (m,n)∗-paranormal, so by [5, Theorem 3.1]

m
2

n+1T ∗i
n+1Tn+1

i − (n+ 1)anTiT
∗
i +m

2
n+1nan+1I ≥ 0,

for each a > 0, which implies

m
2

n+1T ∗n+1Tn+1 +m
2

n+1nan+1I

= m
2

n+1

(
⊕i∈ITi

∗n+1
) (
⊕i∈ITi

n+1
)

+m
2

n+1nan+1 (⊕i∈IIi)

= m
2

n+1

(
⊕i∈ITi

∗n+1
Ti

n+1
)

+m
2

n+1nan+1 (⊕i∈IIi)

≥ (n+ 1)an (⊕i∈ITiT
∗
i )

= (n+ 1)an (⊕i∈ITi) (⊕i∈ITi
∗)

= (n+ 1)anTT ∗.

Equivalently,

m
2

n+1T ∗n+1Tn+1 − (n+ 1)anTT ∗ +m
2

n+1nan+1I ≥ 0,

for each a > 0. Now, by [5, Theorem 3.1], T is (m,n)∗-paranormal.
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Lemma 2.4. Let T be a shift operator defined by T (ek) = wk−1ek−1 on a
Hilbert space l2(Z,C) with non zero weights (wk), and orthonormal basis (ek),
where k is any integer. Then T is (m,n)∗-paranormal if and only if

|wk|n ≤ m|wk−1||wk−2| · · · |wk−n|

for all unit vectors and n ≥ 2.

Proof. The proof is close in spirit to that of [5, Theorem 3.5] and thus is
omitted.

Our next example shows that the inverse of (m,n)∗-paranormal operator
need not be (m,n)∗-paranormal.

Example 2.5. Let T be a weighted shift operator defined by T (ek) = wkek+1

on a Hilbert space l2(Z,C) with non zero weights (wk), and orthonormal basis
(ek), where

wk =


5 if k ≤ 0

4 if k = 1

3 if k ≥ 2.

Hence,
T (..., x−1, x0, x1, ...) = (..., 3x−1, 3x0, 4x1, 5x2, 5x3, ...).

By [5, Theorem 3.5], when n ≥ 2 and m ≥ 1, T is (m,n)∗-paranormal for all
unit vectors. It is easy to see that T is an invertible operator and

T−1(..., y−1, y0, y1, ...) = (...,
y0
5
,
y1
5
,
y2
4
,
y3
3
,
y4
3
, ...),

that is,
T−1(ek) = αk−1ek−1.

The corresponding weighted sequence (αk) of T−1 is

αk =



1

5
if k ≤ 0

1

4
if k = 1

1

3
if k ≥ 2.

Again by Lemma 2.4, when n ≥ 2, T−1 is (m,n)∗-paranormal if and only if

(2.1) |αk|n ≤ m|αk−1||αk−2|...|αk−n|.

for all unit vectors. If we choose k = 2, m = 3.2 and n = 3, then (2.1) does not
hold. Thus, T−1 is not (3.2, 3)∗-paranormal, whereas T is. Hence, the result
holds.

In [3, p. 127], Arora and Kumar proved that if an operator T is m∗-
paranormal, then tensor products T ⊗ I and I ⊗ T are also m∗-paranormal. It
is extended to (m,n)∗- paranormal operators as follows:
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Theorem 2.6. Let T ∈ B(H) be an (m,n)∗-paranormal operator. Then T ⊗ I
and I ⊗ T are also (m,n)∗-paranormal.

Proof. By [5, Theorem 3.1], we have

m
2

n+1T ∗n+1Tn+1 − (n+ 1)anTT ∗ +m
2

n+1nan+1I ≥ 0,

for each a > 0. This implies

(2.2) m
2

n+1T ∗n+1Tn+1 +m
2

n+1nan+1I ≥ (n+ 1)anTT ∗

for each a > 0.
Now, by (2.2), consider

m
2

n+1 (T ⊗ I)∗
n+1

(T ⊗ I)
n+1

+m
2

n+1nan+1(I ⊗ I)

= m
2

n+1 (T ∗n+1Tn+1 ⊗ I) +m
2

n+1nan+1(I ⊗ I)

= (m
2

n+1T ∗n+1Tn+1 +m
2

n+1nan+1I)⊗ I
≥ (n+ 1)anTT ∗ ⊗ I
= (n+ 1)an(T ⊗ I)(T ∗ ⊗ I).

Therefore, we have

m
2

n+1 (T ⊗ I)∗
n+1

(T ⊗ I)
n+1 − (n+ 1)an(T ⊗ I)(T ⊗ I)∗

+m
2

n+1nan+1(I ⊗ I) ≥ 0,

for each a > 0. Thus, T ⊗ I is (m,n)∗-paranormal. In the same way, we can
prove that I ⊗ T is (m,n)∗-paranormal.

In the following example, we show that the tensor product of two (m,n)∗-
paranormal operators is not necessarily (m,n)∗-paranormal.

Example 2.7. Let K = ⊕∞k=1Hk, where each Hilbert space Hk is isomorphic
to R× R for each k. For any positive operators A and B on R× R and for
fixed n ∈ N, define an operator T on K as follows:

T (x1, x2, ...) = (0, Ax1, Ax2, ..., Axn, Bxn+1, ...).

Thus, the adjoint of T is given by

T ∗(x1, x2, ...) = (Ax2, Ax3, ..., Axn+1, Bxn+2, ...).

Assume x = (. . . , 0, 0, xn+1, 0, 0, . . . ). So, by [5, Theorem 3.1], T is (2
3
2 , 2)∗-

paranormal if and only if

2B6 − 3a2A2 + 4a3I ≥ 0,

for each a > 0. Now, choosing A2 =

[
1 1
1 1

]
and B =

[
1 0
0 1

]
, we have

2B6 − 3a2A2 + 4a3I =

[
4a3 − 3a2 + 2 −3a2

−3a2 4a3 − 3a2 + 2

]
.
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The above operator is positive for each a > 0. Thus, T is (2
3
2 , 2)∗-paranormal.

Equivalently, T ⊗ T is (2
3
2 , 2)∗-paranormal if and only if

2(B6 ⊗B6)− 3a2(A2 ⊗A2) + 4a3(I ⊗ I) ≥ 0,

for each a > 0. Choosing a = 1, we have

2(B6 ⊗B6)− 3a2(A2 ⊗A2) + 4a3(I ⊗ I) =


3 −3 −3 −3
−3 3 −3 −3
−3 −3 3 −3
−3 −3 −3 3

 .
The above operator is not positive for x = (1, 1, 1, 1). So, T ⊗T is not (2

3
2 , 2)∗-

paranormal. This proves our claim.

Example 2.8. In this example, we show that the sum of two (m,n)∗-paranor-
mal operators need not be (m,n)∗-paranormal.

Choose A =

[
−1 0
0 −1

]
and B =

[
1 1
0 1

]
. By [5, Theorem 3.1], A is (25, 3)∗-

paranormal if and only if

5A∗4A4 − 4a3AA∗ + 15a4I ≥ 0,

for each a > 0. So,

5A∗4A4 − 4a3AA∗ + 15a4I =

[
5− 4a3 + 15a4 0

0 5− 4a3 + 15a4

]
is positive for each a > 0. Similarly, by [5, Theorem 3.1], B is (25, 3)∗-
paranormal if and only if 5B∗4B4 − 4a3BB∗ + 15a4I ≥ 0, for each a > 0.
Thus,

5B∗4B4 − 4a3BB∗ + 15a4I =

[
5− 8a3 + 15a4 20− 4a3

20− 4a3 85− 4a3 + 15a4

]
is positive for each a > 0.

Now, let T = A + B =

[
0 1
0 0

]
. Again, T is (25, 3)∗-paranormal if and

only if 5T ∗4T 4 − 4a3TT ∗ + 15a4I ≥ 0 for each a > 0. Now, for a = 1
5 ,

5T ∗4T 4 − 4a3TT ∗ + 15a4I =

[
−4a3 + 15a4 0

0 15a4

]
< 0. Thus, the sum of two

(m,n)∗-paranormal operator is not (m,n)∗-paranormal.

The next example shows that the class of (m,n)∗-paranormal operators is
independent from the class of (m,n)-paranormal operators, and vice versa.

Example 2.9. Here we show that an operator T is (m,n)∗-paranormal but
not (m,n)-paranormal.
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Suppose that the operator T is a weighted shift on the Hilbert space l2(Z,C)
with non zero weights (wk), and orthonormal basis (ek), defined as: T (ek) =
wkek+1 for all k. Choose

wk =



1 if k ≤ 1

3 if k = 2

2 if k = 3

3 if k = 4

5 if k ≥ 5

By [5, Theorem 3.5], T is
(
7
5 , 3
)∗

-paranormal if and only if

(2.3) |wk−1|3 ≤
7

5
|wk||wk+1||wk+2|

for all unit vectors and for all k. Then T satisfies (2.3) for all k. Thus, T is(
7
5 , 3
)∗

-paranormal.

Similarly, by [5, Theorem 2.9], T is
(
7
5 , 3
)
-paranormal if and only if

(2.4) |wk|2 ≤
7

5
|wk+1||wk+2|

for all unit vectors and for all k. If we put k = 2 in (2.4), then T does not
satisfy the inequality (2.4). This proves our assertion.

Example 2.10. We choose the operator T as defined in Example 2.7. Choose

A =

[
2 0
0 0

]
and B2 = C =

[
5 2
2 1

]
. By [5, Theorem 2.1], an easy calculation

provides us that T is (3
3
2 , 2)-paranormal if and only if 3B6− 3a2B2 + 6a3I ≥ 0

for each a > 0. Now,

3B6 − 3a2B2 + 6a3I =

[
507− 15a2 + 6a3 210− 6a2

210− 6a2 87− 3a2 + 6a3

]
is positive for each a > 0. Thus, T is (3

3
2 , 2)-paranormal.

Similarly, by [5, Theorem 3.1], it is clear that T is (3
3
2 , 2)∗-paranormal if

and only if 3B6 − 3a2A2 + 6a3I ≥ 0 for each a > 0. Now,

3B6 − 3a2A2 + 6a3I =

[
507− 12a2 + 6a3 210

210 87 + 6a3

]
is not positive at a = 1

5 . Consequently, T is not (3
3
2 , 2)∗-paranormal.

Example 2.11. We choose the operator T defined as in Example 2.9 along
with non zero weights wk = 1

3|k| for all integers k. Now, by [5, Thorem 3.5], T
is (m, 3)∗-paranormal if and only if

(2.5) |wk−1|3 ≤ m|wk||wk+1||wk+2|
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for all unit vectors and for all k. Then (2.5) holds for m ≥ 729. By [5, Theorem
2.9], T is (m, 3)-paranormal if and only if

(2.6) |wk|2 ≤ m|wk+1||wk+2|

for all unit vectors and for all k. Therefore, (2.6) holds for m ≥ 27.
Now, if we choose m such that 27 ≤ m < 729, then T is (m, 3)-paranormal

but not (m, 3)∗-paranormal. If we choose m < 27, then T is neither (m, 3)-
paranormal nor (m, 3)∗-paranormal. For m ≥ 729, T is both (m, 3)-paranormal
and (m, 3)∗-paranormal.

An operator T is said to be ∗-paranormal if ‖T ∗x‖2 ≤ ‖T 2x‖‖x‖ for all
x ∈ H. The class of (m,n)∗-paranormal operators is a generalization of the
class of paranormal and ∗-paranormal operators. Note that for m = 1 and
n = 1, the class of (m,n)∗-paranormal operators coincides with the class of
∗-paranormal operators. But there is no inclusion relation between (m,n)∗-
paranormal operators and ∗-paranormal operators. Now, we give an example
which is (m,n)∗-paranormal but not ∗-paranormal.

Example 2.12. Let T be an operator defined on a Hilbert space H = R⊗ R.

We choose T =

[
1 3
0 1

]
. It is known [2] that T is ∗-paranormal if and only if

T ∗2T 2 − 2λTT ∗ + λ2I ≥ 0 for each positive number λ. Consider the operator

T ∗2T 2 − 2λTT ∗ + λ2I =

[
1− 20λ+ λ2 6− 6λ

6− 6λ 37− 2λ+ λ2

]
is not positive for λ = 1, hence T is not ∗-paranormal.

Now, we show that T is (m,n)∗-paranormal. By [5, Theorem 3.1], T is

(100
3
2 , 2)∗-paranormal if and only if 100T ∗3T 3 − 3a2TT ∗ + 200a3I ≥ 0, for

each a > 0. Consider the operator equation

100T ∗3T 3 − 3a2TT ∗ + 200a3I =

[
100− 30a2 + 200a3 900− 9a2

900− 9a2 8200− 3a2 + 200a3

]
.

It is clear that the above operator is positive for each a > 0. Therefore, T is
(100

3
2 , 2)∗-paranormal.

3. Spectral properties of (m,n)∗-paranormal operators

In this section, we write σp(T ), σjp(T ), σa(T ) and σja(T ) of the operator
T as the point spectrum, the joint point spectrum, the approximate point
spectrum and the joint approximate point spectrum, respectively (see [12]).
Some authors showed that the point spectrum and the joint point spectrum are
the same for some classes of non normal operators. Similarly, the approximate
point spectrum and the joint approximate point spectrum are also the same for
certain classes of operators [1, 4, 11–13]. We extend these results for the class
of (m,n)∗-paranormal operators.
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Theorem 3.1. If T ∈ B(H) is a (m,n)∗-paranormal operator, then σa(T ) =
σja(T ) for all unit vectors.

Proof. It is easy to see that σja(T ) ⊆ σa(T ).
To prove the reverse inequality, for unit vectors (xn), it is sufficient to prove

that the norm ‖(T − λI)∗xn‖ → 0 as n → ∞. Since T is (m,n)∗-paranormal,
we have

‖T ∗x‖n+1 ≤ m‖Tn+1x‖,

that is,

(3.1) ‖T ∗x‖2 ≤ m
2

n+1 ‖Tn+1x‖
2

n+1

By assumption, we have
(T −λ)xn → 0, it follows that (Tn+1−λn+1)xn → 0 for all positive integers n.
Since |‖Tn+1xn‖ − |λn+1|| ≤ ‖(Tn+1 − λn+1)xn‖, implies ‖Tn+1xn‖ → |λ|n+1

By using (3.1), we get

‖(T − λI)∗xn‖2 = ‖T ∗xn‖2 − 〈T ∗xn, λ̄xn〉 − 〈λ̄xn, T ∗xn〉+ |λ|2

≤ m
2

n+1 ‖Tn+1xn‖
2

n+1 − |λ|2

→ 0 as n→∞

Thus, ‖(T −λI)∗xn‖ = 0 for the sequence (xn) of unit vectors. Thus, σa(T ) =
σja(T ).

As a consequence, we have the following:

Corollary 3.2. Let m ≤ 1 be such that T is an (m,n)∗-paranormal operator
for unit vectors. If λ and µ are two distinct eigenvalues of T corresponding to
eigenvectors x and y, then 〈x, y〉 = 0.

Corollary 3.3. For a fixed m ≤ 1, if an operator T is an (m,n)∗-paranormal
for all unit vectors such that λ and µ are two distinct points in σa(T ) and
σja(T ), respectively, corresponding to sequences (xn) and (yn), then 〈xn, yn〉 =
0.

Theorem 3.4. For m ≤ 1, if T is (m,n)∗-paranormal operator for all unit
vectors, then σp(T ) = σjp(T ).

Definition 3.5. An operator T is said to have single valued extension property
(abbreviated as SVEP) at γ0 ∈ C, if for every open neighborhood G of γ0, the
only analytic function f : G→ H which satisfies the equation (T −γI)f(γ) = 0
for all γ ∈ G is the function f = 0.

An operator T has SVEP if T has SVEP at every γ ∈ C.

The following theorem can be proved in similar way as in [10, Theorem 8].

Theorem 3.6. Let T ∈ B(H) be a (m,n)∗-paranormal operator, where m ≤ 1.
Then T has SVEP.
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Using the same method as that in [7, Lemma 2.5], we prove the next result.

Proposition 3.7. Let T ∈ B(H) be an (m,n)∗-paranormal and hyponormal
operator. Then N(T − λI) ⊆ N(T ∗ − λ̄I) for all unit vectors, for all λ ∈ C
and m ≤ 1.

Proof. First, choose λ ∈ C and x ∈ N(T −λI). Since T is (m,n)∗-paranormal,
we have

‖T ∗x‖n+1 ≤ m‖Tn+1x‖ = m‖λn+1x‖ = m|λn+1|,

that is,
‖T ∗x‖ ≤ |λ|.

In the sequel, consider

‖(T ∗ − λ̄I)x‖2 = ‖T ∗x‖2 − λ〈x, Tx〉 − λ̄〈Tx, x〉+ |λ|2

≤ ‖Tx‖2 − |λ|2 − |λ|2 + |λ|2

= 0.

Thus, ‖(T ∗−λ̄I)x‖ = 0. Hence, x ∈ N(T ∗−λ̄I). This completes our claim.
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[4] Chō, M., and Yamazaki, T. An operator transform from class A to the class of
hyponormal operators and its application. Integral Equations Operator Theory
53, 4 (2005), 497–508.

[5] Dharmarha, P., and Ram, S. (m,n)-paranormal operators and (m,n)∗-
paranormal operators. Commun. Korean Math. Soc. 35, 1 (2020), 151–159.

[6] Furuta, T. On the class of paranormal operators. Proc. Japan Acad. 43 (1967),
594–598.

[7] Han, Y. M., and Kim, A.-H. A note on ∗-paranormal operators. Integral
Equations Operator Theory 49, 4 (2004), 435–444.
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